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1. Introduction

Let (Q,F,P)be a complete probability space and X, Y be separable Banach spaces. A

mapping @ : X — L} (Q) is said to be a random operator, where L} () stands for the space of Y -
valued random variables and is equipped with the topology of convergence in probability. If a random
®: X — L} (Q) is linear and continuous then it is called a random linear operator. The set of all

random linear operators A : X — L} (Q) is denoted by L(Q, X,Y).

The random operator theory is one of the branches of the theory of random processes and
functions; its creation is a natural step in the development of random analysis. Research in theory of
random operators has been carried out in many directions such as random fixed points of random
operators, random operator equations, random linear operators (see [1-4]).
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Martingale limit theorems are studied by many authors in recent years (see, e.g. [5-8] and
references therein).

The study of multiplicative limit theorems was initiated by Bellman who considered the
asymptotic behavior of the product
Ay (@) = Xp(@)Xy-1 (@) ... X; ()
where (X},) is a stationary sequence of k x k random matrices. Belman showed that if (X,) are
independent and have strictly positive elements then under certain conditions, a weak multiplicative
law of large numbers exists a.s. The study of the asymptotic behavior of the products of random
matrices is of very importance in the analysis of the limiting behavior of solutions of systems of
differential and difference equations with random coefficients (see [9] and references therein).
Recently, Thang and Son [2] obtained the convergence of the products of random linear operators
{U,} and {V,,} of the form

Up=T+A)UT+Ap1) .. (I +A)T + Ay),
Va=U+A)UT + Az) .. (I + Ap_)(T + Ap)

where {A4,,n € N} c L(2,X; X) is a sequence of independent random linear operators and | is a
unit operator.

In this paper, we introduce and establish limit theorems for sequences of martingales of random
bounded linear operators. As an application, the infinite product of martingale differences of random
operators taking values in a separable Banach space is investigated.

2. Preliminaries and some useful lemmas

Let X be a real separable Banach space with norm ||. || and (Q, F,P) be a complete probability
space. A measurable mapping & from (Q, F)into (X;B(X)) is called an X-valued random variable.

The set of all X-valued random variables is denoted by L% (Q). We do not distinguish two X-random
variables which are equal almost surely. The space LX(Q) is equipped with the topology of

convergence in probability. If a sequence {5 ,nh > 1} of L%(Q) converges to & in probability then we
n
write p— lim ¢ = &, itis said that {5 ,n > 1} converges to & in L¥(Q). The set of all X-valued
n—»oo n n

random variables & which satisfy E || £ ||p < oo is denoted by L¥(Q). We know that L () (p = 1)
with norm || 4 ||L = (E || 4 ||p)1/p is a Banach space.
p

Definition 2.1. ([10]) In a Banach space X with Radon-Nikodym property, if every X-valued o-
additive set-funtion p of bounded variation (that is, V,,(Q) is finite) which is absolutely continuous

with respect to P has an intergral resresentation, that is exist fe€ LX(Q) such that p(A) =
J, f(s)P(d(s)) forall A€ F.

Theorem 2.2. ([10]) The Banach space X and a probability space (Q,F,P) the following
statement are equivalent when holding for all X-valued martingales {é‘n,}"n,n > 1}.

4

< oo then lim fn . exists a.s.

n—oo

1L IfsupE ‘
n

n
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2. 1f supE ” é‘n”p <o (1<p<oo)thenexists & € Ly(Q) with lim E ” é‘n - ¢ ”p =0.
n n—oo
3. The space X has the R-N with respect to (Q2, 7, P)

Definition 2.3. ([3]) Let X, Y be separable Banach space. A linear continuous mapping A from X
into LY () is said to be a random linear operator from X into Y.

Definition 2.4. Let X,Y be real separable Banach spaces, A, A,(n > 1) be random linear
operators from X into Y.

1. A, is said to converge almost surely to A and we write A, > Aas n - o if A,(x) = A(x) a.s
forall x € X.

2. Ayis said to converge to A in mean of order p (or in L, for short) as n — oo (p > 0) and we

write A, > Ain Ly asn — oo if lim E[|A,(x) — A(x)||P = 0 for all x € X.
n—-oo

Definition 2.5. ([3]) A random linear operator A from X into Y is said to be bounded if there
exists a real-valued random variable k(w) such that for each x € X, ||Ax(w)|| < k(w)||x]| a.s.

By Theorem 3.1 in [3], there exists a mapping T,: 2 — L(X,Y)such that

Ax(w) = Ty(w)x a.s. (D)

It is easy to see that T, is unique, i.e., if T, T % satisfy (1) then

T (w) = T (0) as.

Let A be a random bounded linear operator from a separable Banach space X into a separable a

Banach space Y. [3] defined the extension of A, which is a linear continuous mapping A from
L¥ () in to L% (12) by the following method.

m Ifuisa X -valued simple random variable, u(w) = ¥iL; 15x;, then Au=3Y", 1g,Ax;.

miIf uelX(Q), let a sequence {u,n =1} of X-valued simple random variables and p —
lim u, = u then there exists p — lim Au,, and the limit does not depend on the choice of the

n—oo n—oo

approximate sequence {u,,n > 1} and is denoted by Au.

From now on, for the sake of simplicity, we write Au instead of Au. Au is called the action of A
on the X -valued random variable u.

Lemma 2.6. Let A be a random bounded linear operator, Ax(w) = T(w)x a.s. Then u € LE(),
Au(w) = T(a))(u(a))).

Proof. By Ax(w) = T(w)x a.s. then x € E, there exist D, with P(D,) = 1, such that

Ax(w) = T(w)x for all w € Dy.

If u is an X-valued simple random variable, u= i, lgxi E; €S then forall w € D = n?lexi,
P(D) = 1, we have

Au(@) = ) 15, Ax(@) = ) 15T(@)x; = T(@)u()
i=1 i=1

If u € LE(Q), let u,(n = 1) be a sequence of X-valued simple random variables,
p — lim u, = u, we have Au,(w) = T(w)(up(w)) for all w € D,, P(D,)=0 then w € D =
n—oo

1Dy, P(D) = 1, Auy (@) = T(w) (un ().
For each € > 0, we have
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P(IT(up) =Tl > €) < P(ITllllup, — ull > €)
=P(ITIIz e/r) + P(llup —ull = 1) )
Letn — oo and r — 0, we obtain
1&1_1}1010 P(|IT(u,) — T(w)|| > €) = 0 thisimplies p — 111_1)130 T (u,) = T(u).
In (2), let n — oo, we have
Au(w) = T(a))(u(a))) a.s. (|
Lemma 2.7.

Let B be a random bounded linear operator from a separable Banach space X into a separable
Banach space Y, Bx = Tgx a.s. for each x € X, G be a sub-cg-algebra of F . Then for each € > 0, we

have
P(E|IBulllg) > € < P(E(ITgllIIulllG) > €/7) + P(llull > 7).
Proof. By Lemma 2.6, for each u € L% (2), Bu(w) = Tg(w)u(w), so we have
P(E|IBulllg) = P(E(llTulllg) > €)
< PCE(ITsIIIulNG) > € llull <7) + P(llull > 1)
< P(EUITslIlullG) > €/7) + P(l[ull > 7).
Lemma 2.8.
Let A be a random bounded linear operator, G be a sub-g-algebra of F . Suppose that E(4x|G) =
0 for all x € X. Then for each u € G, we have E(Au|G) = 0.
Proof. If u is an X-valued simple random variable u = Y7, 1z.x; then Au = Y.; 1,Ax;, S0

E(Aulg) = Y121 E(15,Ax|G) = Xiq 15,E(Ax;|G) = 0.
If u € LE(2), there exists a sequence {u,,n =1} of X-valued simple random variables such
that p — lim u, = u. Using Lemma 2.7, E(Au,|G) converges to E(Au|G) in L¥(£). Hence

n—oo

E(Aul§) = p — lim E(Aun|G) = 0.

a

Definition 2.9. Let A be a random bounded linear operator from a separable Banach space X into a
separable Banach space Y and F(A) denotes the o-algebra generated by the family {Ax, x € X}.

Set F, = o(F(4;), i <n). The random bounded operators {A,,n > 1} are said to be martingale
sequence of random bounded linear operations if E(A,41x|F,) = Apx forallx € X,n > 1.

3. Main results

Let {A,,n = 1} be a sequence martingale of bounded random operators from X into X. There
exist mappings T,,: 2 — L(X, X) such that

Apx(w) = Ty(w)x as.
We have following theorem.

Theorem 3.1. Suppose that X has the Radon-Nikodym (R-N) property, let p > 1, {4,,n > 1} be
a sequence martingale of random bounded linear operators from X into X, then

1. ||T,(w)|| (n € N) are real-valued random variables.
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2. If
sup E||T,|| < oo
nz1
then there exists a random bounded linear operator A such that the sequence {4,,n = 1}
converges a.s. to A. Moreover, ||T;,|| converges a.s.
3.1If
SUp E||ITyllP < o0, p>1

nz1
then there exists a random bounded linear operator A such that the sequence {A,,n = 1}
converges in Ly, to A.

Proof. 1. For each k € N, let {x,,n = 1} be a sequence dense in the unit ball {x € X: ||x| =
1} then for all w € 0,

Iy ()l = supl| Ty (@)xn -
nz1

Since
Apx(w) = Ty(w)x as

there exist a set D of probability one such that for each w € D,
Apxp(w) = Ty (w)x, foralln € N.
Then fix w € D, we have
Tk (@) = supl||Ty (w)xn |l = supllAx (w)xn|l.
nz1 nx1

S0 ||T4, || (k € N) are random variables.

For each x € X, we have E[|4,.x]|| < E||T,|l||x]| then
sup E[|Apx|| < [|x]| sup E||T,|| < o
n21 nz1

so there exists Ax € L¥ (1), A4, x —» Ax a.s. Moreover,

sup E||T,||
sup P(|T,wl|| >€) <22———>0ase -0
n21 €

then {||T;,|l,n = 1} is bounded in probability. By Theorem 5.4 [5], Ax is random bounded linear
operator.
Next, for each n = 1 and for all € > 0 then there exists an element a in the unit ball, such that
ITall — € < IThall = |Anx|l = [|E(Aps1alFDIl < E(lAns1alllFr) < E(Trsall1F).
Let € — 0 then
ITall < E(|Tr44111%,) foralln = 1,

so {||IT,(w)|,n € N} is a real-valued sub martingale. Since supE||T,|| < o then ||T,||
nz1
converges a.s.

For each x € X, we have
EllA,x||? < E|T,|[Pllx||?” then sup E[|A,x||” <||x||” sup E||T,|[P < o
n=1 nz1

so there exists Ax € Lg(ﬂ), Apx — Ax in L,,. Moreover,
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sup E|| Tyl
sup P(IT, || > €) < 22—— > 0ase - 0.
n=1
Therefore, {||T,,||,n = 1} is bounded in probability. By Theorem 5.4 [3], Ax is a random bounded
linear operator. O

Theorem 3.2. Suppose that X has the Radon-Nikodym (R-N) property, letp > 1,{A,,n > 1} be a
sequence martingale of random bounded linear operators from X into X, then

1 If
sup E||T, || < oo

nz1
Then there exists a random bounded linear operator A such that the sequence {A,u,n > 1}
converges a.s. to Au forall u € LE(Q2, F;).

2. 1f
sup E|T,||P < oo (p > 1)

nz1
then there exists a random bounded linear operator A such that the sequence {A,u,n > 1}
converges a.s. to Au for all u € L§(2,F,) where % +% =1

3. If
sup E||T, || < o0 (g > 1)

nx1

then there exists a random bounded linear operator A such that the sequence {A,,n = 1} converges in
L.(q>r> 1) toAuforallu € LE(Q,F,) where i + é =1.

Proof. 1. By Theorem 3.1, then exists a random bounded linear operator A such that the sequence
{A,,n = 1} converges a.s. to A. Moreover, sup||T,|| < o as.

nz1
Let u(w) = X 1g,x; be a simple random variable, by A,x; - Ax; a.s. asn — oo, then
A =31 1p Anx; > Tty 15,Ax; = Auas (3)

If ue LE(R),foreacht > 0, € > 0. By sup||T,|| < « a.s. then there exist r > 0 such that

n=1
P (supllTn —T|| = t/Zr) <€/3.
nz1
Let u, be a simple random variable and
P(llu —upll = 1) <e€/3.

Moreover, by (3) there exists N, such that for all n > N,

P (supllAiuo — Augll = t/2r> <€/3.

izn

Foreachn > N,
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P (supllAiu — Aul| = t)

izn

< P (supll(4; = 4 (g — Wl = £/2) + P (supll (4; — Ao | = £/2)

izn izn

< P (suplITilll(ao — Wl 2 £/2) + P (supllBsgll = ¢/2)

zn izn

<P (supllTn = t/2r> +P (supllu —Upll = r) + P (suplI(Ain — Aug)|| = t/2>
] i izn

izn izn

<e€e/3+€/3+€/3=¢
Consequently, lim A,u = Au a.s.
n—-oo

2. By Lemma 2.8, for all u € L’;;(ﬂ,ﬂ-"l) then {A,u,n > 1} is a martingale sequence, using
Lemma 2.6, we obtain

EllApull = ENTull < E(IT,ulP)YPE(IT,ull )4
and

sup El| Ayull” < sup E(IT,ull”) /P EQIT,ul9)9 < .

nx1 nz

But X has the Radon-Nikodym (R-N) property, then A,u — Au a.s.
3. EllAzull” = ElTyull < E(IT,ullP)PE(IT,ull9)Y/9. We have
sup El|Apull” < sup E(||TyulP)PE(|| Tyul| )4 < oo
1

nx1 nz

Since X has the Radon-Nikodym property, then A,,u — Au in L, O

Let {A,,,n = 1} be a martingale sequence of random bounded linear operators from X into X. We
set B,x = A,x —A,_1x, then we have E(B,x|F,_1) =0 and B,x =A,x —A,_1x = (T, —
Tn-1)x == Tp_x, we said {B,,n = 1} is a martingale difference of random bounded linear operators.

Define the sequence {A%,n > 1} and {A£ n > 1} by
Al = (1 +B)(U+B,_1)..(I+By),
AL = (I +By) ..(I + Bp_)(I + By).

The problem is to study the convergence of the sequence {4%,n > 1} and {Af,n > 1}i.e. the
convergence of the products

[Tk=( +Bx) and  [Iiz,(I + By).

Theorem 3.3. Suppose that X has the Radon-Nikodym (R-N) property, let p > 1,{B,,n = 1} be a
martingale difference sequence of random bounded linear operators from X into X,
1. If

El_[||1 +Tp || <o
n=1

then the product [[i_.(I + By) and the product [T5,(I + B) converge a.s.
2. 1f
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E 1_[||1 +Tp || <o
n=1

then the product [Ti_.,(I + By) and the product [T5,(I + B) converge in mean of order p.

Proof.
1. We have
Vig1x = Upx + Bn+1(Unx)
then
E(Un+1x1Fy) = Upx + E(Bp1(Unx)|Fp).
Putx = U,x,sou € F,, E(B,+1(x)|F,) = 0 forall x € E. By Lemma 2.8, we obtain
E(Bn+1(Unx)|an) =0,

so we have E(U,4+,x|F,) = 0or{U,,,x; F,}isa martingale sequence.

Moreover,
n
1_[(1 + Tk) X
k=1

This implies {U,x,n > 1} is convergent a.s.
The proof of 2) is the same as that of 1). O

E|lUpx|| = E

n
< Enll(l Tl < .
k=1
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