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Abstract: The temperature dependent ultrasonic parameters like ultrasonic attenuation, acoustic 
coupling constant, ultrasonic Grüneisen parameter and ultrasonic velocity at room temperature 
have been computed for neptunium monopnictides (NpX, where X=N, P, As, Sb). For the 
evaluation of ultrasonic parameters, the higher order elastic constants have been found out using 
Coulomb and Born-Mayer potential up to second nearest neighbour in the temperature range 0-
300K. In addition to this, some mechanical constants like bulk modulus, Young’s modulus and 
Poisson’s ratio are also evaluated at room temperature to find their mechanical stability. The 
toughness to fracture ratio is found to be 0.571 which clearly shows brittle nature of NpX. Born 
criterion of mechanical stability is also followed by these materials. Neptunium nitride is most 
stable and durable material due to its high valued elastic constants. In present investigation, the 
thermal conductivity of these materials is also evaluated using Slack’s approach.  The ultrasonic 
attenuation due to thermoelastic relaxation mechanism is negligible in comparison to phonon-
phonon interaction mechanism. The achieved investigation results on NpX materials are discussed 
and compared with other similar type of materials. 
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1. Introduction
∗
 

The studies on rare-earth monochalcogenides and monopnictides have been found extensively in 
literature [1-5]. The main characteristic of these materials is their partially filled f-orbital which leads 
to their anomalous behaviour [6-8]. The magnetic properties of neptunium monochalcogenides have 
been studied by Troc [9]. Jha et al. [10] investigated structural phase transitions and elastic properties 
of neptunium compounds at high pressure. Braithwaite et al. [11] analysed the pressure effects of 
magnetism in uranium and neptunium monopnictides. Wachter et al. [12] made analysis of the 
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electronic and elastic properties of light actinide telluride. The ultrasonic study of neptunium 
monochalcogenides was carried out by Singh et al. [13]. Trinath et al. [14] studied the structural 
transitions of neptunium arsenide induced by pressure. The magnetic phase diagram with resonant X-
ray magnetic scattering on a single crystal of NpP have been studied by Longfield et al. [15]. The 
structure of neptunium monopnictides was explained by Vogt and Mattenberger [16]. Nakajima et al. 
[7] and Sanchez et al. [9] also discussed about the structure of neptunium monopnictides.  

To the best of our knowledge, there is no evidence of ultrasonic study of neptunium monopnictides 
in literature. This stimulated us to study the ultrasonic and mechanical properties of neptunium 
monopnictides. This work provides the theoretical computation of ultrasonic velocities for longitudinal 
and shear modes of propagation, Debye average velocity, Debye temperature, thermal conductivity, 
Breazeale’s nonlinearity parameter, ultrasonic attenuation along <100>, <110> and <111> directions 
at room temperature. Additionally second and third order elastic constants have been computed in the 
temperature range 0-300K. The obtained results are discussed in correlation with available findings of 
similar type of materials.  

2. Theoretical Approach 

Theoretical approach is categorised in following phases: 

2.1. Calculation of Second and Third Order Elastic Constants 

The SOEC and TOEC of neptunium monopnictides have been calculated using Coulomb and Born 
Mayer potential [17] at absolute zero. The interionic potential is the sum of electrostatic/Coulomb and 
repulsive/Born-Mayer potentials. 

    ( ) ( ) ( )r C Bϕ ϕ ϕ= +            (1) 

Where φ(C) is long range electrostatic/Coulomb potential and φ(B) is the short range 
repulsive/Born-Mayer potential, given as  

2
0( ) ( / )C e rϕ = ±  and 0( ) exp( / )B A r bϕ = − .                                                                                   (2) 

 Here ‘e’ is electronic charge, r is the nearest neighbour distance, b is the hardness parameter and 
A is the strength parameter [18]. 
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Where 0
0

r

b
ρ = . 

As per theory given by Leibfried [19],  lattice energy changes with temperature, thus by addition 
of vibrational energy contribution to static elastic constants, we get temperature dependent second and 
third order elastic constants (CIJ and CIJK) at required temperature.  

0 0         Vib Vib

IJ IJ IJ IJK IJK IJK
C C C and C C C= + = +                                                                          (4) 

Hiki [18] and Ghate [20] developed the method of calculating the elastic constants at higher 
temperature. The detailed expression for higher order elastic constants are given in literature [21].   

    The density, Poisson’s ratio (ν), Zener’s anisotropy(A) and tetragonal moduli CS) are also 
evaluated using formulae as given below: 
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     The distortion produced due to the propagation of ultrasonic waves characterise the simple 
harmonic generation of longitudinal waves given by negative ratio of nonlinearity term to the linear 
term in non linear waves [21-22] given by: 

β  = - (3K2+K3)/K2                                                                                                                          (11) 
K2 and K3 are linear combinations of SOEC and TOEC respectively. The expressions for K2 and 

K3 are shown below: 
Direction K2 K3 

<100> 11C  111C  

<110> 11 12 442

2

C C C+ +
                       111 112 1663 12

4

C C C+ +
 

<111> 11 12 442 4

3

C C C+ +
 111 112 144 166 123 4566 12 24 2 16

9

C C C C C C+ + + + +
 

2.2. Calculation of Ultrasonic Velocities and Debye Temperature 

The ultrasonic velocities along <100>, <111>, <110> directions are calculated for longitudinal and 
shear modes of propagation. The expressions for longitudinal and shear velocities along different 
directions and Debye average velocity are given in literature [21]. The expressions for Debye 
temperature as given in literature [21] is given as: 
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          Where  h is Planck’s constant, kB the Boltzmann constant, N the Avogadro’s  number, ρ the 
density, M the molecular weight, n the number of atoms in the molecule, VD  the mean sound velocity 
( or Debye average velocity) . For an isotropic crystals VD is given by: 
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                                                                                              (13) 

VL and VS are longitudinal and shear velocities respectively. 
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2.3. Evaluation of Thermal Conductivity 

Heat can be transferred in a material both by charge carriers and vibrations of lattice ions. In 
materials where there are no free charge carriers, heat is conducted through lattice vibrations. Thermal 
conductivity here means heat conduction through vibrations of lattice ions in a solid.  Thermal 
phonons responsible for carrying heat undergo scattering events proportional to the number of 
scattering sites present including defects. The standard treatment of thermal conductivity of solids is 
based on Debye’s extension of kinetic theory of gases. There are two methods for finding the thermal 
conductivity. One considers the phonon relaxation time and the other considers the phonon mean free 
path. Callaway and Baeyer [24] calculated the thermal conductivity by considering the relaxation time 
method. Roufosse and Klemens [25] calculated the thermal conductivity on the basis of changing 
mean free path. The phonon frequency is directly proportional to temperature. Klemens [26] reviewed 
the influence of various type of defects on lattice thermal conductivity. Slack [27] and Berman [28] 
derived the expression to find out the thermal conductivity at room temperature near the Debye 
temperature of solids. The expression for finding thermal conductivity in solid materials is  

1
3 3

2
a D

AM n

T

θ δ
κ

γ
=                                                                                       (14) 

where A is a constant having value 3.04x10-8, Ma is the atomic mass of atom ( in amu), aM  is the 
average atomic mass given by Ma/2, δ in is the volume per atom [29], n is the number of atoms per 
unit cell and γ is the Grüneisen parameter. 

2.4. Ultrasonic Attenuation 

At higher temperature, ultrasonic attenuation is mainly caused by thermoelastic phenomenon as 
well as phonon-phonon interaction process [25]. 

The total ultrasonic attenuation is summation of loss due to thermoelastic relaxation and phonon-
phonon interaction mechanisms i.e., 

 
2 2 2

Total Th Akh
f f f
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     
                                              (15) 

Where α =ultrasonic absorption coefficient 

 f= frequency of ultrasonic wave 

 Th refers thermoelastic loss and Akh refers phonon-phonon interaction for longitudinal and 
shear modes in Akhieser regime. 

The ultrasonic absorption coefficient over frequency square due to thermoelastic relaxation 
mechanism is obtained by following expression: 
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Where j

i
γ  = Gruneisen parameter, κ  = thermal conductivity of the material, ρ = density of the 

material and 
L

V = ultrasonic velocity for longitudinal wave 

The ultrasonic absorption coefficient over frequency square due to phonon- phonon interaction 
(Akhieser loss) is expressed as:                                                                
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Where 0E  = energy density of the material 

S
V = ultrasonic velocity for shear wave 

τ is the thermal relaxation time.                                                 

Table 1. Computed values for SOEC and TOEC for neptunium monopnictides (with comparison with other 
materials) in the order 1010N/m2 

Material Temp C11 C12 C44 C111 C112 C123 C144 C166 C456 
0K 6.42 2.76 2.76 -98.57 -11.3 4.35 4.35 -11.3 4.35 

6.79 2.67 2.78 -101.03 -11.01 3.91 4.39 -11.39 4.35 
100K 

6.84a 2.49a 2.60a -110.5a -10.28a 3.66a 4.19a -10.7a 4.16a 
7.13 2.49 2.79 -102.1 -10.45 3.02 4.45 -11.46 4.35 
7.6a 2.3a 2.61a -111.6a -9.64a 2.65a 4.25a -10.76a 4.16a 

NpN 

300K 
6.2b 2.09b 2.29b -89.77b -8.65b 2.8b 3.65b -9.44b 3.59b 

0K 5.08 1.51 1.51 -84.12 -6.15 2.52 2.52 -6.15 2.52 
5.34 1.43 1.52 -85.75 -5.84 2.04 2.54 -6.19 2.52 
5.3a 1.36a 1.45a -86.14a 5.55a 1.93a 2.44a -5.9a 2.42a 100K 
4.35c 1.02c 1.09c -72.09c -4.13c 1.4c 1.87c -4.44c 1.85c 
5.67 1.28 1.53 -87.31 -5.23 1.09 2.58 -6.24 2.52 
5.64a 1.19a 1.46a -87.73a 4.92a 0.95a 2.47a -5.95a 2.42a 

NpP 

300K 
4.66c 0.87c 1.1c -73.56c -3.55c 0.5c 1.9c -4.48c 1.85c 

0K 4.70 1.27 1.27 -79.7 -5.16 2.16 2.16 -5.16 2.16 
4.91 1.19 1.28 -80.99 -4.85 1.67 2.17 -5.19 2.16 
4.96a 1.2a 1.28a -81.91a -4.88a 1.68a 2.18a -5.22a 2.17a 100K 
4.74c 1.36c 1.44c -75.51c -5.59c 1.95c 2.39c -5.89c 2.37c 
5.26 1.03 1.3 -82.75 -4.23 0.07 2.21 -5.23 2.16 
5.31a 1.04a 1.29a -83.69a -4.25a 0.7a 2.22a -5.27a 2.17a 

NpAs 

300K 
5.07c 1.21c 1.45c -77.07c -5.05c 1.17c 2.43c -5.95c 2.37c 

0K 4.07 0.94 0.94 -71.94 -3.78 1.64 1.64 -3.78 1.64 
4.26 0.87 0.95 -73.09 -3.47 1.14 1.65 -3.8 1.64 

100K 
4.34a 0.9a 0.98a -74.15a -3.63a 1.2a 1.71a -3.96a 0.17a 
4.59 0.72 0.95 -74.91 -2.84 0.15 1.67 -3.83 1.64 
4.68a 0.75a 0.99a -75.97a -3a 0.21a 1.73a -4a 0.17a 

NpSb 

300K 
4.26b 0.78b 0.89b -69.5b -2.93b 0.89b 1.54b -3.62b 1.52b 

aRef. No.32, bRef.No. 24, cRef.No. 33 

The expression for thermal relaxation time is 

2

3 

2
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V D
C V

τ κ
τ τ= = =                                                                           (19) 

Where CV = specific heat per unit volume of the chosen material. 
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D is the acoustic coupling constant, which is measure of acoustic energy conversion into thermal 
energy under relaxation process. It can be expressed as: 

2 2

0

9 3 V
C T

D
E

γ γ= < > − < >                                                                                              (20) 

3. Results and Discussion 

3.1. Higher order elastic constants 

The second and third order elastic constants are calculated in the temperature range  from 0 to 
300K The elastic constants are calculated using two input parameters- nearest neighbour distance and 
hardness parameter. The lattice constants [30] for NpN, NpP, NpAs and NpSb are 2.448 Å, 2.807 Å, 
2.915 Å, 3.127 Å respectively. The value of hardness parameter [31] is taken as 0.303Å for all the 
chosen monopnictides. The values of SOEC and TOEC are calculated using Eqs.(1)- (6) for 
temperature 0K, 100K and 300K and are shown in Table1. It is obvious from the Table 1 that the 
values of C11, C44, C111, C166 and C144 increase with temperature while C12, C112 and C123 decrease with 
temperature. The values of C456 remain constant. Also, we observed that the decrease in the values of 
elastic constants with increase in molecular weight. A similar behaviour is shown by berkelium 
monopnictides [32], ytterbium monopnictides [33] and praseodymium monopnictides [22].  

According to Born criteria [23,34]  stability is expressed as 

BT = (C11+2C12)/3>0, CS=  (C11- C12 )/2 > 0 , C44> 0      (21) 

The value of bulk modulus (BT), tetragonal modulus (Cs) and shear modulus (C44) are obtained 
from Eq. (21) and are given in Table 2. 

Table 2. Bulk modulus BT, C44, CS (1010N/m2) at 300K 

Material BT CS C44 
NpN 4.04 2.32 2.79 
NpP 2.74 2.19 1.53 
NpAs 2.44 2.12 1.30 
NpSb 2.01 1.94 0.95 

Since all the values of BT, CS and C44 are greater than 1 as shown in Table 2. Hence the Born 
criterion is fulfilled by the chosen materials. The ratio of bulk modulus to isotropic shear modulus i.e., 
G/B (toughness to fracture ratio) is greater than 0.571 so the materials are brittle. The calculated 
values of (toughness to fracture ratio) G/B for NpN, NpP, NpAs and NpSb are 0.64, 0.64, 0.64 and 
0.63 respectively at 300K. The nature of bonding forces can be analysed from Poisson’s ratio. For 
central forces, the value of Poisson’s ratio should lie in range 0.25<ν < 0.5. For the material 
considered in our study the value of Poisson’s ratio does not fall in the range which means that the 
forces are non central [34]. The value for Poisson’s ratio for NpN, NpP, NpAs and NpSb are 0.24, 
0.21, 0,23 and 0.23 respectively by our study. The value of Young’s modulus is greater for NpN 
(6.40x1010 N/m2)  and  for NpP, NpAs , NpSb are 4.82x1010 N/m2, 3.89x1010 N/m2 and 3.14x1010 
N/m2 respectively . Hence NpN is more stiffer than other materials. 

3.2. Deviation from Cauchy’s Relation 

Cousin [35] and Hiki & Granato [36] proposed that Cauchy relation for SOECs and TOECs at 0K are: 
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0 0 0 0 0 0 0
12 44 112 166 123 465 144; ;C C C C C C C= = = =        (22) 

    The temperature dependence of ratios C44/C12 and C166/C112 can be seen from Table 1. The 
deviation of elastic constants in Table 1, suggest that the forces become more ionic with rise in 
temperature. The Cauchy’s relation is followed at 0K but deviates at higher temperature due to 
vibrational part of energy. 

3.3. Ultrasonic Velocity and Breazeale’s Non-linearity Parameter 

     The variation of Breazeale’s non linearity parameter with temperature is shown in Fig.1 along 
different crystallographic directions. It is seen that the highest value of non linearity parameter is along 
<100> and lowest along <111> direction. Also the values decrease with increase in temperature.  

 

Figure 1. Breazeale’s nonlinearity parameter along <100>, <110> and <111> directions at room temperature. 

      The calculated values of ultrasonic velocity, Debye average velocity along <100>, <110> and 
<111> directions are shown in Table 3. 

Table 3. Ultrasonic velocity of NpX (103m/s): VL for longitudinal waves, VS for shear waves and Debye average 
velocity VD at room temperature along <100>, <110>, <111> directions. 

<100> <110> <111> Materials 
VL VS VD VL VS1a VS2b VD VL VS VD 

NpN 2.44 1.4 1.54 2.31 1.4 1.81 1.69 2.33 1.32 1.47 
NpP 2.37 1.23 1.38 2.22 1.23 2.09 1.59 2.18 1.40 1.54 
NpAs 2.25 1.11 1.24 2.06 1.11 2.01 1.46 2.00 1.34 1.46 
NpSb 2.17 0.98 1.10 1.93 0.98 1.99 1.31 1.83 1.28 1.39 

ashear waves polarized along <001> direction 
bshear waves polarised along <1 0> direction 

    It is seen that the ultrasonic velocities decrease from NpN to NpSb due to increase in molecular 
weight. The longitudinal wave velocity is maximum along <100> and minimum along <111> 
direction. The longitudinal wave velocity is maximum for NpP along <100> direction and minimum 
for NpSb along <111> direction. NpN shows a different behaviour which may be due to the large 
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value of density and C11. The shear wave velocity is maximum along <110> direction polarised along 

<1 0> direction.  

The value of Debye average velocity is maximum along <110> and minimum along <111> 
direction as shown in Table 3. So direction <110> is most suitable for ultrasonic wave propagation. 
The value of Debye temperature decreases with increase in lattice constant. The value of Debye 
temperature is maximum along <110> direction except for NpSb which may be due to its low density. 

3.4. Thermal Conductivity 

The thermal conductivity is calculated using Eq.(14). The variation of thermal conductivity with 
temperature is as shown in Fig. 2 along different crystallographic directions. 

 

Figure 2. Direction dependent thermal conductivity at room temperature.  

     Figure 2 shows that there is a decrease in thermal conductivity with increase in temperature  
and molecular weight. The thermal conductivity is maximum for NpN and minimum for NpSb. Also it 
is maximum along <100> and minimum along <110> direction. 

3.5. Thermal Relaxation Time, Acoustic Coupling Constant and Ultrasonic Attenuation 

 The thermal relaxation time (τ) and acoustic coupling constants (D) are evaluated by means of 
Eqs. (19)-(20) respectively. The ultrasonic absorption coefficient over frequency square (α/f2) due to 
phonon-phonon interaction and relaxation mechanism is obtained using Eqs. (16)-(18). The obtained 
values of τ, D and (α/f2) are given in Table 4. It is obvious from Table 4 that thermal relaxation time 
increases with increase of molecular weight of NpX. The acoustic coupling constant is a measure of 
conversion of acoustic energy into thermal energy. The values decrease with increase in temperature. 
The thermal relaxation time is of the order of picoseconds which confirms semimetallic nature [37,38]. 
The thermoelastic loss has no significant role in shear wave propagation. It is observed that 
thermoelastic loss is negligible as compared to Akhieser loss due to lower value of thermal 
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conductivity. The rate of increase or decrease of ultrasonic attenuation depends on energy density and 
other associated parameters as it affects the phonon-phonon interaction. 

Table 4. Thermal relaxation time τth (ps), acoustic coupling constant (Dl, DS1), ultrasonic attenuation due to 
thermoelastic loss (α/f2)th and Akhieser (α/f2)Akh(l), (α/f2)Akh(S1) and (α/f2)Akh(S2) along <100>,<110> and <111> 

directions at room temperature (all attenuation in ×10−16 Nps2 m−1). 

Material Direction τth 

(ps) 
Dl DS1 DS2 (α/f2)th (α/f2)Akh (l) (α/f2)Akh 

(s1) 
(α/f2)Akh 

(s2) 
<100> 2.4 12.86 1.08 1.08 0.037 8.5 1.46 1.46 
<110> 0.9 15.69 1.26 21.78 0.042 3.46 0.62 4.99 NpN 
<111> 1.1 14.9 14.94 14.94 0.026 4.06 11.19 11.19 
<100> 2.8 14.75 1.08 1.08 0.022 9.5 2.59 2.59 
<110> 1.1 17.28 0.90 26.91 0.049 5.14 0.86 4.79 NpP 
<111> 1.3 15.25 18.45 18.45 0.049 5.73 13.08 13.08 
<100> 3.1 15.49 1.08 1.08 0.023 11.37 3.30 3.30 
<110> 1.4 18.19 0.88 28.62 0.059 7.64 1.20 6.47 NpAs 
<111> 1.5 15.68 19.53 19.53 0.067 7.71 15.96 15.96 
<100> 3.4 16.95 1.08 1.08 0.021 13.59 4.70 4.70 
<110> 1.5 19.95 0.81 31.95 0.062 9.8 1.51 7.15 NpSb 
<111> 1.7 16.47 21.78 21.78 0.098 10.62 20.53 20.53 

 It is obvious from Table 4 that the order of the thermal relaxation time is of picoseconds, which 
confirms semimetallic nature of the chosen materials. The variation of total ultrasonic attenuation 
[(α/f2)Total = (α/f2)Th +(α/f2)Akh] with temperature is shown in Fig. 3. The value of total attenuation is 
less for NpN along <110> direction. Hence NpN is the best candidate for the industrial applications. 
The order and nature of ultrasonic attenuation is found similar to other rare-earth materials like 
lanthanum monopnictides [39], rare-earth monoarsenides [40] and gadolinium monopnictides [41]. 

 
 

Figure 3. Variation of ultrasonic attenuation along  <100>, <110> and <111> directions. 

4. Conclusions 

Thus, in this study, Born-Mayer model has been applied to find out the higher order elastic 
constants with the help of two parameters i.e., lattice and hardness constant. The trend of higher order 
elastic constants i.e., C11>C44>C12 and C144>C456>C123>C166>C111 is obtained by the proposed theory. 
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Born-stability criterion has been followed by neptunium monopnictides. Hence they are stable in 
nature. The ration G/B is found greater than 0.571 in these materials. So these materials have brittle 
nature. The value of Poisson’s ratio does not fall in required range. So we may say that the applied 
forces are non-central. Cauchy’s relations are followed by these materials at 0K, but not at higher 
temperatures. The Breazeale’s non-linearity parameter is highest along <100> direction and lowest 
along <111> direction at room temperature. 

Ultrasonic velocity is found to be highest for NpN along all chosen directions, so NpN will be 
most suitable material for ultrasonic wave propagation. 

The value of thermal relaxation time is of the order of picoseconds, which confirm that the 
materials have semimetallic nature. The value of thermal conductivity is highest along <100> and 
lowest along <111> direction. But the nature of ultrasonic attenuation is associated with different 
thermophysical parameter like thermal relaxation, energy density, specific heat, ultrasonic velocities. 
The order of ultrasonic attenuation confirmed that the chosen materials are of semimetallic type.  

Thus our theoretical approach to calculate the higher order elastic constants, mechanical constants, 
ultrasonic velocities, thermal conductivity, ultrasonic attenuation is justified and obtained results will 
be interesting to explore any further physical information of the neptunium monopnictides. 
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