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Abstract. Let us consider the composed random variable n = E:=1 €x, where £,,&, ...
are independent identically distributed random variables and v is a positive value random,
independent of all &.

In [1] and [2], we gave some the stabilities of the distribution function of 7 in the following
sense: the small changes in the distribution function of & only lecad to the small changes in
the distribution function of 7.

In the paper, we investigate the distribution function of p when we have the small changes of
the distribution of v.

1. Introduction

Let us consider the random variable (r.v):

n=Y_ & (1
k=1

where £;, &3, ... are independent identically distributed random variables with the distribution function
F(z), v is a positive value r.v independent of all £ and v has the distribution function A(z).

In [1] and [2], 7 is called to be the composed r.v and v is called to be its index rv. If ¥(z) is
the distribution function of n with the characteristic function ¥(x) respecrively then (see [1] or [2])

¥(x) = alp(t)] (2)

where a(z) is the generating function of v and (t) is the characteristic function of &g.
In [1] and [2], we gave some the stabilities of W(z) in the following sence: the small changes
in the distribution function F(z) only lead to the small changes in the distribution function ¥(z).

In this paper, we shall investigate the stability of 7’s distribution function when we have the
small change of the distribution of the index r.v v.

* Tel.: 84-4-5634255.
E-mail: nhuubao@yahoo.com

70


mailto:nhuubao@yahoo.com

Nguyen Huu Bao / VNU Journal of Science, Mathematics - Physics 23 (2007) 70-75 71

2. Stability theorem
Let us consider the r.v now;
vy
m=> & (3)
k=1

whcre vy has the distribution function A (x) with the generating function a,(z). Suppose {i have the
stable law with the characteristic function
t

@(t) = exp{iut — c|t|*[1 — cﬁmw(t;a)]} (4)
where ¢, p, o, 3 are real number, ¢ > 0; 3] < 1,
2>a2a0 > 1 w(t;a)=tgagi. (5)
For cvery € > 0 is given, such that -
€< (E)s (6)

a
where ca = (¢ + c|6’||lf,g;—1rr + ).

We have the following theorem:

Theorem 2.1 (Stability Theorem). Assume that

p(A; A)) = su}§>‘|A(:c) - A(z)| <€
TE

+00 +00
us = j Z%dA(z) < +o00; G, =/ z%dA)(z) < 400, Yo > 0. (7)
0 0

Then we have
p(¥, ¥,) < K\e'/®

where K is a constant independent of €, Y(z) and V,(z) are the distribution function of n and 1,
respectively.

[

Lemma 2.1. Let a is a complex number. a = pe', such that |6 <

w3

10 < p < 1. Then we have the

Jollowing estimation:

V1dja - 1|

m (foreveryt>0) (8)

Proof. Since a = p(cosf + isind), it follows that @’ = p'(costf + isinth).
Hence

la' — 11?2 = (p' costd — 1)2 + (p'sintd)?, (9)
we also have
(p'costd — 1) = (p' — 1) costh + (costd — 1),
Notice that |1 — cosz| < |z| for all x, thus
|ptcostd — 1] < 1ot — 1| + |¢4].
On the other hand, since |sinu| < |u| for all v,

lat — 112 < 2|p" — 1|2 + 2t26% + p*'4262, (10)



72 Nguyen Huu Bao / VNU Journal of Science, Mathematics - Physics 23 (2007) 70-75

we can see
la =112 = (pcosf - 1)2 + (p?sin? 9).
It follows that
|psind| € |a — 1]. (11)
Furthermore,
lal =1l <la-1l=lp-1<|a-1=p21-]|a-1].
From (11) we obtain
la—1] _ fa—1

sind| < < .
; m _ 10
Since |4} € 3 = |sinf| > 5 50 that
2|la - 1|
0| € /—— - 13
T—la-1D e
From (10) and (13), we have
8t2la — 1|2 p*t%a - 1|2
t 2 t 2
- 11°< 2|p" = °+ 4 .
=R = e M a2 .
For all t > 0, the fallowing inequality holds:
t(1 —
1-pt < ( P). (15)
p
Using (11) and notice that |1 — p| = |1 — |a|| £ |a — 1|, we shall have
tla—1
1-ptg a1l (16)
p
Hence by (14) we get
14t2|a - 1)?
t 2
-1°€ —F——.
= 1< T a2

Lemma 2.2. Under the notation in (2), let §(e) be sufficiently small postive number such that §(¢) — 0
when € — 0 and

largp(t)| < 7 Wt |t < d(e).

| A

Then
l¥(t) — i (B < Cltl vE, 12 < é(e)
where C is a constant independent of ¢ and \(t) is the characteristic function with the distribution
Junction W (t) respectively.
Proof. We have

w0 - w1 [ e FdAG) - A ()] < I o0 - 1dlAG) + A (7)
Notice that, for all t € R!
e’ — 1| € 3|sin(%r)| < g—ltz| < 2|tz|.
Hence, if we put

+00 +oo
pe = f |zldF(z) < +o0;  ¢(t) = [ c'*dF (),

oc J—oo
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then

le(®) = 11< [ 164 = 11dF < 2llur.
From lemma 2.1, (with @ = ¢(2); |t| < 6(¢))
o(t) — 1 < V1dz|p(t) - 1
Pt X :
(1= lp(t) - 1])

Because there exits moments (from (7)) and with ¢, |t| < §(€) we can see |1 — (t)| <

|¢(t)—sz(lt)|$/0 oc(\mzpl,f(ft))—1|)

(do |@(t) — 1| < prlt] ¥E)
where C is a constant independent of € and pup = ff;o |z|dF(z) < oo.
Proof of Theorem 2.1.

(18)

, therefore

| =

d[A(z) + A1 (2)] € 4V14pp(ua + pa,)lt] = Ct

For every N > 0 and t € R}, we have

() = a(®)] = | / T G (Od[A() - Ai(2))
<| / P (OUA(z) - A z)u+|/ (D[A(z) - A (2)]

N +00
<NAG) - A+ [ |A(z>—Al(z)uw*(t)nlnw(t)uwJ[V dIA(z) + Ai(2)]

Jo
=L+ 5L+ I (19)
First, it casy to see that
In order to estimate I, notice that ¢(t) has form (4) with the condition (5) so we have
5 o
[Ine(e)] < lullt] +18%(c + clBlltg 1) < |ulltl + Crlel* (21)
where C) = ¢ + c|ﬁ||tg—| ¢ + c|B||tg ST .

IfT =T(c)isa posmve number which will be chosen later (T'(¢) — oo when € — 0), we can see
that
[Inp(t)| < [|T + Ci\T* < (Cr + )T < CoT* V¢, |t| < T(e)
where C; = ¢ + c|ﬂ||tggé—ﬂ| +lul (@>a >1).
Then

N
e / CoT%dz < CaeT®N. (22)
0

Finally, with a from condition (5), we have
< At Ey

13 = Na (23)
By using (19), (20), (21), (23), we conclude that
fa + a
[W(t) = 1(t)] < 2 + CpeToN + EAZ KA (24)

NQ
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1 il
Choosing T = € 3 and N =T =¢ 3%, we can see that
; l 1 1
CoeT*N € Cae 3 3 = (Cqe3,

1
(Q + ua, )N = (u + uj, )es.

Thus
1

1 1
[P(t) — ¥i(t)| € 26 + Coed + (g + pG, )e3 = C3e3
1

for every ¢t with |t| < T = e 3% and C3 is a constant independent of ¢.
For all §(¢) > 0, we consider now

T of) — o (t ) p(t) — o (t
{ |tP() ‘Pl()|dt=f |s.O() %l()ldt+/ |
JoT t —é(e) ¢ §(e)<IILT

Inz = In|z| + iarg(z) (0 < argz < 27),

w(t) = v (t) dt.

Since

for all complex number z, letting 2 = ¢(t), (|t| € (¢))

large(t)] < |Ing(t)] € C26(¢)
1 1
with §() = €3, we shall get |argp(t)] < Cae3d and from (6)
1

C-'zs-fi < TF = largp(t)| € = for every t, |t| < de.
J

w3

Hence, using lemma 2.2, we obtain:
1

&) A e =
f I—(f)—‘ﬁldr < 2C5(¢) = 2Ce3.
~6(¢) t

On the other hand, using (25), we get

1 > 1
p— = T — N = e
/ |M[dtgcsg3 ,f ﬁ=C'353ln.—:T¢=C'3£3ln( i ) € Cheb.
5(e)<ItI<T t Jsge) &(e) ta
e 3«
From (26) and (27)
T t) (t) l 1 l
[ |(1L_—‘Pl—|dt€2063 + C4e6 < Cseb

Jor t
where Cs is constant indcpendent of .
Indecd, by using Essen’s inequality (see [3]) we have

| Ik 1
p(W: W) < Cs66 + Ceed < K6

where K, is a constant independent of €.

(26)
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