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Numerical study of long wave runup on a conical island
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A bstract. A num ericaỉ model bascd on thc 2D shallovv w atcr equations was dcvclopcd using  the 
Finite Volumc M cthod. T he m odcl w as applicd  to the study o f long vvave propagation  and runup  
on  a conical is ỉand . The s im u la tcd  rcsu lts  by  th c  m o d c l w c rc  co m p a rc d  w ith  p u b lish ed  
expcrim cntal d a ta  and  annlyzcd to undcrstand  m orc about the  intcraction proccsscs bctwc?en the 
long vvavcs an d  conical island in tcrm s of w atcr p ro íile  and w avc runup  hcight. 'ITic rcsu lts o f the 
study  coníirm cd thc cffccts of cdgc vvaves on  thc ru n u p  hcight at thc lcc side of thc island.

Kcyiuords: Conical island; Runup; rin ite  volum e m ethod; Shaỉlow  w atcr m odcl.

1. Introduction

Simulation of tvvo-dimensional cvolution 
and runup of long w aves on a sloping beach 
is a classical problcm  of hydrodynam ics. It is 
usually  related vvith the calculation of Coastal 
effects Oi long w aves such as tido and 
tsunami. Many researchers have contributcd 
signiíicantly cííorts to the dcvelopm ent of 
m odels capable of solving the problcm. 
Notable studies can bc mentioncd. Shuto and 
Goto (1978) developed a numerical modcl 
based on íinite difference m cthod (FDM) on a 
staggered scheme |9j. Hibbcrt and Peregrine 
(1979) [2] proposed a m odel solving the 
shallovv vvater equation in the conservation 
form using the Lax-Wondroff scheme and 
allovving for possiblc calculation of wave 
brcaking. Hovvever, thcir m odcl had not bcen 
capable to calculate vvave runup  and obtain
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physically realistic solutions. Subsoquontly, 
Kobayashi et al. (1987, 1989, 1990, 1992) [3, 4, 
5, 6] re íined  the m odel for practical USG, by 
adding dissipation term s in the íinite- 
differencc equations, w hat is novv the most 
popular m ethod for solving the shallovv 
watcr oquations. Liu et al. (1995) [7] modeled 
the ru n u p  of solitary w ave on a drcular 
island by FDM. Titov and Synolakis (1995, 
1998) [11, 12] proposed m odels to calculate 
long w ave runup on a sloping bcach and 
cừcular island using FDM. Wei Gt al. (2006) 
[13] developed a m odcl based on thc shallovv 
w atcr equations using tho íinite volum e 
m ethod to sim ulate solitary vvaves runup on 
a sloping bcach and a cừcular island. 
Simulated rcsults obtaincd by VVei et al. 
agreed notably vvith laboratory experimcntal 
data [13].

M emorablc tsunam i in Indonesia and 
Japan caused millions of dollars in dam ages 
and killed thousands of peoplc. O n December 
12, 1992, a 7.5-m agnitudc earthquake off
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Flores Island, Indonesia, killed nearly 2500 
people and w ashcd away entữc villages 
(Briggs et al., 1995) Ị1Ị On JuUy 12, 1993, a 
7.8-magnitude earthquake oíf Okushiri 
Island, Japan, triggcrod a dcvastating tsunami 
w ith rGCorded ru n u p  as h igh as 30 m. This 
tsunami rcsulted ứì larger propcrty dam age 
than any 1992 tsunam is, and it completely 
inundatcd an village w ith overland flow. 
Estừnatcd propcrty dam age w as 600 million 
u s  dollars. Rccently, the happencd at 
Dccember 26, 2004 Sum atra-Andam an
tsunam i-earthquake in the Indian Ocoan vvith 
9.3-magnitude and an opicenter off thc wcst 
coast oí Sumatra, Indonesia had killed more 
than 225,000 pcople in cleven countrics and 
resulted in m ore than 1,100,000 people 
homcless. Inundation of Coastal areas was 
created by vvavcs up to 30 metcrs in height. 
TTiis was tho ninth-deadliest natural disastor in 
modorn history. Indonesia, Sri Lanka, India, 
Thailand, and M yanm ar wcre hardost hit.

Field survcys of tsunam i dam agc on both 
Babi and Okushiri Islands showed 
unexpcctcdly Iarge runup heights, especially 
on tho back or leo sido of the islands, 
rcspcctively to the incidont tsunam i dừection. 
During tho Flores Island evcnt, two villages 
locatcd on the Southern sidc of the circular 
Babi Island, whose diam eter is approximatcly 
2 km, wcre vvashcd away by the tsunami 
attacking from thc north. Similar phenom cna 
occurrcd on the pear-shaped Okushiri Island, 
which is approximately 20 km long and 10 
km wide (Liu ct al., 1995) [7Ị.

In this study, the interaction of long 
vvaves and a conical island is investigated 
using a numorical modol bascd on the 
shallovv water cquation and finite volum e 
method. The study is to sim ulatc tho 
processes of vvave propagation and runup on 
thc island in ordcr to understand  more thc 
runup phenom ena on conical islands.

Supporting to the sim ulated rcsults by tho 
model, the cxperim ental data proposed by 
Briggs el al. (1995) Ị1 ] vvere used.

2. N um erical m odel

2.7. Govcrning cqaation

The present study conbiders tvvo- 
dimcnsional (2D) dcpth-intcgratcd shallovv 
wator equations in tho Cartesian coordinate 
system  ( x , y ) .  The conservation form of the 

non-linear shallow w atcr equations is vvritten 
as [13]:

ỔF dG „-— = s
dt dx dij 0 )

w here u is the vcctor of conscrvcd variablos; 
F, G is the flux vectors, respcctively, in the 
X and 1/ directions; and s is tho source term. 
Tho explicit form «f thoso voctors is cxplaincd 
as follows:

■ H ■ H u

u = H u . F = H u 2 + ị g H 2

H v H u v

G  =

H v  

H u v  

H v 2 + ị g H :

s =

0

* Õx p

g H Ệ - -  d\j  p

(2)

vvhere g : gravitational acceleration; p : vvater 
density; h : still vvater dcpth; H : total vvater 
dopth, H = h + T| in w hich ii(.v,Ị/,f) is the 

displaccm ent of w ater suríacc from tho still 
watcr level; Tx , T y : bottom shcar stross givon by

Tx = p C f U y Ị i r  + V 2 ,

Ty = ọ C f V y j u 2 + v 2, Cf  = S"
(3)

H 1 /3

w hcre n : M anning coc'fficient for tho suríacu 
roughness.
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2.2. Numcrical schcmc

The fmito volum c íorm ulation iinposes 
conservation law s in a control volume. 
Intcgration of Eq. (1) ovcr a cell with thc 
application of the GrceiVs theorem, gives:

í n f r d Q + ỉ r (F”* + G "*) í í r = ío s d n ' (4) 
vvhcre Q : ccll dom ain; f :  boundary of Q ;

{n x*n ỵ ) : norm al outvvard vector of the

boundary.
Taking ti m e intcgration of Eq. (4) over 

duration At írom  t-ị to t2, w chave

J u (x,y, f2 )dQ - u (.Y, \J,í, )dn
h h (5)

+J*J (Fỉix +G nv)d r = ỊdtỊ Sdn 
h «1

Tho prcscnt m odel usos uniíorm  cells 
vvith dimcnsion A.V, Ai/, thus, tho integrated 
governing cquations (5) \vith a timo step At 
can be approxim ated vvith a halí time stcp 
avcragc for tho interíacc Auxos and sourco 
torm to bocomo:

At_
Ax

r->kf\j2 "1 . Ạ i^A.tl/2— J Af Í 5i./ 
vvhere i ,  ị  are indiccs at tho ccll center; k 

denotes the current tim e stcp; the half indices 
í + 1 /2 , í - 1 /2  and  ý + 1 /2 , / - 1 / 2  indicate 
tho cell intcríaces; and Ả:+ 1 /2  denotes tho 
average within a timo stcp betvvoen k  and 
k +1. Note that, in Eq. (6) the variables u  
and source term  s  arc cell-avcragcd valuos 
(vve use this m caning from novv on).

To solve Eq. (6), w e need to estim ate thc 
numerical íluxcs ĩ ^ / ỉ ị ,  ĩ ị - v ỉ ị  and G ^ l y 2f

at thc cell interíaces. In this study, vve

use the Godunov-typo scheme for this purposo. 
According to the G odunov-typc scherrte, tho 
numcrical íluxcs at a cell intcríaco could be

+ rc**i/2 1
. *V+1/2,/ 1 /2./ 7Ay (6)

obtained by solving a local Riemann problem 
at tho interíacc.

Since đircct solutions are not available for 
two or threc dimcnsional Ricmann problcms, 
thc present model uscs the sccond-order 
splitting scheme of Strang (1968) [10] to 
separate Eq. (6) into tvvo one-dimcnsionai 
equations, vvhich are intcgrated scquontially 
as:

u*}1 = XAI/2YA'X AÍ/2U*/ (7)

vvhere X and y denote the intcgration 
operators in the X and y  dừections, 
respectively. Tho cquation in the .V direction 
is íirst intcgrated over a half timc stcp and 
this is íollovved by integration of a full time 
step in the y direction. These arc expressed as:

Ĩ ] [ k + ì f 2 )  r  ỊẢ r  » 1 4  p i  ♦ 1/ 4 "I

(8)

*T<S.C
*-l/4

TT̂ I) = ii*+i/2) M - r *’.1'2 1 u ./ -  u ./ W./+1/2 "  ̂ ./-1/2Ạl/ L J (Q\

+*(SJ,)Í.?'2
where the astcrisk (*) indicatcs partial 
solutions at the respective time increments 
vvithin a time stop and Sx , S v arc the source

terms in the X dừection and 1/ directions. 
lntcgration in thc X dừection ovcr the 
rem aining half timc stop advanccs the 
solution to the next time step:

TT^+l I  ĩ(fc+l) ^  í ~ ♦ 3/ 4 xjỉ:+3/4 ~1
u «./ “  Ui./ 9Av|_rí-l/2.i »1/2./J

(10)

+ ^ < S , ) Ĩ T
a + 3 /4  

2  '  - 'x ) i.j

The partial solutions ư ^ ,  U jy i/2) and

u<^> , providc the interíace flux torms ừi

equations (8), (9) and (10) through a Ricmann 
solver in onc-dimensional problems. In this 
study, w e usc the HLL approximate Riemann 
solvcr for the estim ation of numerical íluxes. 
For tho wet and dry cell treatm ent, wc use the
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minimum wet depth, the cell is assum ed to be 
dry if its w ater depth loss than the m inim um  
vvct depth (in this study vvc choose m inim um  
vvct dcpth of 10'5m).

3. Sim ulation results and discussion

3.1. Expcrimeiĩtal condition

A numerical expcrim ent is carried out for 
the condition sim ilar to the experim ent done 
by Briggs et al. (1995) [1]. In this expcriment, 
there vvas a conical island Setup in a wave 
basin having the dimcnsion of 30 m  vvide and 
25 m long. Tho conical island has thc shape of 
a truncated cone with diametors of 7.2 m at 
the base and 2.2 m at tho crest. The island is 
0.625 m high and has a side slope of 1:4. The 
suríacc of the island and basin has a smooth 
concrete íinish. Thoro is absorbing materials 
placcd at tho four sidcwalls to reduce wave 
roílection. The vvater depth is h=0.32 m. A 
solitary vvave with tho hcight of A /h  = 0.2 
was gcncratGd for tho exporimental observation. 
Fig. 1 shovvs the sketch of the cxperiment and 
wavc gauge location for water suríace 
mcasurcment. Five time-sories data of watcr 
suríace elevation vvere collccted for the 
comparison.

Dr =2-2m

h' 0625m

- = 0.2
h

/ i-0 .3 2 m

-  !■ _  ■
Db=7.2m

B * 30rt»
C:t

•  G1 

L=25m —

[n Fig. 1, the vvave gauge GI is Setup for 
the m casurem ent of the incident vvaves; w ave 
gauges G6 and G9 are for thc vvaves in the 
shoaling area; and thc vvave gauges G I6 and 
G22 are respcctively, for vvaves on the right 
side and lee sidc of the island. The locations 
of the five w avc gaugcs are given in Tablc 1 
in relation vvith tho center of the island.

Table 1. Location of w av eg au g es

G auge num . x - x c (m) \ j - y c (m)

G I 9.00 2.25
G6 3.60 0.00
G9 2.60 0.00
G16 0.00 2.58
G22 -2.60 0.00
( x ( , y c ): coord inate  of thc center o f the island

3.2. Numerical simulation and discussion

In thc numerical simulation, a com putation 
dom ain is sctup sim ilar to the expcrim ent. 
The mcsh is regular vvith grid size of 0.1 m in 
both X and \J directions. At four sides of the 
com putation dom ain, radiation boundary 
conditions arc used in ordcr to allovv w avcs 
to go íreely through tho sidc boundary. A 
solitary vvave is gcncratcd as the initial 
condition at a line parallcl with the \J direction,

and located at the distance of 12.96 m from the 
center of thc island. The M anning cocffíciont 
is sct to be constant n=  0.016. Tho initial 
solitary vvave is created by using the 
íollovving equation:

T|(.r) = i4sech2 0 ( x~x‘) (11)

(12)

Fig. 1. Sketch of the experinìgnt.

whcrc xs is thc ccntcr of the solitary wavc.
The num erical rcsults of wator suríace 

elevation at fivo w ave-gauge locations and 
runup height on the island arc recordod for
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validation of the sim ulation. Fig. 2a show s the 
time proíile of vvater suríaco elevation at tho 
vvave gaugc G l. In this íigure, it is sccn that 
the incident solitary w ave sim ulated by thc 
model agrees very well w ith the experim ental 
data. This gives us a coníidence in comparison 
of time series of vvater suríace elevation at other 
locations in tho com putation dom ain, as vvell 
as in comparison of vvavc runup  on thc island.

In the Fig. 2b and  2c, at the w avc gaugcs

G6 and G9, it is seen that thc solitary vvavc is 
wcll sim ulated on the shoaling rcgion, the 
wave comes to the location aítcr about 4 
soconds ừom  thc initial timc. At íirst, thc 
numcrical results and expcrimental data 
agree vcry wcll/ aíter that, there are some 
discrepancy appcared. This deílection can bc 
explaincd due to thc reílection from tho side 
boundarics in thc experim ent donc by Briggs 
ct al, m uch largcr than that in thc simulation.

0 5 10 15 20
Time (sec)

Time (sec)

Time (sec)

Fig. 2. C om parison  of vvater su ríace elcvation at locations G l, G6, G9: solỉd  thin line: sim ulated  by comnion 
shallow  w ater cquation ; solid  thick linc: s im ula ted  by add ing  Bơussincsq term  to the shallovv w atcr cquation.
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Time (sec)

Time (sec)

Fig. 3. C om parison of w atcr suríace elevation at locations G16 and  G22: solid  thin linc: sim ulated  by coĩìimon 
shallow vvator cquation; solid thick linc: simulatecỉ by adding  Boussinesq tcrm  to the  shallovv w atcr equation.

It can bc coníirm cd írom  thc íigure that, 
the numorical rcsults very soon becomc stablc 
having non-fluctuation w hen tho wave goes 
írecly out of the experim cnt domain. 
Inversely, the expcrim cntal data havc a long 
tail of disturbance and could not be calm aíter 
20s (see Fig. 2j at wavo gaugos G6 and G9; 
and Fig 3, at vvave gaugos G16 and G22). This 
Auctuation is due to the vvave encrgy 
dissipation not enough at the sides of tho 
experiment basin. Hovvever, the form and 
height of thc arriving solitary wavc at all 
locations are vvell m atched bctwecn 
experừnental and numerical results. This is 
very im portant to allovv latcr comparison of 
wave runup on tho island.

From Fig. 2 and Fig. 3, it is also seen that, 
the wave hcight at the lee side (gaugc G22, 
Fig. 3b) of the island is still very high in 
comparison with tho height at thc íront side 
(gaugc G6, G9, Fig. 2b, 2c) of the island, and 
much biggcr than that at the right side (gauge 
G16, Fig. 3a) of the island. These results give

us a confidcncc in coníirm ing thai tho vvave 
height at lce side of an circular island can be 
large also. In Fig. 2 and Fig. 3, tvvo sots of 
numcrical results are plottcd. One is 
sim ulated by the com m on non-linear shallow 
vvatcr equation (NSW), and thc othcr is 
simulatGd by adding  the Boussinosq 
dispersion term  [8] into thc NSW. From the 
íiguros, it is coníirm cd that tho modcl using 
the Boussinesq approxim ation can givc 
sim ulated rcsults m uch better than thc 
com m on NSW bascd model. Thus, for thc 
practical purpose of sim ulation non-lincar 
long w avc problem , tho Boussinesq 
approxim ation torms should bc considorcd.

Fig. 4 shows the snapshot of vvatcr suríacc 
displaccment on tho computation domain. From 
the íigure, w e can sec that, aítor tho solitary 
w avc comcs to the island, thc w avc roíraction 
appcars due to the variation of water depth. 
Bchlnd the island, the cdgo vvavcs comc from 
two sides of the island due to w avcs bcnding 
around the island and matching togcther at
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tho leeside of the island. Then, they íorm an 
aroa of very high wave rushing up to thc lcc 
side coast of the island. This m echanism can 
bc cxplainod for tho unexpectedly largc 
runup  heights on thứ leosidtí of tho Babi and 
O kushiri Islands d u c  to the tsunami.

Fig. 5 is tho com parison of wavc runup 
around the island, betvveen numcrical 
sim ulation and experiment. The horixontal 
axis in tho íiguro indicatcs tho anglc betvveen 
the line drasving from thc conter of the island 
to the point of runup  m casurem cnt and tho \J 

diroction. Thi} anglo of 0 degree m cans that 
the m easuring point is at tho right side of tho 
island and on Ihc line through tho centcr of 
the island and normal to the incident wave 
diroction (i.e. parallol to tho \J  direction). It is 
shovvn from tho íigurc that, thc runup is 
highcst at the íoreside of thc island, tho

m axim um  sim ulatcd runup hcight is 
somevvhat less than oxperimontal data. At the 
lecside of the island, thorc is an area vvith 
runup highcr than both sides of the island. 
The numerical results of runup hcight in this 
area are also smaller than cxperimental data. 
These m ight be duc to the fact that tho 
com putational m esh not fine enough to 
capture highly non-linear interactions of edge 
waves at the Ieeside. In overall, tho numcrical 
modcl can sim ulatc woll tho runup height at 
many locations around tho island. Especially, 
thc tendcncy of tho runup variation and 
runup location are well sim ulatcd by the 
prescnt numerical modcl. This m eans that, 
the model dovelopcd in this study has potential 
íeatures to apply to the study of practical 
problems rolatcd with long waves, such as 
inundation of tsunam i on Coastal areas.

Fig. 4. Snapshots o f the w atcr suríacc displacem ent duc to the solitary  wave.

Angle (deg)
Fig. 5. R unup of w ater around  the island duc to the solitary w ave (270 deg.: at ío rcsidc in thc norm al 

direction of w ave propagation; 90 dcg.: at thc leeside of the island; 0 dcg.: at thc right sidc of thc island;
and 180 dcg.: at thc left sidc of the  island).
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4. Conclusions

A 2D num erical model based on thc 
shallow w ater cquation has been successíully 
developed for tho sim ulation of long vvave 
propagation, deíorm ation and runup on the 
conical island. The numerical results 
simulated by NSW m odel and by Boussinesq 
model revealed that by adding Boussinesq 
tcrms to the NSW model, sim ulated results oí 
long wave propagation and deíorm ation can 
bc signiíicantly im proved. Thercíore, it is 
vvorth to m cntion that Boussinesq 
approximation should be considered in a 
practical problcm  related with long vvaves. 
Tho modcl also has potcntial íeatures to 
apply to the study of practical problems 
related to long vvaves, such as inundation of 
tsunami on Coastal arcas.

Simulated rosults in this study also 
contìrm that tho arca bchind an island can be 
attacked by big waves Corning from the 
opposite sidc of the island due to non-linear 
intcraction of edge vvaves rcsulted from 
rcíraction processes.
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