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Asymptotic equilibrium of the delay differential equation
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Abstract. In this paper, we show that if the operator A(:) is strongly continuous on Hilbert
400

space H, A(t) = A*(t), sup [ ||A(t)h|ldt < ¢ < 1 then the equation
w1 T

d
a:c(f] = A(t)z(t — r),Vt > 0, r is a given positive constant,

is asymptotic equilibrium.

1. Introduction

Consider the delay differential equation

%I(t) = Al)z(t—r) (t>0), (1)

where r is a given positive constant, A(-) € C(R*,L(H)), H is a Hilbert space. We will
show a condition for the asymptotic equilibrium of Eq (1)by extending some results obtained from the
equation
d
G2t = Alt)z(t) (£ 20), (2)
Finding conditions for the asymptotic equilibrium of a differential equation is considered by many
mathematicians. Some of the mathmaticians are L. Cezari, A. Winter, A. Ju. Levin, Nguyen The
Hoan,.etc.
In a paper, L. Cezari asserted that

If |A()] € Ly (R*,R") then Eq (2) is asymptotic equilibrium

The result was devoloped by A. Winter (1954) (see [2]), and A. Ju. Levin (1967) (see [3]).
However, those results werc restricted to finite dimentional spaces. Nguyen The Hoan extended them
into any Hilbert spaces.

From this result, we extend on Eq (1) and obtain a similar result (theorem 3.3)
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2. Preliminaries

The section will be devoted entirely to the notation and concept of asymptotic equilibrium of
differential equations. Almost all results of this section are more or less known. However, for the
reader’s convenience we will quote them here and even verify several results which seem to be obviuous
but not available in the mathematical literature.

Thoughout this paper we will use the following notations: H is a given hilbert space. r is a
given positive constant. C([a; b], H) stands for the space of all continuous functions from tne interval
[a; b] into H. L{H) is the set of all continous operators from H into itself,

The purpose to introduce Pro.The Hoan's theorem 1, we consider the following cquation:

4,
dt
where A(+) : RY — L(H), A(t) = A*(t) (Vt € R), A(:) is strongly continuous.

() = A(t)z(t), Vte R, (3)

Definition 2.1.  z(-) is called a solution of Eq (3) if there is such tg € R*,xo € H that z(-) is a
solution of the following Cauchy problem:

{j‘mt) = A(t)z(t) (t > to),

.’L‘(t()) = Ip-

Definition 2.2. [Asymptotic equilibrium] The equation (3) is an asymptotic equilibrium equation if
all solutions of the equation satisfy:

i) if (-) is an solution of Eq (3) then x(t) tends to the finite limit, as ¢ — +oo.
ii) For a given c belonging to H, there is such a solution z(-) of Eq (3) that , liin z(t) = c.
— 400

+co
Theorem 2.3 If A(-) satisfies sup [ ||A(t)h]jdt < q < 1, where T, q are given, then Eq (3) is
k<1 T
asymplotic equilibrium.
To prove this theorem, we must solve the following lemma.
Note: We usually assume that A(-) satifies all the conditions of theorem (2.3).

Lemma 2.4. If z(-) is a solution of Eq (3) then z(-) satisfies the condition (i) of definition (2.2).
Proof. Firstly, we see, for t > T,he H: ||| <1,

<z(t),h>=<z(T),h> +/ < A(T)x(7),h > dT,
T

=< z(T),h> + | <z(7), A(7)h > dr.

o L

Hence,

lz()]l = sup |i < =z(t),h>[| < III(T)II+/||A(t)hIIIII(T)IIdT
T

IIRll<1
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By the Gronwall-Bellman inequality, we have

FIAG)Alds
Izl < llx(T)lleT < Jl2(D)]le? < +oc.

Let M :=sup ||z(?)|]. From
teR

lz(t) = z(s)ll = sup || <z(t),h> - < z(s),h > |
Ikl <1

t
g sup ||/ < z(1), A(t)h > d7||
IRl <1 :
¢

< M sup /.||A(‘r)lz||d7'—>0,
IAll<1 S

as t > s — +00. This lemma is proved.

The proof of theorem [2.3]
Let a fixed hg € H. Consider the function:
+00
E1(t,h) =< hg,h > - / < A(t)hg,h>dr, t>T, heH.
t
It is easy to show that

i) l&(e, W)l < (1 + g)llholl, fIR] < 1.
i) [[€1(¢, M) < (llholl + @)lIRlHIAoll, YA € H.
Hence, & (¢, ) € f1* = L(H, R). By theorem Riezs, there is a z;(t) € H :

£1(t,h) =< z1(t),h > and |z ()|} < (1 + q)[|holl.
Let zo(-) = hg. Obviously,

La(t) = Alt)ro(t), V2 T,

By the same way, we establish two sequences {&, (-, -)}.{zn(")}:

¢ +00
Enlt,h) =< ho,h > — [ < A(T)Ta1(7),h > d7 (t > T,n € N),

t

{Enlt,h) =< xn(t), h >,

lza()ll < (1+ g+ +¢")holl < 1Zlholl,
| $2,(t) = A(t)zni () (2 T).

Moreover,

IZn+1(2) = za(t) || = sup || < Znt1(f) — za(t),h > |
llali<1

T
< sup j |Zn(7) = Ty () || A()R] dT
[|klI<! e

< g"*!lhol| (Vn € N).
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Consequently, {z,(-)} converges uniformly on [T, +o0). Let the limit of {z,(-)} bc z(-) belonging to
C([T, +oc), H). For a given T > T, By the strongly continuous property of A(-), sup ||A(t)k] =
te[T. 1)
M, < +oo. It follows from the uniformly bounded priciple, there is such a positive M; that
sup A = My < +oc.

te[T.Th]
From
a d
[ —zni1(t) = —za(t)]| = sup [| < A(t)zna(t) — A(t)zn_1(t),h > ||
& dt IkI<1
= sup || < zu(t) — zp-1 (8), A()h > |l
[thil<1

SMy|za(t) = a1 (O] < Mig"[lholl, ¥t € [T, TH],

the sequence {‘%1‘,,(-)} converges uniformly to %:z:() on (T, T1).
On the other hand,

+o0

< Zp(t),h >=< ho,h > - / < (t), AR >dt (t e (T, ).

t
Letting n — 400, we have

+00

<z(t),h>=< hg,h> — / <z(t), A(t)h > dt (t e [T, Th)).

t

It lcads to < %I(t),h >=< A(t)z(t),h >, VYhel,te (T, T1). By aany given T\ > T,

L 2(t) = Alt)z(t), VE>T.

Observe that
*go

|z(t) — ho| = sup || < z(t) = ho,h > || = sup |l < z(7), A(T)h > d7||
Ik]I<1 likl<1

< sup / || A( T)h|d'r
[EYES

Ilholl

as t — +oc. This is proved the theorem.

3. The main result

In the section, we will extend Pro.The Hoan’s result to the following delay differential equation:

d ;
Zalt) = A@(t-1) (teRY), (5)

where r is a given positive constant, A(-) satisfies all the conditions in the section 2.
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Definition 3.1. x(.) is called a solution of Eq (5) if there is such tg € R*, ¢ € C([to — 7, to], H)
that z(-) is a solution of the following Cauchy problem:

Lz(t) = A(t)z(t—1) (t > to),

(Tto = -

Lemma 3.2. If z(-) is a solution of Eq (5), then z(-) satifies the condition (i) of definition [2.2].

Proof. From
t
< z(t),h >=< z(s),h > +/ < A(r)x{r—r),h>dr (t>s2>T),

we have

t
lz()| = sup || < z(t),h> || < [x(s)l| + sup fIIA(T)hIIIII(T— r)lidr, t > s> T+ to.
A<t Whli<1 J

Hence,

=0l < o)+l or WOl < 0, 255746,

where |||z(¢)||| = sup ||z(§)|. Let M := sup |z(t)].
to—r<£<t t>lg—r
On the other hand,

t
() — z(s)ll = sup || < z(t) —x(s),h> || =sup || [ <z(r—r) A(r) > d7]
IRl <1 IAli<1
t

4
< M sup j |A(T)h||dr — 0,
i<t 4

as t > s — +o00. The lemma is proved. O

Theorem 3.3. The Eq (5) is asymptotic equilibrium.

Proof. Let a fixed hg € H. We consider the following function:
+00
&E1(t, h) =< ho,h > - / < A(T)hg,h>dr (t>T).
t
Let zg(t) = 0. Use exactly the argument of the proof of thcorem 2.3, we establish the functions
z1(+),Z7(-) which satisfy :
Fort > T,
i) &(t, h) =< 77(t), h >,
i) Z1(t) = A(t)zo(t),
iii) Z7(t) = x.1 (1),
iv) [lza ()] < (1+q)llholl.
By the same way, we have three sequences {&x(t, h)}, {za(t)}, {Tn(t)} which satisfy :
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+o0

i) €a(t,h) =< Tn(t),h>=< ho,h> - [ < A(T)Zaa(T—71),h>dr (t>T+71).
i

i) £3.(t) = Alt)zna(t—7), VE>T+7.

i)

T(T+7r), T+r>t>T.

iv) lzn()l < (L+ g+ -+ ¢kl 12z lholl, ¢>T.
We see that

2(t) = {f;(t), BT

lZn+:1(t) — zn(d) = sup || < zn41(t) — zalt),h > |
I ES!
+o0
< sup / lza(T = 7) — Zp_1 (7 — r)||||A(T)R||dT
lAll<1
T
< g holl (vneN,t>T +7).

Moreover, ||Zny1(t) — zn(t)|| < ¢ Roll, Vt>T,n € N.
Consequently, {z,(-)} converges uniformly on [T, +00). Let the limit of {z,(-)} be z(-) belonging
to C'(|T, +00), H). From
+00
< Zp41(t),h >=< hg,h > — f <zp(r—r),A()h>dr (t>T+r),
t
letting n — +o0, we have
+00
< z(t),h >=< hp,h > — / <z(r—-7),A(r)h>dr (t>T+r).
t

On the other hand, for a given any Ty > T + r, the sequence {‘—}%xn(t)} converges uniformly on
(T + r, T1](see proof of theorem 2.3). This leads to

d d
- = |} B > !
dt:z:(t) n-l-l.inoo dt:r,n(t) Vi>T+r
Hence,
d

d—tx(f) =A)z(t—7r) VE>T + .

By [z(t)| £ 1% llholl, vVt > T,

+o00
|z(t) — ho| = sup || < z(t) — ho, A > || = sup || / < z(r—r), A(T)h > d7||
ILl<t lalisy o

+oo
1

<sup [ IA(r)Aldr kol 0,

hll<t o =

as t — +oco. This is proved the theorem. O
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