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1. Introduction 

     Let ( , , )P be a complete probability space and X, Y be separable Banach spaces. A 

mapping 
0: X L ( )Y    is said to be a random operator, where 

0L ( )Y  stands for the space of Y -

valued random variables and is equipped with the topology of convergence in probability.  If a random 

0: X L ( )Y    is linear and continuous then it is called a random linear operator. The set of all 

random linear operators 
0A: X L ( )Y  is denoted by ( , X, Y).L   

   The random operator theory is one of the branches of the theory of random processes and 

functions; its creation is a natural step in the development of random analysis.  Research in theory of 

random operators has been carried out in many directions such as random fixed points of random 

operators, random operator equations, random linear operators (see [1-4]). 
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Martingale limit theorems are studied by many authors in recent years (see, e.g. [5-8] and 

references therein). 

   The study of multiplicative limit theorems was initiated by Bellman who considered the 

asymptotic behavior of the product 

𝑨𝒏(𝝎) = 𝑿𝒏(𝝎)𝑿𝒏−𝟏(𝝎) … 𝑿𝟏(𝝎) 

where (𝑿𝒌) is a stationary sequence of 𝒌 × 𝒌 random matrices. Belman showed that if (𝑿𝒌)  are 

independent and have strictly positive elements then under certain conditions, a weak multiplicative 

law of large numbers exists a.s. The study of the asymptotic behavior of the products of random 

matrices is of very importance in the analysis of the limiting behavior of solutions of systems of 

differential and difference equations with random coefficients (see [9] and references therein). 

Recently, Thang and Son [2] obtained the convergence of the products of random linear operators 
{𝑼𝒏} and {𝑽𝒏} of the form 

𝑼𝒏 = (𝑰 + 𝑨𝒏)(𝑰 + 𝑨𝒏−𝟏) … (𝑰 + 𝑨𝟐)(𝑰 + 𝑨𝟏), 

𝑽𝒏 = (𝑰 + 𝑨𝟏)(𝑰 + 𝑨𝟐) … (𝑰 + 𝑨𝒏−𝟏)(𝑰 + 𝑨𝒏) 

where {𝑨𝒏, 𝒏 ∈ ℕ} ⊂ 𝑳(𝜴, 𝑿; 𝑿) is a sequence of independent random linear operators and I is a 

unit operator. 

In this paper, we introduce and establish limit theorems for sequences of martingales of random 

bounded linear operators. As an application, the infinite product of martingale differences of random 

operators taking values in a separable Banach space is investigated. 

2. Preliminaries and some useful lemmas  

Let  X be a real separable Banach space with norm ‖. ‖ and ( , , )P  be a complete probability 

space. A measurable mapping   from ( , ) into (X; ℬ(X)) is called an X-valued random variable. 

The set of all X-valued random variables is denoted by L0
X(Ω). We do not distinguish two X-random 

variables which are equal almost surely. The space L0
X(Ω) is equipped with the topology of 

convergence in probability. If a sequence {
n

, n ≥ 1} of L0
X(Ω) converges to   in probability  then we 

write p − lim
n→∞


n

=  , it is said that {
n

, n ≥ 1} converges to    in L0
X(Ω). The set of all  X-valued 

random variables   which satisfy E ‖ ‖
p

< ∞ is denoted by Lp
X (Ω). We know that Lp

X (Ω) (p ≥ 1) 

with norm ‖ ‖
Lp

= (E ‖ ‖
p

)
1 p⁄

 is a Banach space. 

Definition 2.1. ([10]) In a  Banach space X with Radon-Nikodym property,  if every X-valued σ-

additive set-funtion μ of bounded variation (that is, Vμ(Ω) is finite) which is absolutely continuous 

with respect to P has an intergral resresentation, that is exist f ∈ L1
X(Ω) such that μ(A) =

∫ f(s)P(d(s))
A

  for all  A ∈ ℱ. 

Theorem 2.2. ([10]) The Banach space X and a probability space (Ω, ℱ, 𝑃) the following 

statement are equivalent when holding for all X-valued martingales {
𝑛

, ℱ𝑛, 𝑛 ≥ 1}. 

1. If 𝑠𝑢𝑝
𝑛

𝐸 ‖ 𝑛‖ < ∞ then 𝑙𝑖𝑚
𝑛→∞


𝑛 = 

  exists a.s. 
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2. If 𝑠𝑢𝑝
𝑛

𝐸 ‖
𝑛

‖
𝑝

< ∞ (1 < 𝑝 < ∞) then exists 
 
 ∈ 𝐿𝑝

𝑌 (Ω)  with 𝑙𝑖𝑚
𝑛→∞

𝐸 ‖
𝑛

−  ‖
𝑝

= 0. 

3. The space X has the R-N with respect to ( , , )P .
 

Definition 2.3. ([3]) Let X, Y be separable Banach space. A linear continuous mapping A from X 

into L0
Y(Ω)  is said to be a random linear operator from X into Y. 

Definition 2.4. Let X, Y be  real separable Banach spaces, A, An(n ≥ 1) be random linear 

operators  from X into Y. 

1. An is said to converge almost surely to A and we write  An → A as  n → ∞ if A𝐧(x) → A(x) a.s 

for all x ∈ X. 

2. Anis said to converge to A in mean of order p (or in Lp for short) as n → ∞ (p > 0) and we 

write An → A in Lp as n → ∞ if  lim
n→∞

E‖An(x) − A(x)‖p = 0 for all x ∈ X. 

Definition 2.5. ([3]) A random linear operator A from X into Y is said to be bounded if there 

exists a real-valued random variable k(ω) such that for each x ∈ X, ‖Ax(ω)‖ ≤ k(ω)‖x‖ a.s. 

By Theorem 3.1 in [3], there exists a  mapping 𝑇𝐴: 𝛺 → 𝐿(𝑋, 𝑌)such that 

𝐴𝑥(𝜔) = 𝑇𝐴(𝜔)𝑥 a.s.      (1) 

It is easy to see that 𝑇𝐴 is unique, i.e., if 𝑇𝐴
(1)

, 𝑇𝐴
(2)

 satisfy (1) then  

𝑇𝐴
(1)(𝜔) = 𝑇𝐴

(2)(𝜔) a.s. 

Let A be a random bounded linear operator from a separable Banach space X into a separable a 

Banach space Y. [3] defined the extension of A, which is a linear continuous mapping 𝐴̃ from 

𝐿0
𝑋(𝛺) in to 𝐿0

𝑋(𝛺) by the following method. 

∎ If 𝑢 is a 𝑋  - valued simple random variable,  𝑢(𝜔) = ∑ 1𝐸𝑖
𝑥𝑖

𝑛
𝑖=1 , then 𝐴̃𝑢 = ∑ 1𝐸𝑖

𝐴𝑥𝑖
𝑛
𝑖=1 . 

∎ If 𝑢 ∈ 𝐿0
𝑋(𝛺), let a sequence {𝑢𝑛, 𝑛 ≥ 1} of X-valued simple random variables and 𝑝 −

lim
𝑛→∞

𝑢𝑛 = 𝑢 then there exists 𝑝 − lim
𝑛→∞

𝐴̃𝑢𝑛 and the limit does not depend on the choice of the 

approximate sequence {𝑢𝑛, 𝑛 ≥ 1} and is denoted by 𝐴̃𝑢.  

From now on, for the sake of simplicity, we write 𝐴𝑢 instead of 𝐴̃𝑢.  𝐴𝑢 is called the action of A 

on the X -valued random variable  u. 

Lemma 2.6. Let A be a random bounded linear operator, 𝐴𝑥(𝜔) = 𝑇(𝜔)𝑥 a.s. Then 𝑢 ∈ 𝐿0
𝐸(𝛺), 

𝐴𝑢(𝜔) = 𝑇(𝜔)(𝑢(𝜔)). 

Proof. By Ax(ω) = T(ω)x a.s. then x ∈ E, there exist Dx with P(Dx) = 1, such that  

Ax(ω) = T(ω)x for all ω ∈ Dx.  

If 𝑢 is an X-valued simple random variable, u= ∑ 1𝐸𝑖
𝑥𝑖

𝑛
𝑖=1  , 𝐸𝑖 ∈ 𝑆 then for all 𝜔 ∈ 𝐷 = ⋂ 𝐷𝑥𝑖

𝑛
𝑖=1 , 

𝑃(𝐷) = 1, we have 

𝐴𝑢(𝜔) = ∑ 1𝐸𝑖

𝑛

𝑖=1

𝐴𝑥𝑖(𝜔) = ∑ 1𝐸𝑖
𝑇(𝜔)𝑥𝑖

𝑛

𝑖=1

= 𝑇(𝜔)𝑢(𝜔) 

If 𝑢 ∈ 𝐿0
𝐸(𝛺), let  𝑢𝑛(𝑛 ≥ 1) be a sequence of X-valued simple random variables,  

𝑝 − lim
𝑛→∞

𝑢𝑛 = 𝑢, we have 𝐴𝑢𝑛(𝜔) = 𝑇(𝜔)(𝑢𝑛(𝜔)) for all 𝜔 ∈ 𝐷𝑛, 𝑃(𝐷𝑛)=0 then 𝜔 ∈ 𝐷 =

⋂ 𝐷𝑥𝑖

𝑛
𝑖=1 , 𝑃(𝐷) = 1, 𝐴𝑢𝑛(𝜔) = 𝑇(𝜔)(𝑢𝑛(𝜔)). 

For each 𝜖 > 0, we have 
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𝑃(‖𝑇(𝑢𝑛) − 𝑇(𝑢)‖ > 𝜖) ≤ 𝑃(‖𝑇‖‖𝑢𝑛 − 𝑢‖ > 𝜖) 

           = 𝑃(‖𝑇‖ ≥ 𝜖 𝑟⁄ ) + 𝑃(‖𝑢𝑛 − 𝑢‖ ≥ 𝑟)             (2)                 

  Let 𝑛 → ∞ and 𝑟 → 0, we obtain 

lim
𝑛→∞

𝑃(‖𝑇(𝑢𝑛) − 𝑇(𝑢)‖ > 𝜖) = 0  this implies  𝑝 − lim
𝑛→∞

𝑇(𝑢𝑛) = 𝑇(𝑢). 

 In (2), let 𝑛 → ∞, we have 

𝐴𝑢(𝜔) = 𝑇(𝜔)(𝑢(𝜔)) a.s.                                                               

Lemma 2.7.  

 Let B be a random bounded linear operator from a separable Banach space X into a separable 

Banach space Y,  𝐵𝑥 = 𝑇𝐵𝑥 a.s. for each 𝑥 ∈ 𝑋, 𝒢 be a sub-𝜎-algebra of .  Then for each 𝜖 > 0, we 

have 

𝑃(𝐸‖𝐵𝑢‖|𝒢) > 𝜖 ≤ 𝑃(𝐸(‖𝑇𝐵‖‖𝑢‖|𝒢) > 𝜖 𝑟⁄ ) + 𝑃(‖𝑢‖ > 𝑟). 

Proof. By Lemma 2.6, for each 𝑢 ∈ 𝐿0
𝑋(𝛺), Bu(𝜔) = 𝑇𝐵(𝜔)𝑢(𝜔), so we have 

𝑃(𝐸‖𝐵𝑢‖|𝒢) = 𝑃(𝐸(‖𝜏𝑢‖|𝒢) > 𝜖) 

          ≤ 𝑃(𝐸(‖𝑇𝐵‖‖𝑢‖|𝒢) > 𝜖, ‖𝑢‖ < 𝑟) + 𝑃(‖𝑢‖ > 𝑟) 

≤ 𝑃(𝐸(‖𝑇𝐵‖‖𝑢‖|𝒢) > 𝜖 𝑟⁄ ) + 𝑃(‖𝑢‖ > 𝑟). 

Lemma 2.8.  

Let A be a random bounded linear operator, 𝒢 be a sub-𝜎-algebra of . Suppose that E(𝐴𝑥|𝒢) =

0 for all 𝑥 ∈ 𝑋. Then for each 𝑢 ∈ 𝒢, we have E(𝐴𝑢|𝒢) = 0. 

Proof. If 𝑢 is an X-valued simple random variable  𝑢 = ∑ 1𝐸𝑖
𝑥𝑖

𝑛
𝑖=1  then 𝐴̃𝑢 = ∑ 1𝐸𝑖

𝐴𝑥𝑖
𝑛
𝑖=1 , so 

𝐸(𝐴𝑢|𝑔) = ∑ 𝐸(1𝐸𝑖
𝐴𝑥𝑖|𝒢)𝑛

𝑖=1 = ∑ 1𝐸𝑖
𝐸(𝐴𝑥𝑖|𝒢) = 0𝑛

𝑖=1 . 

 If  𝑢 ∈ 𝐿0
𝑋(𝛺),  there exists a sequence  {𝑢𝑛, 𝑛 ≥ 1}  of  X-valued simple random variables such 

that 𝑝 − lim
𝑛→∞

𝑢𝑛 = 𝑢. Using Lemma   2.7, 𝐸(𝐴𝑢𝑛|𝒢)  converges to 𝐸(𝐴𝑢|𝒢) in  𝐿0
𝑋(𝛺). Hence 

𝐸(𝐴𝑢|𝒢) = 𝑝 − lim
𝑛→∞

𝐸(𝐴𝑢𝑛|𝒢) = 0.                                                                   

 

Definition 2.9. Let A be a random bounded linear operator from a separable Banach space X into a 

separable Banach space Y and ℱ(A) denotes the σ-algebra generated by the family {Ax, x ∈ X}. 

Set    ℱn = σ(ℱ(Ai), i ≤ n). The random bounded operators {An, n ≥ 1} are said to be martingale  

sequence of random bounded linear operations if E(An+1x|ℱn) = Anx   for all x ∈ X, n ≥ 1. 

3. Main results 

Let {𝐴𝑛, 𝑛 ≥ 1} be a sequence martingale of bounded  random operators  from X into X. There 

exist mappings 𝑇𝑛: 𝛺 → 𝐿(𝑋, 𝑋) such that 

𝐴𝑛𝑥(𝜔) = 𝑇𝑛(𝜔)𝑥 a.s. 

We have following theorem. 

Theorem 3.1. Suppose that X has the Radon-Nikodym (R-N) property, let 𝑝 ≥ 1, {𝐴𝑛, 𝑛 ≥ 1}  be 

a sequence martingale of random bounded  linear  operators  from X into X, then 

1. ‖𝑇𝑛(𝜔)‖ (𝑛 ∈ 𝑁) are  real-valued random variables. 
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2. If 

𝑠𝑢𝑝
𝑛≥1

𝐸‖𝑇𝑛‖ < ∞ 

 then there exists a random bounded linear operator A such that the sequence {𝐴𝑛, 𝑛 ≥ 1} 

converges a.s.  to A.  Moreover, ‖𝑇𝑛‖ converges a.s. 

3. If  

𝑠𝑢𝑝
𝑛≥1

𝐸‖𝑇𝑛‖𝑝 < ∞ , 𝑝 > 1 

then there exists a random bounded linear operator A such that the sequence {𝐴𝑛, 𝑛 ≥ 1} 

converges in 𝐿𝑝 to A. 

Proof. 1. For each 𝑘 ∈ 𝑁, let {𝑥𝑛, 𝑛 ≥ 1} be a sequence dense in the unit ball {𝑥 ∈ 𝑋: ‖𝑥‖ =
1} then for all 𝜔 ∈ 𝛺,  

‖𝑇𝑘(𝜔)‖ = sup
𝑛≥1

‖𝑇𝑘(𝜔)𝑥𝑛‖. 

 Since    

𝐴𝑘𝑥(𝜔) = 𝑇𝑘(𝜔)𝑥 a.s 

there exist a set D of probability one such that for each 𝜔 ∈ 𝐷,   

𝐴𝑘𝑥𝑛(𝜔) = 𝑇𝑘(𝜔)𝑥𝑛 for all 𝑛 ∈ 𝑁. 

 Then fix 𝜔 ∈ 𝐷, we have 

‖𝑇𝑘(𝜔)‖ = sup
𝑛≥1

‖𝑇𝑘(𝜔)𝑥𝑛‖ = sup
𝑛≥1

‖𝐴𝑘(𝜔)𝑥𝑛‖. 

So ‖𝑇𝐴𝑘
‖ (𝑘 ∈ 𝑁) are random variables. 

For each 𝑥 ∈ 𝑋, we have E‖𝐴𝑛𝑥‖ ≤ 𝐸‖𝑇𝑛‖‖𝑥‖ then  

sup
𝑛≥1

E‖𝐴𝑛𝑥‖ ≤ ‖𝑥‖ sup
𝑛≥1

𝐸‖𝑇𝑛‖ < ∞ 

so there exists 𝐴𝑥 ∈  𝐿1
𝑋(𝛺), 𝐴𝒏𝒙 → 𝐴𝑥 a.s. Moreover,   

sup
𝑛≥1

𝑃(‖𝑇𝑛𝜔‖ > 𝜖) ≤
sup
𝑛≥1

𝐸‖𝑇𝑛‖

𝜖
→ 0 as 𝜖 → 0 

then {‖𝑇𝑛‖, 𝑛 ≥ 1} is  bounded in probability. By Theorem 5.4 [5], 𝐴𝑥 is random bounded linear 

operator. 

Next, for each 𝑛 ≥ 1 and for all 𝜖 > 0 then there exists  an element 𝑎 in the unit ball,  such that 

‖𝑇𝑛‖ − 𝜖 ≤ ‖𝑇𝑛𝑎‖ = ‖𝐴𝑛𝑥‖ = ‖𝐸(𝐴𝑛+1𝑎|ℱ𝑛)‖ ≤ 𝐸(‖𝐴𝑛+1𝑎‖|ℱ𝑛) ≤ 𝐸(‖𝑇𝑛+1‖|ℱ𝑛). 

Let 𝜖 → 0 then 

‖𝑇𝑛‖ ≤ 𝐸(‖𝑇𝑛+1‖|ℱ𝑛) for all 𝑛 ≥ 1, 

so {‖𝑇𝑛(𝜔)‖, 𝑛 ∈ 𝑁}  is a real-valued sub martingale. Since sup
𝑛≥1

𝐸‖𝑇𝑛‖ < ∞ then ‖𝑇𝑛‖   

converges a.s. 

For each 𝑥 ∈ 𝑋, we have  

                  E‖𝐴𝑛𝑥‖𝑝 ≤ 𝐸‖𝑇𝑛‖𝑝‖𝑥‖𝑝 then  sup
𝑛≥1

E‖𝐴𝑛𝑥‖𝑝 ≤ ‖𝑥‖𝑝 sup
𝑛≥1

𝐸‖𝑇𝑛‖𝑝 < ∞ 

so there exists 𝐴𝑥 ∈  𝐿𝒑
𝑋(𝛺), 𝐴𝑛𝑥 → 𝐴𝑥 in 𝐿𝑝. Moreover,   
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sup
𝑛≥1

𝑃(‖𝑇𝑛𝜔‖ > 𝜖) ≤
sup
𝑛≥1

𝐸‖𝑇𝑛‖

𝜖
→ 0 as 𝜖 → 0. 

Therefore, {‖𝑇𝑛‖, 𝑛 ≥ 1} is  bounded in probability. By Theorem 5.4 [3], 𝐴𝑥 is a random bounded 

linear operator.                                                                                                                                      

Theorem 3.2. Suppose that X has the Radon-Nikodym (R-N) property, let 𝑝 ≥ 1, {𝐴𝑛, 𝑛 ≥ 1} be a 

sequence martingale of random bounded  linear operators  from X into X, then 

1. If 

  𝑠𝑢𝑝
𝑛≥1

𝐸‖𝑇𝑛‖ < ∞ 

 Then there exists a random bounded linear operator A  such that the sequence  {𝐴𝑛𝑢, 𝑛 ≥ 1} 

converges a.s.  to 𝐴𝑢 for all 𝑢 ∈ 𝐿0
𝐸(𝛺, ℱ1). 

 2. If 

𝑠𝑢𝑝
𝑛≥1

𝐸‖𝑇𝑛‖𝑝 < ∞ (𝑝 > 1) 

then there exists a random bounded linear operator A such that the sequence {𝐴𝑛𝑢, 𝑛 ≥ 1} 

converges a.s. to 𝐴𝑢 for all  𝑢 ∈ 𝐿𝑞
𝐸(𝛺, ℱ1)  where 

1

𝑝
+

1

𝑞
= 1. 

 3.  If 

𝑠𝑢𝑝
𝑛≥1

𝐸‖𝑇𝑛‖𝑞 < ∞ (𝑞 > 1) 

then there exists a random bounded linear operator A such that the sequence {An, n ≥ 1} converges in 

Lr(q > r > 1) to Au for all u ∈ Lp
E (Ω, ℱ1)  where 

r

p
+

r

q
= 1. 

Proof. 1.   By Theorem 3.1, then exists a random bounded linear operator 𝐴 such that the sequence 

{𝐴𝑛, 𝑛 ≥ 1} converges a.s.  to 𝐴. Moreover,  sup
𝑛≥1

‖𝑇𝑛‖ < ∞  a.s. 

    Let  𝑢(𝜔) = ∑ 1𝐸𝑖
𝑥𝑖

𝑛
𝑖=1  be a simple random variable, by 𝐴𝑛𝑥𝑖 → 𝐴𝑥𝑖 a.s. as 𝑛 → ∞, then 

𝐴𝑛𝑢 = ∑ 1𝐸𝑖
𝐴𝑛𝑥𝑖 → ∑ 1𝐸𝑖

𝐴𝑥𝑖
𝑛
𝑖=1 = 𝐴𝑢𝑛

𝑖=1  a.s                     (3) 

 If  𝑢 ∈ 𝐿0
𝐸(𝛺), for each 𝑡 > 0, 𝜖 > 0. By sup

𝑛≥1
‖𝑇𝑛‖ < ∞ a.s. then there exist 𝑟 > 0 such that 

𝑃 (sup
𝑛≥1

‖𝑇𝑛 − 𝑇‖ ≥ 𝑡 2𝑟⁄ ) < 𝜖 3⁄ . 

Let 𝑢0 be a simple random variable and 

𝑃(‖𝑢 − 𝑢0‖ ≥ 𝑟) < 𝜖 3⁄ . 

Moreover, by (3) there exists N, such that for all 𝑛 ≥ 𝑁, 

𝑃 (sup
𝑖≥𝑛

‖𝐴𝑖𝑢0 − 𝐴𝑢0‖ ≥ 𝑡 2𝑟⁄ ) < 𝜖 3⁄ . 

For each 𝑛 ≥ 𝑁,  
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𝑃 (sup
𝑖≥𝑛

‖𝐴𝑖𝑢 − 𝐴𝑢‖ ≥ 𝑡)                

≤ 𝑃 (sup
𝑖≥𝑛

‖(𝐴𝑖 − 𝐴)(𝑢0 − 𝑢)‖ ≥ 𝑡 2⁄ ) + 𝑃 (sup
𝑖≥𝑛

‖(𝐴𝑖 − 𝐴)𝑢0‖ ≥ 𝑡 2⁄ )

≤ 𝑃 (sup‖Ti‖
𝑖≥𝑛

‖(𝑢0 − 𝑢)‖ ≥ 𝑡 2⁄ ) + 𝑃 (sup
𝑖≥𝑛

‖𝐵𝑖𝑢0‖ ≥ 𝑡 2⁄ ) 

≤ 𝑃 (sup‖Tn − T‖
𝑖≥𝑛

≥ 𝑡 2𝑟⁄ ) + 𝑃 (sup
𝑖≥𝑛

‖𝑢 − 𝑢0‖ ≥ 𝑟) +  𝑃 (sup
𝑖≥𝑛

‖(𝐴𝑖𝑢0 − 𝐴𝑢0)‖ ≥ 𝑡 2⁄ ) 

≤ 𝜖 3⁄ + 𝜖 3⁄ + 𝜖 3⁄ = 𝜖 

Consequently,  lim
𝑛→∞

𝐴𝑛𝑢 = 𝐴𝑢 a.s. 

2. By Lemma 2.8, for all 𝑢 ∈ 𝐿𝑝
𝐸 (𝛺, ℱ1)  then {𝐴𝑛𝑢, 𝑛 ≥ 1} is a martingale sequence, using 

Lemma 2.6, we obtain 

𝐸‖𝐴𝑛𝑢‖ = 𝐸‖𝑇𝑛𝑢‖ ≤ 𝐸(‖𝑇𝑛𝑢‖𝑝)1 𝑝⁄ 𝐸(‖𝑇𝑛𝑢‖𝑞)1 𝑞⁄  

and         

sup
𝑛≥1

𝐸‖𝐴𝑛𝑢‖𝑟 ≤ sup
𝑛≥1

𝐸(‖𝑇𝑛𝑢‖𝑝)1 𝑝⁄ 𝐸(‖𝑇𝑛𝑢‖𝑞)1 𝑞⁄ < ∞. 

But X has the Radon-Nikodym (R-N) property, then 𝐴𝑛𝑢 → 𝐴𝑢 a.s. 

3. 𝐸‖𝐴𝑛𝑢‖𝑟 = 𝐸‖𝑇𝑛𝑢‖ ≤ 𝐸(‖𝑇𝑛𝑢‖𝑝)1 𝑝⁄ 𝐸(‖𝑇𝑛𝑢‖𝑞)1 𝑞⁄ . We have 

sup
𝑛≥1

𝐸‖𝐴𝑛𝑢‖𝑟 ≤ sup
𝑛≥1

𝐸(‖𝑇𝑛𝑢‖𝑝)1 𝑝⁄ 𝐸(‖𝑇𝑛𝑢‖𝑞)1 𝑞⁄ < ∞. 

Since X has the Radon-Nikodym  property, then 𝐴𝑛𝑢 → 𝐴𝑢 in 𝐿𝑟                                           

Let {𝐴𝑛, 𝑛 ≥ 1} be a martingale sequence of random bounded linear operators from X into X. We 

set 𝐵𝑛𝑥 = 𝐴𝑛𝑥 − 𝐴𝑛−1𝑥, then we have 𝐸(𝐵𝑛𝑥|ℱ𝑛−1) = 0 and 𝐵𝑛𝑥 = 𝐴𝑛𝑥 − 𝐴𝑛−1𝑥 = (𝑇𝑛 −
𝑇𝑛−1)𝑥 ≔ 𝑇𝐵𝑛

𝑥, we said {𝐵𝑛, 𝑛 ≥ 1} is a martingale difference of random bounded linear operators. 

Define the sequence {𝐴𝑛
𝑏 , 𝑛 ≥ 1} and {𝐴𝑛

𝑓
, 𝑛 ≥ 1} by 

𝐴𝑛
𝑏 = (𝐼 + 𝐵𝑛)(𝐼 + 𝐵𝑛−1) … (𝐼 + 𝐵1), 

𝐴𝑛
𝑓

= (𝐼 + 𝐵1) … (𝐼 + 𝐵𝑛−1)(𝐼 + 𝐵𝑛). 

The problem is to study the convergence of the sequence {𝐴𝑛
𝑏 , 𝑛 ≥ 1} and  {𝐴𝑛

𝑓
, 𝑛 ≥ 1} i.e. the 

convergence  of the products 

∏ (𝐼 + 𝐵𝑘)1
𝑘=∞  and      ∏ (𝐼 + 𝐵𝑘)∞

𝑘=1 . 

Theorem 3.3. Suppose that X has the Radon-Nikodym (R-N) property, let 𝑝 ≥ 1, {𝐵𝑛, 𝑛 ≥ 1} be a 

martingale difference sequence of random bounded linear operators  from X into X, 

1. If 

𝐸 ∏‖𝐼 + 𝑇𝐵𝑛
‖

∞

𝑛=1

< ∞ 

then the product  ∏ (𝐼 + 𝐵𝑘)1
𝑘=∞  and  the product ∏ (𝐼 + 𝐵𝑘)∞

𝑘=1   converge  a.s. 

 2. If 
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𝐸 ∏‖𝐼 + 𝑇𝐵𝑛
‖

∞

𝑛=1

< ∞ 

then the product  ∏ (𝐼 + 𝐵𝑘)1
𝑘=∞  and  the product ∏ (𝐼 + 𝐵𝑘)∞

𝑘=1   converge in mean of order  p. 

Proof. 

1. We have  

𝑉𝑛+1𝑥 = 𝑈𝑛𝑥 + 𝐵𝑛+1(𝑈𝑛𝑥) 
 then  

𝐸(𝑈𝑛+1𝑥|ℱ𝑛) = 𝑈𝑛𝑥 + 𝐸(𝐵𝑛+1(𝑈𝑛𝑥)|ℱ𝑛). 

 Put 𝑥 = 𝑈𝑛𝑥, so 𝑢 ∈ ℱ𝑛, 𝐸(𝐵𝑛+1(𝑥)|ℱ𝑛) = 0 for all  𝑥 ∈ 𝐸. By Lemma 2.8, we obtain 

𝐸(𝐵𝑛+1(𝑈𝑛𝑥)|ℱ𝑛) = 0, 

 so we have  𝐸(𝑈𝑛+1𝑥|ℱ𝑛) = 0 or {𝑈𝑛+1𝑥; ℱ𝑛} is a  martingale sequence. 

 Moreover,  

𝐸‖𝑈𝑛𝑥‖ = 𝐸 ‖∏(𝐼 + 𝑇𝑘)

𝑛

𝑘=1

𝑥‖ ≤ 𝐸 ∏‖(𝐼 + 𝑇𝑘)‖

𝑛

𝑘=1

< ∞. 

 This implies {𝑈𝑛𝑥, 𝑛 ≥ 1}  is convergent a.s. 

 The proof of 2) is the same as that of 1).                                                                                          
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