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Vibration of corrugated cross-ply laminated composite plates
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A b strac t. ỉn the present paper the governing equations for dynamical analysis of corrugated 
cross-ply laminated composite plates in the form of a sin vvave are developed based on the 
KirchoíT-Love^ theory and the extension of Seydel’s technique. The problems of natural 
vibration and forced vibration of a plate vvith various boundary conditions are studied. EíTects of 
íactors as geometry dimensions, order of laminate as well as waved-amplitude on írequency of 
naturaỉ vibration, amplitude of forced vibration of the corrugated cross-ply laminated composite 
plates are also analysed.

1. Introđuction

Laminated structures like corrugated cross-ply laminated composite plates in the form of sine 
wavc or fiber-reinforced composite plates are useđ vvidely in practice. Results of research about statical 
and dynamical problems of laminated composite flat plates were presented mainly in Chia’s book [1]. 
A scries of general articles about studying vibraíion of plates vvere revievved by Sathyamoonthy [2]. 
However, the analysis of corrugated laminatcd composite plates in the form of sine wave has received 
comparitively little attention.

Corrugated plates of wave form made of isotropic elastic material vvere considered as flat 
orthotropic plates vvith corresponding orthotropic constants determined by the Seydel’s technique. In 
this paper, the govcming equations for dynamical analysis of corrugated cross-ply laminated composite 
plates in the form of sine wave are established based on the KirchofT-Lovc’s theory and the extension 
of SeydePs technique.

2. Constitutỉve cquations of corrugated laminated composỉte platcs

Consider a rectangular symmetrically laminated composite corugated plate in the form of sine 
wave (see Fig. 1), each layer of vvhich is an unidirectional composite material. Suppose the cross- 
section line of corrugated plate in the plane z) has the form of sine wave

17 ; ĩ ?z  = H  sin — .L
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Linear displacement -  strain relationships in the middle suríace for a such corrugated plate arc
[3 ]:

duex = 7T- -  kw, Ợx 
d v

£ v = d y '

Xx = 

Xy =

d 2W

E '
S ý 1 ’

_ d u  dv  _  0 d  w
l i y ~ ĩ h j  + d x '  Xxy ~  ~  d x d y '

(1)

where u , V and w  dcnote displacements of the middle suríace point along Xy y and z directions 
respectively, £ị (i = 1, 2 and 6) are strains in the midđle suríầce; k is the curvature of the cross-section 
line in (rr, z) plane, vvhich is đefined as:

I _  z " // _  u  71-2 7ỈX
k = ỵ r r ĩ w a z  = - t f -7 5 "sin  1 '

From the stress - strain relation, after intergrating through the thickness of the plate vve obtain 
the expressions for stress resultaiẳts:

N x  =  A \ \ . e x +  A \ 2 £ y  ỉ  M x =  Dỵị.Xx + D \ 2 ‘Xy J

N y  =  Ả \ 2 ^ x  A.22‘Ey ì M y  — D \2 'X x  "t" -^22‘Xy )
Nxy = Afô.*Ỵxy , M Xy = Dfô'Xxyi

(2)

where: (i, j =1, 2 and 6) are extensional stiíĩnesses of the plate and Dij (i, j  = 1,2 and 6) are
bending stiíĩnesses of the corresponding ílat plate.

Coeffìcients of the bending stiíĩness Djj of a corrugated plate are determined by the extension 
of SeydePs technique [4] as íòllovvs:

DĨJ = -D 11; D-22 = E2I ; Dì = (D-n  + 2D-66) = Ị ( l - Vl).D3

where: £>3 =  D 12 + 2 Ữ66
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Substituting (1) into (2) we obtain:
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3. Moỉional equations of vvaved plate

According to [5], the motional equations of a plate are of the form:

ÕNX+ỔI dy 
ÔNx y +dx dy

dNxy d2u
° wdNy T d 2 V

,Ổ2MXU ỡ2M
dx2 dx dy

hk
d y 2 
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+ q~ °~dẽ ~ 2 [ihĩdtĩ + Õ^di2) ( '

where: Jị = 2̂ J  p^z^dz
Substituting (3) into (4), we obtain a set of motional equations of a corrugatcd plate in terms of 

displaccments:
_________  _ _  d^uõxi + A* ị- Ị  + + A*) ^  sin T ĩ ĩ  + —  cos -  » =

Ì/7T2 . 7TX ỠIO - Ổ2f
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(5)
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These equations are used to study static and dynamic states of laminatcd composite corugated 

plate in the form of sine wave.

4. Solution method

Considcr a simply supported rectangular laminated composite corugatcd plate in the form of 
sine vvave. The displacemcnt field satisfying boundary conditions can be chosen as follows:

_ _ ,  x 7717TX . m r yu = u (t) cos ——  sin

- , ,  V .  ra7TX
V = V ( t )  sin----cos

w = w (t) sin rníK— sin

b ’
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rin y

(6)

a 6
where 771, n  are natural numbers representing the number o f half waves in the X  and y  directions 
respectively.

Substituting (3) into (4) and applying the Bubnov-Galerkin procedure, vve obtain a set of alge- 
braic equations in matrix form as foỉlows:

ơ)
a n a \2 013 ' ủ  ' '  &11 b \2 &13 í  ư  ì ỉ Ị
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vvhere:

an = 7 Joab, 4
CL22 — -ịJo aò,
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1
a 13 -  a 31 =  u ,

1 7 í n27T2 \
a33 = 4 [̂ 0 + J2 1̂—  + - & - )

1 /  m 2n 2b n2Tc2a \
1,11= H  11 » + 60 & 7 ’
6 12 =  &21 =  4 (*<4l2 +  v466)TO717T2,

ra3/ft//7T2j4ii (cos^- -  l)
613 = --------------------- T - r ----------------------- *----- -----------(a +  2mZ) (a — 2ml)

1 /  n 27T2a m 27T26 N
022 = Ị  1^ 2 2---£---- H -^66-------

afc,

&23 =

(a +  2ml) (a — 2mi)
1 /  n 27T2a m 27T26 \

m2nH'K2lAi2 ^ c o s ^  — 1^ 

(a +  2mí) (a — 2m/)

&31 = &32 = 0,
h = 10 3 3  — T D* m 47T4Ò 

ĩ l _ ^ “ + 2 (D\2 + 2ơ;6) m 2 n 2  7T4

ab + £>: 7i47T4a
22 63

Similar, for a plate hinged at X = 0; X = a and clamped at y  = 0; y  = ò, the displaccments u, V 

can be chosen such as (6), but the deílection has of the form:

w — W(t) sin
mTĩx

a 1 — cos 2 n 7r y \

)
4.L Naíural vibration probỉem

For natural vibration, then ợ(£) = 0, functions ỉ/(£), V{t)y W {t)  in (7) arc taken as follows:

ư (t) =  í /mn.eiwt,
V(t) =  v mn.e^1, (8)
W(t) =  Wmn.e^ \

equation (7) becomes:

í U m n

V,mn
w.

(9)
6n - a n c j 2 Ỉ>12 Ỉ>13
Ỉ>21 ỉ>22 -  CL22^>2 ỉ>23
3̂1 &32 ỉ>33 -  a 33W2 j  r rmn

Because of umn,vmn,wm„ being not equal to zero simultanously, the determinant of the ho- 
mogencous algebraic equation (9) rrmst be to zero:

&11 — Ũ\\U}2 b 12 Ỉ>13
Det 621 Ò22 — 0-22  ̂ ^23 =  0

631 632 633 — £33^

This is an equation for u 2 to obtain íundamental írequencies of the natural vibration.

(10)
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4.2. Forced vibration probỉem

For íorced vibration problem, whcn the plate is subjected to uniformly distributed excited force 
in thc form q(t) = gosinílt, we can selcct íunctions U (t), V ( t ) ,  W ( t )  as foIlows:

(11)
ư  (t) = 1*0 sin fỉ£,
V  (0 = '̂0 siníìt,
w (t) = Iưosiníìí,

Substituting q(t) and (11) into cquation (7), we obtain a set of algebraic equations for t/Qĩ ^0> ^ 0-

ò n - a i i í í 2 b\2 Ỉ>13 1  ( -  ̂  ̂
Ò21 b  22 — «22^2 ỉ>23
ỉ>31 &32 &33 -  fl33^2

0
4 ab ( 12)

õ<7o

Whcn fỉ Ỷ  u  determinant of equation (12) is not vanishcd, D et \bij — (LijQ2\ Ỷ  0, from (12) 
the amplitudes of forced vibration of the corrugateđ plate can be determined:

í Uữ
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{ w0 J

6n -  a u  n 2 6,2 613
&21 &22 — &22^2 2̂3
3̂1 &32 &33 “  G33ÍÌ2

' 0
0
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vvhcrc -1 denotes an inverse matrix.

5. Numerical solution

Consider a rectangular symmetrically laminated composite corugatcd plate in the form of sine 
vvave. The plate has geometry dimensions and structure as follows: 
a = 0,9 m; b = l,5m; and laminate: [45°/ — 45°/ — 45°/450]

Thickness of a lamina t = Imm.
Elastic coeíTicicnts of matcrial AS4/3501 graphite/epoxy:

E\ = 144.8Ơ Pa, E i  = 9.67 G P a, G \ 2  = Ơ13 = 4.14 G P a , un  = 0.3, p = 1389.23Ấ:5/m3
We have studied the cíTects of dimcnsions, boundary conditions and order of lamina on the 

natural vibration írequency. The results are compared to flat plate with cquivalent loads.
Table 1 shovvs the results of thrcc first fundamential írequencies of waved plate hingcd at all 

edges vvith two vvay of laminate order and comparing to flat plate.

Tablc 1.

Laminate 45u/-45u/-45u/45u 0u/90°/90u/0u
Plate Mode Waved plate Flat plate Waved plate Flat plate

1 278 (1,1) 227,7 (1,1) 201,7 (1,1) 151,1 (1,1)
2 610 (2,1) 434 (1,2) 479,6 (1,2) 191,6(1,2)
3 651 (1,2) 532,4 (2,1) 639,3 (2,1) 558,3 (2,1)

Eíĩect of laminate ordcr on natural vibration írequency is shovvn in the fig 1.
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Fig. 1. EÍTect o f  lam inate order on natural vibration írequency.

Table 2 shows the results of eíĩect of boundary conditions and order of laminate on natural 
vibration írequency.

Table 2.
Laminate 45/-45M5/45 0/90/90/0

boundary Mode Clampcd- hinged Hinged Clampcd- hinged Hinged
1 297 (1,1) 278 (1,1) 294 (1,1) 201,7 (1,1)
2 517 (2,1) 610 (2,1) 665 (2,1) 479,6 (1,2)
3 943 (3,1) 651 (1,2) 1004 (1,2) 639,3 (2,1)

Eíĩect of dimensions and boundary conditions of laminate plate [45°/ — 45°/ -  45°/45°] on 
fundamential vibration írequency shovvs on table 3 and fig 2.

Table 3.

b(m) Boundary 0,9 1,5 2,1 2,7 3,3
B4 508 (1,1) 278 (1,1) 201,6 (1,1) 164,5(1,1) 143,3 (1,1)
N4 730 (1,1) 297 (1,1) 183,9(1,1) 140,9(1,1) 121,3 (1,1)

Flat plate B4 334,4 (1,1) 227,7 (1,1) 171,9(1,1) 142,8 (1,1) 125,5 (1,1)

Eữects of the height H on natural vibration írequency and buckling amplitude are shown on the 
fig 3 and fig 4, respectively.

6. Discussion

- Tables of data and graphs above show that a waved composite plate has natural vibration 
ửequency much more greatcr than that of a flat plate. It shovvs that stiíTness of a vvaved compositc 
plate is much more grcatcr than stidness of a flat plate.
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Fig. 2. Eíĩect of boundary condition on fundamential vibration ừequency.
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Fig. 3. Eíĩect of the height H on natural 
vibration írequency.

Fig. 4. Eííect of the height H on 
vibration amplitude.

- When the height H increases, the vibration írequency also increases (see Fig 3), but the 
vibration amplitude reduces, it means that stiíĩness ofa plate increases when increas H.

- When the length of a plate increases, the amplitude also increases (see Fig 5), it means that 
stiffness of a plate reduces. Thereĩore, when manufacturing a plate, we have to design dimensions of 
length and vvidth so that it is the most sensible plate.

7. Conclusion

- Based on the proposed strain expression and SeldePs technique, the goveming equations for 
dynamical analysis of corrugated cross-ply laminated composite plates in the form of sine wave are 
íbrmuilated.
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Fig. 5. EíTect of thickness h on natural 
vibration írcquency.

- The natural vibration and forced vibration of vvaved composite plate and analysis of some 
eíĩects on the vibration arc studied from that some discussion are given for this kind of plates, which 
can be used in practice.

- Obtained results can be extcndcd to the other form of corrugated plates which satisfy proposed 
requirements
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