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On The Convergence of Stability Domain on Time Scales
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Abstract: This paper studies convergence of the stability domains for a sequence of time scales. It
is proved that if the sequence of time scales (T ) converges to a time scale T in Hausdorff topology

then their stability domains T, will converge to the stability domain UT of T .
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1. Introduction

It is known that the linear system x(¢) = Ax(7);t€ R" =[0,0) is exponentially stable if and only if
the spectrum o(A) lies within the half plan < C_ of the complex numbers C . Also, if we consider the
different system x, ,, = x, +hAx,,ne hZ, then this system is exponentially stable < o(A) lies in the

disk UT, :z{z:lz+%l<%} . Where h>0 and hZ, ={0,h,2h,...}.

In view of theory of time scales, the sets R*,Z; are time scales and C_ and UT, are respectively
their stability domains. Further, when A — 0, the sequence of time scales (Z}) is “close” to R* and
the set of the disks UT, will “enlarge” to the set C_ in some sense. Indeed, the Hausdorff distance
d(R*,Z,)=sup{d(x,Z;):xe R"} of R" and Z, is h and UZ/{'H‘h =R".

h>0
The question rises here if we can generalize this idea to an arbitrary set of time scales (T, ) ? That
is if the sequence (T,) tends to the time scale T in Hausdorff topology, can we conclude that their

respective stability domain converges to one of T .
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This paper concerns with such problem. Firstly, we consider the continuous dependence of the
exponential functions to time scales. Then, we show that the stability domain T, corresponding to

the time scale T, converges when T, tends to T'.
The paper is organized as follows. Section 2 summarizes some preliminary results on time scales,
property of exponential functions on time scales and characterizes the stability domain of a time scale.

The main results of the paper are derived in Section 3. We study the convergence of the stability
domains here. The last section deals with some conclusions and open problems.

2. Preliminaries
2.1. Time scales

Let T be a closed subset of R, enclosed with the topology inherited from the standard topology
on R. Leto(®)=inf{se T:s>t},u(t)=0(t)—t and p(t)=sup{se T:s<rt},v(t)=t— p(t)
(supplemented by sup@ =inf T,inf @=supT). A point te T is said to be right-dense if o(t)=t,
right-scattered if o(t)>t, left-dense if p(t)=t, left-scattered if p(t)<t and isolated if t is

simultaneously right-scattered and left-scattered. A function f defined on T is regulated if there exist
the left-sided limit at every left-dense point and right-sided limit at every right-dense point. A
regulated function is called rd-continuous if it is continuous at every right-dense point, and 1d-
continuous if it is continuous at every left-dense point. It is easy to see that a function is continuous if
and only if it is both rd-continuous and ld-continuous. A function f from T to R is positively
regressive if 1+ u(t)f(t)>0 for every te T. We denote by R* the set of positively regressive

functions from T to R.

Definition 2.1 (Delta Derivative). A function f:T — R? is called delta differentiable at t if there
exists a vector f“(¢) such that for all € >0

Iy~ fs) - e~ <elo@ s
forall se (t—3,t+8)NT and for some & >0. The vector f*(t) is called the delta derivative of f at

1.

If T=R then the delta derivative is f’(f) from continuous calculus; if T=7Z then the delta
derivative is the forward difference, Af (¢) = f(t+1)— f(¢), from discrete calculus.

Let f be a rd-continuous function and a,be T . Then, the Riemann integral J.b f(s)ALs exists (see
[1D. In case a,be T, writing J.bf(s)ATs means f F(ALs, where
a=min{r>a:te T}; b =max{r<b:re T}. If there is no confusion, we write simply Ibf(s)As

b b b
(resp. j F(A,s) for j F()Ays (resp. j F(9)AL ).
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Fix t,e R. Let 7 be the set of all time scales with bounded graininess such that 7, T for all

Te T .We endow 7 with the Hausdorff distance, that is Hausdorff distance between two time scales
T, and T, is defined by

d, (T,,T,)=max{supd(t,,T,),supd(t,,T))}, 2.1

4eT, t,eT,
where
d(1,,T,)=inf I, —1,1 and d(t,,T,) =inf |1, — 1, 1.
1,eT, 1heT,

For properties of the Hausdorff distance, we refer the interested readers to [2, 3].
2.2. Exponential Function

Let T be an unbounded above time scale, that is supT =oo.
Definition 2.2 (Exponential stability). Let p:T — R is regressive, we define the exponential

function by

_ ¢ . Ln(+hp(s))
e, (t,t))= exp{jro hl\l/l}}g)—h As},

where Lna is the principal logarithm of the number a .

Theorem 2.3 (see [4]). If p is regressive and t, €T, then e,(..1)) is a unique solution of the
initial value problem

YO = pO)y@),y(t,) =1.

When p(t)=A, where A is a constant in C, we write e,(t,s) for ep(,)(t,s)

Theorem 2.4 (Properties of the Exponential Function). If p,q:T —> R are regressive, rd-

continuous functions and t,r,s€ T then the following hold.:

1. ¢,(t,s)=1,and e, (t,)=1;
2. ¢,(0(1),s)=A+u@®)p)e,(t,s) ;

e () =e_,(t,5)=¢,(s,1)

4. e, (t,s)eq (t,s)= €,y (t,s)
5.¢e,(t,s)e,(s,r)=e,(t,r)

e,(t,s)
e,(t,s) =09

Lemma 2.5 (Gronwall-Bellman lemma, see [4]). Let f(t) be a positive continuous function and
k>0, f(t,)e R. Assume that f(t) satisfies the inequality

f<f, +th1 F(s)As, forallte Tt >1,. (2.2)
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Then, the following relation holds,
f@)< foe(t,t)), forallte Tt >1,. (2.3)

We see that

i . Inll+hAl
le,(t,t,) = exp{jro hlxl,r,%)TAs}'

By using the notation

RA ifs=0
Inll+hAl

¢ () =lim—————=<1nl1+s4l
s h — ifs 20,
S

Wwe can rewrite

le,(t.1,) l=exp] j & (u(s))As ). (2.4)

We note that e, (t,s5) 1=l e;(,5)| for any Ae C. Further, it is easy to see that ¢, (x)<I Al for all

x2=0. For the properties of exponential function e, (t,s) the interested readers can refer to [5].

2.3. Exponential stability

Let T, ={re T:721,}. Consider a dynamic equation

X = f(t,x), t=t,. (2.5)
We assume that the function f:T, xR" —R" satisfies conditions such that Equation (2.5) has a
unique solution x(z, s, x, ), 2 s with the initial condition x(s,s,x,) =x, forany s€ T, and x,€ R".

Definition 2.1 (Exponential stability). The dynamic equation (2.5) is called uniformly
exponentially stable if there exist constants >0 with —a€ R" and K >0 such that for every
s<t,s,te T, , the inequality

| x(t,s,x) IS K | x, [l e, (2,5) (2.6)
holds for any x,€ R".

In the linear homogeneous case, i.e., f(f,x) = Ax we have the equation

x(t) = Ax(t), t=t,. (2.7)

It is known that Equation (2.7) is uniformly exponentially stable if and only if so is for the scalar
equation

() =Ax@), t=t,, (2.8)

for any A€ o(A) (see [6, 7]).

Denote by UT the set of complex values A such that (2.8) is uniformly exponentially stable. We
call UT the domain of uniformly exponential stability (or stability domain for short) of the time scale
T . Denote
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. 1
L(A):=1lim sup— j &, (u(T)AT <0. (2.9)

Propotion 2.7. Let A C, then A€ UT if and only if
L(A) = limsup% ["¢(usnas<o. (2.10)
— S s

t—§—>00

Proof. Assume that (2.7) is uniformly exponentially stable. It implies that there exist constants
a>0,K >0 such that

C I+ Al
le ) exp{ [ lim ———"Az} < Ke ™, forall 1.

S N\ (t) h

c . Inll+hAl
j lim ——— A7 <—a(t —s)+InK, forallt > s.
$ RN p(T) h

Therefore, we have

limsup%r & (u(s)As < —a <0.
_S s

t—5—>00

Assume that L(A):=-a <0. Then there is an integer number N large enough such that

1 ¢ _
t_'[ $,(u(s))As <7a, forall t —s > N.
g

-a

Thus le,(t,s)I<le ? (t—5)I,Vi—s>N.
By virtue of the inequality ¢, (x)<IA| for any x>0, we have
le,(t,5) = exp{j’ C(u(s)Ast <N Wi—s<N.

Hence

—a(t—s)

le,(t,s)ISKe % ,Vtzs.

AN +2N

with K:==e¢ 2 >1.The proposition is proved. i

Further, it is easy to verify that if 15, 121b, | then £, (x)=¢,,, (x) forany ae R and x>0. So
UT is symmetric with respect to the real axis of the complex plan C. This means that Ae UT
implies the segment [4,4]c UT.

Propotion 2.8. Let T be a time scale with bounded graininess, then stability domain UT is an
open setin C.

Proof. Let A€ UT ,then there are K >0 and A€ R™ such that

le,(t,s)|< Ke™™'™, forall > s. (2.11)
We now proof that there exists € >0 such that the equation

x* = fBx (2.12)
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is also uniformly exponentially stable for all e C withl 8 — A< e. We rewrite Equation (2.12) under

the form x* = Ax+ (8 — A)x. Using variation of constants formula yields
es(t,5) =, (1,5)+ [ ¢, (t,0))(B~ Ae,(u,5)Au. (2.13)
This implies that
ley(1,9) IS Ke ™™ + K| f= A1 [ e, (1,0 (w)e, (u,5)] Au.
Hence,
eyt )< K+ K1 B—A1 [ e e ™ ey (u,5) | Au,

Let f(1)=e""le,(t,s)], we have

FOSK+KIB=A1e™ [ fuau

Using Gronwall's inequality (with f(s)=1) obtains
(1)< Ke (t,5),forall £ > s,

where M =K | f—A1e*” . Thus
le, (t,9)I< Ke™ ™ forall t > s.

a
=t

By choosing € = we get that e, (t,5) < Ke *" " forall 1> s, for any f suchthat | f—AI<e.The

KeaH

proof is complete. O

3. Main results

In this section, we consider a sequence {T } _, 7 of time scales satisfying:

IimT, =T.

n—o0

Denote by u, (t) (resp. (¢)) the graniness of T (resp.T) at time ¢ Since TeT,
sup{u(t):te T}<oo. Therefore, it is easy to prove that if ImT =T then

sup{u, (t):te T ,ne N} <oo, {sup{u(t):te T,ne N} <o . Denote
4 =max{sup{u(r):te T}, sup{p, (t):te T ,ne N}}.

First, we need the following lemmas to derive some characteristics of stability domains ¢T, when
T tendsto T.

Lemma 3.1. For any Ae C\ R we have
L(A)<0 ifand onlyif Ae UT.
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Proof. Denote g, =sup{u(t):te T} and let Ae Z/{_]I‘\R. Then, there is a sequence {4, } c UT
such that lim4, =A4. Let A=a+ib with b#0 and A, =a, +ib,. Using Lagrange finite increments

n—»o0

formula, for all x>0 we have
x(1 4, ? —I/1I2)+2(an —a)
2(1+2x(a+6(a, —a) + x> (AP +0( A P =1 A1)

§ (=8, (0= , 6 (0,1).

Since 0<1+2xa+x*I A for all x>0, we can choose a n,e N and a constant ¢, >0 such that
¢, <1+2x(a+6(a,—a)+x* (AP +6( A P =1 AF) for all 0<x<u, and n>n,. Thus, for any €>0,
there exists n, > n, satisfying

Q(x)—é’ﬂw(x)<e,VOSxS,u*,Vn>nl.
This implies that

[[¢iu@nar<['¢, (u@pAT+et-s)<et-s). Vi, <s<t,Vn>n,

Hence

limsupLJ" ¢, (U(D)AT <€,Ve>0.
t—s°s

t—s—>00

Thus

limsupLJ‘Z ¢, (u(n)AT <0.
t—ss

t—5—>00

Conversely, let A =a+ibe C\ R such that
1imsupLj'g(y(r))Ar <0.
t—s—o00 [— 85
For any ¢>0,let A =a,+ib, be chosen such that 0<lb Ibl;a <a and |44 > Al—¢. Since

0<1+2xa+x’1 A, we can choose a_ and b, such that

0<2(1+2x(a+6(a —a)+x* (AP +0(1 A P —=1AF)) <c, forall 0<x< 4, .
Thus,

é//t (x)_é,,i(x) <

9% vo<x<u.
%)

This implies that

['¢w@nar<| ¢ (uenac+

a —a

(t—s),Vt,<s<t.

)

Hence,

a —a

<0.

1imsupLj'g (U(T)AT <
t—sds "

f—s—>00 c,

which follows that A € UT . This means that 1€ UT . The proof is completed. O
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Lemma 3.2. Let K c C\ R be a compact set. Suppose that imT, =T, then for any € >0, there
are 0>0,n,€ N such that

|J‘:Q(,un(h))Anh—J‘:Q(,u(h))Ah < 2e(t—s)+8Mt_TsdH (T,T).Vs<t, (3.1)
forn>n,,Ae K and M= sup 1{;(x)l.

AeK xe[0.1"]

Proof. Since K < C\ R is a compact set, M <eoo. First, assume that T, cT. We see that the

function
RA+xIAP In(1+2xRA+ X" 1 A1) .
- if x>0,
dg}(x)= (14 2xRA+x" 1 AP)x 25
dx 1
3 (AP —=(RA)’ if x=0,

is continuous in (x,4), provided 34#0. Therefore, the family of functions ({,(u)), , is equi-

continuous in u on [0,4 ], i.e., for any € >0, there exists §=J(e) >0 such that if lu—vI<d then

I{,(u)-¢,(v)l<e for any Ae K. Since limT, =T, we can choose n, such that dH(’]I‘,’]I'n)<§

n—o0

when n>n,.

Fix 1, <s<t;s,t€[0,%) and n>n,. Denote

A ={heT N[s,t]:u,(h) 25}, A, ={he T, N[s,1]: u,(h)<o}.

The assumption T T implies that O<u(h)<u (h) for all heT . If he A, then
H(h) <, (h)< S, which implies ¢, (u(h))—¢, (1, (h))l<e. On the other hand, the cardinal of A,

e t—s .
say r, is finite and r < [?} . Thus, we can write A ={s, <s,<...<5,}.

Denote sequence 7, by

T, :max{he T:hsw};and T.=0(7),i=12,..,r.

2
Since d, (T,T,) = max{lz, —s,|,10,(s;) =7, |}, it follows that

Iz, —s, I<é,I0'n(sl.)—T, |<§.
2 2
Therefore,
() —pu,(s)l=p,(s)—lz, -7, Hz,—s,1+10,(s5,) -7, < I,

which implies

() - £y, () <
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For any heT, there exists a unique ueT,, say u=y""(h), such that either h=u or
he (u,o,(u)) . It is easy to check that the function }/M" (h) is rd-continuous on T . By definition of

integral on time scales we have
['¢, G, A= ¢, (7 () AR

Therefore,

[ ¢, A= [ ¢ umpanls [0 (77 () = £, () | A

= [ )~ €, (7 o 343 ([ ) = €t (7 () | A

)
= [ ) = & Cat, 5 o 5+ 2 ([ ) = &, (7 Gy |
i=1

tro, (s;)

+j IC, () = &, (™™ DV A +[ ™ ) = &, (a, (77 () | A)

AT,

+ZI:}'S,.>'Q () = £, (7 (W) A,

where a A b=min{a,b}.

Since | g(h)— u(y"" (h))I< § for all he[t,,s,)U[0(s,),s,,, At),1<i<r—1,
[, ) =&, (7 () | Ah < ez, - 5),
[ ) =&, (F ™ () 1 A < e, =0, (5,) -
On the other hand, for i =1,2,...,r we have
I I8, ((h) = & (u, (7™ (I AR = (t AT, =t AT (@) = §, (1, (¥ (7))
=(UAT, =t AT G (7)) = C (1, (5)) IR AT, =t AT)),
and
I I () = & (u, (7" (W) | AR < 2M (£ AT, = 5,) < 2Md,, (T, T,)
[N ) = £, (7™ () | AR SOM (1 A3, (5,) 1 AT) S 2Md, (T.T,)
Thus, we obtain

r r—1
[ = ¢, 7 o1 8k < (7, =)+ Y (E AT =t AT+ (5,4 =0, (5,))

i=1 i=1
+4M Y d, (T, T,) < et —s) +4Mrd,, (T,T,) < e(t — 5) + 4M I_Tsdf, (T.T,).
i=1

Therefore,



10 N.T. Ha et al. / VNU Journal of Science: Mathematics — Physics, Vol. 31, No. 4 (2015) 1-12

| €, 008 = ¢ utmyanlete—s)+am =2 d, (1.,

If T, T, we put T, = T, UT. Itis easy to see that
d, (T.T,)=max{d, (T..T).d, (T..T,)}. (3.2)

By the above proof, we have

[ ¢, = [ ¢ umpA, hl< e = 5)+am I_Tsdf, (T,T,),

[ ¢ umnan—[ ¢ (una, nl< e - s)+am I_TsdH (T,T,).

This implies that

! €2, 008 =€ Gatmyanl< 26— 5) +8M =2, (T.T, ),

The proof is complete. i

Denote by UT, (resp. UT') the domain of stability of the time scale T, (resp. T ).

Proposition 3.3. Suppose that limT, =T . Then, for any A€ UT we can find a neighborhood
B(A4.6) of A and n, >0 such that B(A,6) < UT (| UT,.

n>ny

Proof. Firstly, we prove the proposition with A€ UT \ R . Following the proof of Lemma 3.1 and
by Proposition 2.8, there exists a ¢, >0 satisfying B(4,d,) c UT and

-L(4
;z (-x) - é/g (x) < (

);VOSxSﬂ*,‘V’/ie B(4,6).

Hence, by (2.10)

L(A)< L) +%(’1) _3LA

for any 1€ B(4,6)). (3.3)

By choosing 0, :=min{é‘1,%}>0 we see that B(4,0,) cUT\ R. Using Lemma 3.2 with

K =B(A4,6;) and €= _LS(/D we can find a 6, >0 and n, such that

j & (u (h)A K< j & (u(h)Ah+ _L:’l) (t—s)+8M t;—sd,, (T,T),V s<t, (3.4)

2

for n>n, and 1€ B(4,8,). We choose n, >n, such that d,, (T,Tn)<% for any n>n, .

From (3.4) we get

lim sup%sj.: ¢, (u (h)A,h <lim supL I ¢ (u(h))Ah—

f—s5—>00 (—s—0 [ — S

L(A) L)
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3L LA L) _LA)
4 4 4
This means that B(4,6,) cUT, forall n>n,.

We now consider the case A€ UTNR. Since UT is open set, there exists J, >0 such that

<0,Vn>n,,Ae B(1,6,).

B(A,0,)cUT . Let A4, = /1+ii. Following above argument, there exist n, >0 and 0<J, <i such
2 2

that B(4,8,) cUT NUT, for all n>n,. Since UT, is symmetric with respect to the real axis, the
segment [A,A]cUT,, for all X'e B(4.6,). Thus B(A.6,) cUTNUT, for all n>n,. The

proposition is proved. i
Theorem 3.4. If imT =T then

ur <\ JO\UT, and (JJUT, \ R cUT\ R. (3.5)

n=lmzn n=1 mzn

Proof. The first relation follows immediately from Proposition 3.3.

To prove the second one, let A€ ﬂUL{']I‘m .R. By definition, there is a sequence {n, } — oo

n=lm2n

such that Ae UT, (R for all k. Using again inequality (3.1), for any € >0, yields

lim supLjr & (u(T)AT <lim supLj' (1, (DA, T+2e +87Md,, (T,.T). (3.6)

(-5 [ — 8 f—soe [ —§

Taking limit as n, — o we obtain

1imsupLj'g(u(r))Ar <26,V e>0.
t—svs

t—5—>00

This implies that

1imsupLj' &, (u(D)AT 0.
t—svs

t—5—>00

Thus, Ae UT R by Lemma 3.1. The proof is complete. i

4. Conclusion

In this paper, we study the convergence of the stability domains on the time scales in the sense of
Hausdorff topology. We prove that if limT =T in Hausdorff distance then

n—o0

UT climinf YT, and limsup(UT, \ R) c UT\ R.

n—co nesoo

So far the question whenever limUT, = UT is still an open problem.

n—oo
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