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Abstract: In this paper, we establish weak laws of large numbers with or without random indices
for Cesaro summation for random arrays of random elements in Banach spaces. Our results are
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1. Introduction

Consider a double array {X, ;m=1,n=1}of random elements defined on a probability

space (2, F , P)taking values in a real separable Banach space E with norm II.Il. Let {u,;n>=1} and

{v.;n>1} be sequences of positive integers, let {7 ;n>1} and {7 ;n=>1} be sequences of positive

n

integer-valued random variables. In the current work, we extend weak laws of large numbers of
Cesaro summation for random arrays and for double arrays with random indices.

Limit theorems for weighted sums (with or without random indices) for random variables
(realvalued or Banach space-valued) are studied by many authors (see, e.g., Wei and Taylor [1],
OrdonezCabrera [2], Adler et al. [3], Sung et al. [4]). Recently, Dung [5] obtained the weak law of
largenumbers with random indices for double arrays of random elements. In this paper, we establish
theweak laws of large numbers with or without random indices for Cesaro summation for random
arrays ofrandom elements in a p- uniformly smooth Banach space.

2. Preliminaries

For a > -1, we let

ar @V @H DX o5 and AT =1,

n!
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Then the definition of Cesaro summability for array is extended as follows.
Definition 1. Let «, 8 >0 . The array {x ;m,n>0} is said to be (C,a, ) -summable iff

mn

1 m,n ~ ~
A7 > AZ Al !x,, converges as m,n — oo,
Ay £1=0

It is easy to see that (C, 1, 1)-convergence is the same as convergence of array of the arithmetic
mean.

Here we collect some facts that will be used on and off in general without specific reference.

Firstly, we have

o

A ~—"  asn—ow (1.1)
C(a+1)

Secondly, we use the fact that if {a,,k>1} is a sequence of numbers such that A, /" = as

n
n— o where A, =Zak and x, -0 as n— oo then
k=1

1 n
—> ax, >0asn— oo, (1.2)
A T

For a,be R, min{a, b} and max{a, b} will be denoted, respectively, by a Ab,av b. Throughout
this paper, the symbol C will denote a generic constant (0 < C <oo ) which is not necessarily the same
one in each appearance.

Technical definitions that are relevant to the current work will be discussed in this section. Scalora
[6] introduced the idea of the conditional expectation of a random element in a Banach space. For a
random element X and sub c—algebra G of F, the conditional expectation E(X |G) is defined
analogously to that in the random variable case and enjoys similar properties.

A real separable Banach space E is said to be p-uniformly smooth (1< p<2) if there exists a
finite positive constant C such that for all martingales {S ;n>1} with valuesin [,

I

supEHSn < CZEHSH -S

nx1

n—1
n=1

It can be shown by using classical methods from martingale theory that if E is p-uniformly
smooth, then for each 1< r < there exists a finite constant C such that

Esuplls [ CE(ZI s -5 ||vjp.

nl1 n=1

Clearly, every real separable Banach space is 1-uniformly smooth and the real line (the same as
any Hilbert space) is 2-uniformly smooth.

It follows from the Hoffmann-Jggensen and Pisier [7] that if a Banach space is p-uniformly
smooth, then it is of Rademacher type p. But the notion of p-uniformly smooth is only superficially
similar to that of Rademacher type p and has a geometric characterization in terms of smoothness.
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Let F \ be the o-field generated by the family of random elements {X i<k orj<I}, F ;=
{;Q} . The following lemma which is due to Dung [5] establishes a maximal inequality for double
sums of random elements in martingale type p Banach spaces.

Lemma 2. Let 1< p<2. Let {X U,l <i<m,1< j<n} be acollection of mn random elements in a

real separable Banach space such that E(X; | 7)) =0 for all 1<i<m,1< j<n. Then,

<SS eI, I (13)

E max
1<k<m - .
i=1 j=1

1<I<n

>3,

i=1 j=1

where the constant C is independent of m and n.

Random elements {X, ;m=1,n2>1} are said to be stochastically dominated by a random element
X if for some finite constant D

P{lx |>00<DP{| DX ||>1}, 120,m>1,n>1.

mn

3. The main results

Let {X,, ;m=1,n2>1} be an array of random elements defined on a probability space (2,F,P)
and taking values in a real separable Banach space E with norm ||.||, 7 be a o-field generated by
{Xsi<korj<ly, Fii1= {D;Q} . Let {u,;n>1}, {v,;n>1} be sequences of positive integers such that

limu, =limv, =<0 . For any set A, we denote I (A) the indicator function, i.e,

1 ifweA
I(A)(w) = .
0 ifoeA
Set
Y, = Aw(j—_lchnﬁ:lleII(AZ_kAﬁ l H X H< AZAf)
where a,f>0

Theorem 3. Let 1< p<2, o, >0 and [E be a p-uniformly smooth Banach space. Suppose that

ZZP{An A X, > AZAZ Y 5 0as myv in— e 2.1)
i=l j=1
and
(A"’Aﬁ)” ZZEH Y™ —EY™G,) II”—0asmvn—> oo (2.2)
m*n i=l j=1
Then

—>0 asmv n— oo, (2.3)

zk‘i“ AVIAZIX —EQY" 1Gy)
i=1 j=1

1<k<u A“Aﬂ

m*n
I<i<v,
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Proof. For an arbitrary € >0,

>€

ZZ AVIAT X —EY" 1Gy)

1<k<u “A/f -
i=l j=

m n
I<i<v,

k 1
<P 0! 1 4B~ 1 mn
- {l<k<u ’ZAﬁ ZI:Z—; m— lAn Jj >el2
1<I<y, m n =l j=
!
l<k<u A“A p ;( ij _E(Yij lGl;,-)) >el2

1<I<v,

S{UUMMﬁWMN»VM}

-1 j=1

>el2

!
Z( jmn _E(Yi;ml |G,-j ))
1

i=l j=

+P
l<k<u AaA

1<I<v,

<S Z"P(A“ AP X, I > AZAT)

m—i n— ] m n
i=l j=I

k1 b
ZZ(YI.;"" —EY;"1G;))| (byMarkov’s inequality)

i=l j=1

max

217
+
aAp Uy,
TATATY

<Y PASAI X, I >AZAD)

m n
i=l j=1

VElym —E@ 1G) P by L 2
roar S S el G by Lemma2)

—0 as mvn—oo (by(3.1)and (3.2)).

The proof is completed.

Corollary 4. Let 1< p<2, >0, >0 and E be a p-uniformly smooth Banach space. If

3 PLATIAP | X, || > ATAP ) = 00 as mv n —> oo,

m l
i=1 j=1

—>O asmvn— oo

k1
0!—1 ﬁl mn
1<k<u ’ZAﬁ ZI:Z; m— zAn ]E(Y IG )

m n
1<i<y,

and
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AaAﬂ e S YN EG G, I 0 (2.4)
(4,4,)" =53 as mv n— oo,
then
k1 L
l<k<u UtAﬁ’ 212 m— lAn 1X 0 (2.5)
m n =1 j=1

1<I<v,

as mvn-—oo,

Remark 5. If the condition (3.4) is replaced by the condition that

1
sz% AP EQYMG,)
A?ZAn i=l j=1 !

then the conclusion (3.5) will be replaced by

1 k1 o
EelEE e,
n =l j=

The following result is a random index version of Theorem 3.

—>0 asmv n— oo,

p
—0 as mvn— oo,

Theorem 6. Let 1< p<2, @,f>0 and E be a p-uniformly smooth Banach space. Suppose that
{T;n>1} and {r,;n>1} are sequences of positive integer-valued random variables such that

lim P{T, >u,} =lim P{z, >v,} =0. (2.6)

If

ZVZHP{Am—zAnﬁ X, > AZAP} > 00 as mvin— eo

i=l j=1

and
S ”EHYW’ EY"1G) "= 0asmvn— oo,
(AmA,f”)";; f
then
k1
”’1 B-1 mn oo,
1<k<T AaA,B ;; m— lAn ;(X E(Y |G ))H —s0asmvn—

I<i<t,

Proof. For arbitrary € >0,
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kI
P4 max Z;,Z AZIAT (X, —EQ™1Gy))|> €
Isi<z, ==l
k
<P 1<k<T Zl ’Z:}Anﬁ—_jl(XlJ _E(Yijmn |Glj)) >¢ r-\(Tm Sum)r-\(/z-n SV”)
1<i<e, ==l

+P(T, >u,)+P(t,>v,)

>€

zk:z]: ALIAT (X, — E(Y™ 16,)

mz n—j
i=1 j=1

<P

1<k<u 0’
Am
1<I<v,

+P(T, >u,)+P(t,>v,)
—0 as mvn— oo, (by (3.6) and Theorem 3)

which completes the proof. O

We shall now prove the following extension of the well-known Feller theorem for Cesaro

summation for random arrays of random elements in Banach spaces.
Theorem 7. Let 1< p<2, 0<a<fB<1, E be a p-uniformly smooth Banach space. Suppose that

{X, :m=>1n>1} is stochastically dominated by a random element X. If
limnP{| X || > n} =0, 2.7)

then

%0 asmv n— oo,

ZZ AIAP (X, —EQY" 1G,)

i=l j=1

1<k<m a ﬁ

m n
1<i<n

Proof. We verify (3.1) and (3.2) with u,, =m, v, =n. For (3.1), we have

3 PAT A | x, [|> ATAP Y <O PLAT AP || X || > AA7)

m-i n— / m n
i, j=1

i,j=1

<Y Pl i | x, > mn®} by (2.1)
i,j=1
1 m,n
=C i mEm P T X > mtrf Y =0
ij

a f
m'n" [ 5

(by (2.2) and (3.7)).
For (3.2), by Jensen’s inequality for conditional expectation, we get

Elly —E@™16,) < Elly I
(&MV;;H ””(%ﬁwggn |
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apc B ZZEO”“"” PEO| X, P 16 2 X | < menP))
n i=l j=1 L
C ﬂ/af
_ (@-1) :p(f-1) o ol ,B—l Y
= ;;l” J’ Z 1X, 11k —1)® <i 1,1l <k)
C n mnPle
S 2 S KPR - 1) <it P X | <k
/N (= e
C m n mnPl?
= 22 2 kP X > (k=D = PG X > k)
m='n"" 353 |
C m n mnPl% 5
< ket Pt 5 X | 2 k¢
Mm% pPr it @J x| )
< C i n ;o1 ﬁ—l;mrzzﬂi”’kpaal(kala I,BP(||X||>ka1a 1,6’))
= manﬁ P ] mpa—anpa 104

— 0 as m,n — oo,

By applying Theorem 3, the proof is completed. .

The following result is a random index version of Theorem 7.

Theorem 8. Let 1<p<2, 0<a,f<1,E be a p-uniformly smooth Banach space. Suppose

that{X, ;m=1,n21} is stochastically dominated by a random element X. Suppose that{T ;n>1}
and {t ;n21} are sequences of positive integer-valued random variables such that
lim P{T, >n}=1im P{z, >n}=0. (3.6)
If

limnP|| X |>n=0,

n—oo

then
ko .
max A“A 21; A (X, —E(Y" 1 Gy) 550 as mv n— oo,
I<i<t,
Proof. By the same argument in the proof of Theorem 7 and using Theorem 6. a
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