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Abstract We deal with a class of function equation in plane geometry. Let I (A) be the set of all 

triples of positive numbers {A , 5 ,  C ) such that

A-\- B c — 7Ĩ ̂
i.e. every triple ( ^ , 5 , C )  e  r ( A )  forms a ữiangle A /15C  with 3 angles A , B , C  let 

r ( A )  be the set of all triples of positive numbers (ứf,ồ,c) such that

Ố - C  < a < ố  +  c ,

i.e. every triple ( a ,ố ,c )  G r ( A )  forms a triangle A/45C with 3 side-Iengths being a , ^ , c  :
■̂ rhe main our purpose is to describe ửie general solutions of the following functional equation 

in plane geometry:
- Determine all function f : (0,oo) —>• such that ( / ( y í ) , / ( ổ ) , / ( C ) )  G r(A) for

a ỉ ỉ { A , B , C ) ^ T { ầ )
*■ Determine all function f : (0,co) —> (0,co) such that ( / (ữ ),/(ồ),/(c)) e r(A) for all
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1. On the general solution o f function equations induced by triangle angles

In the sequel, Let r ( A )  be the set o f  all triples o f  positive numbers {A,  B,  C)  such that

-f 5 + c = 7T,
i.e. every triple ( y í ,ổ ,C )  G r(A) forms a triangle A ^ 5 C w ith  3 angles A , B , C ,  and denote by 

rọ (A ) the set o f all triples o f  non-negative numbers (^ , 5 ,  C) such that^ + 5  + c  = 7Ĩ.

Let r ( A ) b e  the set o f  all triples o f  positive numbers (a ,  ố ,c )  such that

b - c \ < a < b - \ - c ,

i.e. every triple { A , B , C )  e  r ( A )  forms a triangle A A B C  with 3 side-lengths being a; b; c:

The main purpose o f  the paper is to find the general solutions o f  the following functional equations.
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Main problem 1. Determine all functions /  : (0,7t) ^  (0,7t) such that { f { A ) , f { B ) , f { C ) )  e  r(A)
fo ra ll  e r ( A ) .

Main problem 2. Determine all functions /  : (0, oo) —> (0, oo) ( /  : 
( / ( « ) ,  :{b),  / ( c ) )  G F ( A )  for all (a, b, c) €  F { A ) .

ĩirstìy we deal with continuous and differential solutions.

E + )  such that

ProblcEi 1,1 Determine the general continuous solution f{x) in [0,7t] and differentiabe in (0,7r) with 
/ (0 )  = 0  such that i f  (A),  f { B) ,  / ( C ) )  e r ( A )  for M { A , B , C )  e  r (A) .

Solutioi. We determine a diíĩerentiable function / ( x )  such that

f { x ) > 0 ,  V x e ( 0 ,7 r )

/ ( 0 )  =  0
f { A )  + f { B ) + f { C ) = 7 T .

The assumption / ( 0 )  =  0 follows / ( t t )  =  7T and c = 7T -  {A + B) .
That follows

f { A)  + f { B)  + f { T ĩ -  A -  ^ A , B , A  + B e  [0, 7t]

hay
ỉ { x )  +  f { y )  +  f{Tĩ -  X -  y)  =  TĨ, V x ,2/ , x  +  i /G  [0,7t]. (1)

The denvative in X o f  the both side o f  (1) is given by

f { ^ )  -  f '{ '^  -  X -  y) V x ,y ,x  + y  G [0,7t]. (2)

Equalitj (8) follows that f ' { x )  is constant in ( 0 , 7r) and then f { x )  — p x  +  q. Since / ( 0 )  =  0 then
g =  0 aid f { x )  =  px.  Since / ( t t )  =  7T then p = I and we find f { x )  X.

Kence, only the function f{x) =  X is a continuous in [0,7r] and differentiabe in (0, 7t )  with
/ ( 0 )  =  0 such that f { A ) ,  f { B ) ,  f { C )  form 3 angles o f a triangle for all given A A B C .

P rob lcn  1.2. Determine all functions f { x )  defined in [0, 7t] such that i f  {A) ,  f { B ) ,  f { C ) )  6 r ( A )  
for all given {A,  D,  C)  E r ( A )  and / ( 0 )  =  0.

Soiutioi. We formulate Problem 1.2 in the following equivalent form:

E-etermine the general solution in [0, 7t] o f  the functional equation

+ f { y )  +  / { t t  -  X -  y)  =  7T, \ / x , y  G {0,Tĩ ) , x +  y  < TT.

f { 0 )  = 0, f { x ) > 0 ,  V x G (0 ,7 t ) .

Since / ( 0 )  =  0, from (3) we get

/ ( x )  + / ( 0 )  + / ( tt -  x) =  7T, V x e [ 0 ,7 r \

Pating / ( x )  =  X +  g{x)  then ổ(O) =  0 and

{3) X +  g{x)  + {tĩ -  x)  +  g(7T — x) =  7T 

g[ x)  +  g{-K -  x) -  0, Vx c  [0 ,7T

(3)
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or

(j{tĩ -  x)  = - f j { x ) ,  v.r e  [0, n  

Putting f { x )  X +  ( j {x)  to (3) and using (4), we find

+  V -I- iiiv) +  7T -  (x +  y) i- (]{n -  {x -f y))  =  7T, Vx, y e  [0,7r), X +  y ^ 7T

M)

or

■J)f j {x + y)  (j{x)  +  g{y) ,  Vx', y G [0 ,7r], X +  y  iC 7T.

Hence i/(;r) is additive in [0,7t]. On the other hand, since f { x )  >  0 for all X e  (0,7t), it follows 
q{x)  >  - X  > - 7T, i.e. g is bounded from the lower and then (J is linear (cf.[ 1 ]-[3]). Hence. 
g{x )  =  a x  >  - X  for all X € (0,7t). It follows a  >  - 1 .

Hence, the general solution of the problem 1.2 is f { x )  ”  (1 + n ) x ,  a > - 1 .  Futhermore, by 
the assumption, the equal ity f { A )  +  f { D )  +  f ( C )  -  7T follows 1 4- a  —  1, i.e. a  =  0 and f { x )  =  X .

Theorem  1.1. All functions f { x )  defined in [0, 7t] such that i f  {A) ,  f { B ) ,  / ( C ) )  € r ( A )  for all given 
{ A J 3 , C )  e  r ( A )  and ( / (y l ) ,  / ( i i ) ,  / ( C ) )  G G o(A ) lor all given (y4,Z?,C) G Go(A) are o f  the

form / ( x )  =  hx  +  ^ (1  -  h), where ^  6 1.
o ^

Proof. Note that two functions / ( x )  =  X and /(.x) =  ^  arc solutions.

We determine llie general solution / ( : r )  in [0, 7t] with

ĩ { x )  +  f { y )  +  /(tt  -  X -  y) =  7T, Vx,y e  [0 ,7r],x' +  y ^  7T.
/ ( x )  >  0, Vx e  (0, 7t)

(C)

l.et y =  0, then

/ ( x )  +  / ( 0 )  +  / ( tt -  x) =  7T, V x e [ 0 ,  7T

or

/ ( t t  -  x )  7T -  / ( 0 )  -  / ( x ) ,  V x  e  [0, Tĩ'

Putting / ( tt — x ) =  7t — / ( 0 )  — / ( x )  into (6), we find

X +  g [ x )  +  y  +  g { y )  +  7T -  ( x  +  y )  g { n  -  { x  +  y ) )  =  7T, V x,y  G [0, 7t], X +  y  ^  7T

or

/ ( x  +  y) +  / ( 0 )  = / ( x ) +  / ( y ) ,  V x ,y  €  [0,7t] , x +  ? / ^  7T. (7)

Putting / ( x )  =  / ( 0 )  +  g[x)  ^  0. Then g[x)  is additive in [0,7t] and (7) is of the form

g{x  + y) = g{x)  +g { y ) ,  Vx, y e  [0, 7t], X-+  y ^  7T. (8)

Since g{x)  is additive in [Q,7t] and g{x)  ̂  / ( 0 )  then (6) has the general solution of the form / ( x )  =

3

Since g{x)  is additive in [Q,7t] and g{x)  ^  / ( 0 )  then (6) has the general solution of the form / ( x )  — 

bx + Ị3, where hx + (3 ^  Q for all X € [0, tt]. That follows / ( x )  is o f  the form f { x )  =: ÒX +  ^ (1  -  6),



2. On the general solution o f functional equations induced by side lengths o f triangles

Let F ( A )  be the set of all triples of positive numbers (a, 6, c) such that

b -  c\ <  a <  b c ,

i.e. every triple (a, 6, c) G F (A )  forms a triangle / \A D C  with its side lengths being a, 6, c.
To determine the general solution f [ x )  in [0, 1] such that / ( a ) ,  /(fc), / ( c )  form 3 side lengths

of a triangle for all given Ò .AD C  we need some additional discussions:
In the plane, consider the cirle o  with diameter length 1 (unique circle). Denote by A /(A ) the set

of all triangles inscribed in the cirle o .  Note that, if /  is a solution of Problem 2 then F{x)  =  Ằ /(x). 
with any A >  Oj also satisfies Problem 2 and conversely. So it enough to examine the Problem 2 in 
the case when the triples o f  positive numbers (a ,6 ,  c) being the side lengths o f  triangles in M (A ) .

The sine theorem follows that a necessary and sufficient condition for three positive numbers 
a , /3, 7  to be 3 angles o f  a triangle in A /(A ) are sin a ,  sin/3, SÌ117 form 3 side lengths of a triangle in 
A /(A ).

Indeed, if a ,  /3,7 are 3 angles of a triangle in A /(A ) then 2 R s i n a ,  2/ỈSÍI1/9, 27?s in7  or s in a ,  
sin/?, sin 7  are 3 side lengths of a triangle inscribed in the cirle o  with diameter length 1.

Conversely, if sill tt, s in /3, sill 7  are 3 side lengths of a triangle inscribed in the cirle o  with
diameter length 1 and a ,  p,  7 are positive then Q, /3, 7 form 3 angles o f  a triangle.

Firstly, we formulate propositions for some simple specialized cases.

Proposition 2.1. The function f { x )  X + a  possesses the property that ( / ( a ) ,  f {b) ,  / ( c ) )  6 F{ A )  
for all (a, Ò, c) € F ( A )  ift' a  ^  0.

Proposition 2.2. The function f { x )  a x  possesses the property that / ( a ) ,  are side lengths
of a triangle for all (a, Ò, c) e  F { A )  iff Q >  0.

Proposition 2.3. The function f { x )  = a x  + p  possesses the property that / ( a ) ,  f { b ) , f { c )  are side 
lengths o f a triangle for all (a, b, c) e  F { A )  iff a  ^  0, p  ĩi 0 and a  + p  > 0.

Proposition 2.4. The function / ( x )  =  ---- — r possesses the property that / ( a ) ,  f {b) ,  f { c )  are side
QX +  p

lengths of a triangle for all (a, b, c) E F { A )  iff Q =  0, p  > 0.

Now we deal with the set Ai { A) ,  i e. the set o f all triangles inscribed in the cirle o  with 
diameter length 1.

Theorem 2.1. Any function /  : [0,1] ^  [0,1] such that { f { a ) , f { b ) , f { c ) )  e  M { A )  for all 
(a, b, c) e  M ( A )  is of the form

/ ( x )  =  s i n  a r c s i n x  + ^  Of ^  1.  ( 9)
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Proof. Note that, if  a-,/i, 7 are 3 angles of a triangle in A /(A ) then 2/?sinQ , 2/?siu/3, 2 /? s in 7  or 
sin a ,  rni i i ,  sill 7 are 3 side lengths o f  a triangle inscribed in the cirle o  wi th diameter  length 1.

Conversely, if  sin a ,  s in /i ,  sin 7 are 3 side lengths o f  a triangle inscribed in the cirle o  with 
diameter lengtli 1 and arc positive then Q, /9, 7  form 3 angles of a triangle.

On the other hand, by theorem thm l, all functions f { x )  defined in [0,7t] such that i f  {A),  f { B ) ,  
/ ( C ) )  G r ( A )  for all given { A , D , C )  e  r ( ^ )  and ( / ( /1 ) ,  f { D) ,  / ( C ) )  e  G(,(A) for all given

[ A , D , C )  € G o(A ) are o f  the form f { x )  =  bx +  ^ (1  -  b), where - - ^ 6 ^ 1 .

Hence, ihc general solution is o f  the form (10).
Now we formulate  the main result.

TheoTcm 2.2. Any function /  : K+ ^  R+ such that ( / ( a ) , / ( ^ ) , / ( c ) )  G F { A )  for all {u,b, c)  e  
/■"(A) is o f  the form

f { x )  =  ' i i s i i i  ( r t a r c s i n { x |  +  - 7:  ^  a  ^  1- (1^))
V o  / z

Proof. Applying the above additional discussion and tlieorem , it is easy to obtain the form (10).
R em ark  1. Some other types of functional equations in geometry were considered firstly by s, Galab

[4].
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