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A b s tra c t . In this paper, we study the asymptotic behavior of linear diíĩerential equations 
under nonlinear pcrturbation. Lct’s considcr the dclay diíĩerential equations:

^  =  A x + f ( t , X ị ) ,

whcre t G / ĩ+ , A  e  C ( E ) } f  : R+ X E  — ► E  and {T ( t ) ) t > 0  is Co-semigroup be generated by 
A.  Wc will give some suffìcicnt conditions for uniĩormly stable and asymptotic equivalence of 
above equations.

1. In troduction

Consider the following delay diíĩerential cquations (Eq.):

= Ax( t )  + M/ ( t ,  x ( t  + ớ)), t > 0, - h ^ O ^ Q ,  (1)

where x(.)  6 E,  A e  C(E) ,  E  is a Banach space, the operator /  : / ỉ+ X E  — ► E  is continuous in t 
and satisíles all following conditions:

/ ơ , 0 )  =  0, (2) 

y{ t  +  ỡ)) -  f { t ,  z ( t  +  ớ))|| ^  L  sup \ \y(t + ỡ) -  z { t  +  ớ)||. (3)

In [1], K.G.Valeev proved that if Eq.(l) satisĩies (2) and (3) with given initial condition

x(t) =  ip{t), - h  ^ í ^ 0, ip{.) e C([-h,  0], E ),

then Eq.(l) has a unique solution on the half-line.
In reccnt years, much attentions have been devoted to the qualitative theory of solutions of dif- 

fcrential equation with time delay (see [1-5]). In this direction, a particular attentions has been focused 
on extending the classical results on the asymptotic behavior of solutions of diíTerential equations. In 
many applied models concemed to mechanics, models of biology and population (see [6-9]).

In this paper, vvc give somc extending results for sufficient conditions of stable and asymptotic 
equivalence (see [1-5]) of linear delay diíĩerential equations under nonlinear perturbation in Banach 
space. The obtained results thank to use of the theories of general dynamic systems (see [10, 11]).

* Corresponding author. Tel.: 84-4-8325854.
E-mail: chaudd@vnu.edu vn

63

mailto:chaudd@vnu.edu


64 D.D. Chau, N.B. Cuong /  VNU Journal o f  Science, Mathematics - Physics 23 (2007) 63-69

2. Main results

2.1. The uniỊormly stabìe o f nuỉỉ solution o f dcỉay differentiaỉ equations 

Let us considcr (he delay diíĩerential equations

— A x ( t )  +  ụ. f ( t ,  x ( t  +  ớ)) t >  0, —h  ^  ớ ^  0, (4)
at

with given initial condition x(t )  = - h  < t < 0. Where x(.) € E\  A  6 C{E)\  f  : R + X E  —> E
is continuous in t and satisíìes following conditions

/ M )  = 0, (5)

\ \ f { t , y { t +  ớ)) -  f ( t , z { t  +  Ớ )) |K  <7(0 sup \ \y(t +  0) — z ( t  +  ớ)||, (6)

/ g{T)dr ̂  m < oo. (7)
J 0

Let (T( t ) ) t>0 be a continuous semigroup of linear operators in the Banach space E and (A, 
D(A)) is generator of T(t) (sce [10]). Throughout tliis papcr, we always assumc that (T(í))t>0 is 
strongly continuous semigroup (Co- semigroup ). We show that if Eq.(4) satisfies conditions (5), (6),
(7) then the solution of Eq.(4), vvith given initial condition x(t)  = <p{t); —h ^  t. ^ 0, can be vvritten
in the form

x{t) = T{t)<p{0) + n f * T ( t -  s ) f ( s , x { s  + 0))ds,  t  > 0, 
x(£) = <p(t)> —h ^ t ^ 0

First of all, we investigate an cxtention of the conditions for stable (see [12]) of solution of delay 
linear diíĩirential equation undcr nonlinear pcrturbation. We recall that, the conditions (5), (6), (7) are 
satisíìed. By using the Gronwall-Bellman’s Iemma(see [12]), we can get the following result:

Theorem 2.1. Suppose (T( t ) ) t>0 is Co- semigroup wiíh the generator (A, D(A)). The foIlowing
assertions are true:

(1) Ịf \\T(t)\\ < M, V£ > 0, then the null soluùon x(f) = 0 o f  Eq.(4) is uniformly stable.
(2) I f  limt-+oo ||7 (̂t) II = 0, then the null solution x(t)  = 0 o f  Eq.(4) is uniformly exponential 

stable.
Proof. Throughout this paper in proof of theorems, we alvvays use the following norm

| | |x (0 IH =  sup ||x (r)||,
to^r^t

i) Since ||T(í)|| ^  M,v* > 0, the solution of Eq.(4) vvith intial condition x(t)  = ^  t ^  0
exists solely. ỉt can be written in the form:

x( t )  = T(t)ự>(0) + í  T ( t  — s ) f ( s ) x ( s  + 9) )dsy t >  0.
J 0

Thus
\\x(t)\\ < l|T(0IIMO)|ị + /X ||T(Í -  s)||||/(s,x (s + 0))\\ds, t > 0.

J 0
By using assumptions (5), (6), (7), (i), vve have

||x (0ll ^  A íIlv(0)|| +  í  M \ \ f ( $y  x ( s  4- ớ))||rfs, t  >  0.
J  0
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and

MOII < M M O ) í  + /  Af0 (s)||x(s + ỡ)||ds, t > 0 .
J 0

Hence

|||x(OII < A/||v>(0)|| + /  A/s(s).|||x(s + 0)|||ds, t > 0 .
J 0

Using the Gronwall-Bellman’s inequality, we obtain:

| | x ( í ) K M | | y ? ( 0 ) | | . e W < ơ(s)da.

Consequcntly,

IMOII <
Put

ỊựỊefiMqm •

Since definition, we can show that the null solution x ( t )  =  0 of Eq.(4) is uniformly stable. 
ii) By assumption (ii) o f the theorem there exist the positive constants c  ^  1 and A

| | r ( í ) K  Ce~xt, Ví > 0.

By the similar argument as (i), vve havc

||x(<)|| ^ Ce_At||v?(0)|| + /i [ l Ce-x^ \ \ f ( s , x ( s  + e))\\ds, t > 0. 
J 0

By (7), we have

\\x(t)\\ ^  ơ e - AíM 0 ) | |  +  [ '  C e - x^ ọ ( s ) \ \ x ( s  +  0))\ \ds,  t > 0.
J 0

and,

(í)||eA‘ < c y m + t *  [  C e xM g ( s ) . \ \ \ x ( s  +  0)) \ \ \ds,  t > 0.
J 0 

l|x(í)l|eAt ^ CM 0)||.cC/l/«os(a)rfs.
Consequently,

||x(0 IK  C M 0) | | e ^ e - At.
It proves that the null solution x ( t )  =  0 of Eq.(4) is uniỉbrmly cxponential stable.

2.2. The asymptotic equivaỉence o f  ỉinear delay differentiaỉ equations under nonỉìnear perturbation 
in Banach space

In this section. vvc are intcrested in íìnding conditions such that the solution of Eq.(4) in the 
ca se /i =  0 vvill bc asymptotic equivalencc to the solution of Eq.(4) in the case ụ. Ỷ  0(in the following 
vve will give /1 =  l).The obtaincd result of this part is an extention of Levinson’s theorem to the case 
of linear delay diíTerential cquations under nonlinear pcrturbation (see (1, 13, 14]). Lct’s consider the 
tvvo follovving diíĩerential equations:

^  = A r(f),í> 0 , (9)
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^ -  = Ay( t )  + f ( t , y ( t  + e ) ) , t > 0 ,  (10)

where z(.) € E , A  € £ ( E ) ,  f  : R + X. E  — > E  is satisfied (5), (6), (7).

Deíinition 2.2. Eq.(9) and Eq.(10) are said to be asymptotic equivalence if for every solution x(t)
of Eq.(9), there exists a solution y(t) of Eq.(10) such that

l i m  | | y ( i ) - x ( í ) l l  =  0,
t —>+oo

and conversely.
Next, we prove the following theorem :

Theorem 2.3. Suppose that there exist positive constants M, c, U) and a projector p  : E  —+ E  such 
thơt:

(ỉ )  \ \T{t)P\\  ^  M c ~ u t , for all t  €  / ỉ + ,
(2) \\T{t)ự - P ) I K  c % for all t e R.

Then Eq.(9) and Eq.(10) are asymptotic equivalence.
Proof. In order to prove the theorem, vve recall that assumptions (5),(6) and (7) hold for (10). Put

U ( t )  =  T ( t ) P , V ( t )  = T ( t ) ự - P ) .

We get
T ự )  = ư( t )  + V(t) .

Hence

T ( t  -  s ) V ( s  - t ) =  T ( t  -  s ) T { s  -  t ) Ự  -  P )

=  V ( t  — t ).

Ncxt, The prooí of the theorcm íalls into two steps.
Stcp 1: Assume that y(t) is the solution of Eq.(9), for each suíTiciently large s > 0, y(s) 6 E

we set
oo

x ( s ) = y ( s )  +  J V{s  -  r ) / ( r , y ( r  +  0))(ỈT.
s

Thereíòre, the solution of Eq.(10) and Eq.(9) can be written in the form

x ( t ) = T ( t  -  s)x(s)

= T( t  -  s)y(s)  4- Ị  V { t - T ) f ( T , y ( T  + d))dr.
s

y ( t )  =  T ( t  -  s ) y { s ) +  [  T { t  -  r ) / ( r ,  y ( r  + 9 ) ) d r \ t  >  s,
J 0

Consequcntly

\\y{t) -  x(í)|| = ị -  J  V ( t -  r ) / ( r ,  y(r + e))dr + j  T(t  -  r ) / ( r ,  y(r + 0))(ỈT .
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By the suppositions (i), (ii) vve have
t oc

||y(í)-*(OII < M . Ị  g{r)\\y{T + Q)\\d.T + c  J g { r ) \ \ y ( T  + e)\\d.T
s t

t oo

M. J  c -^ -^g (T ) \ \ \y (T  + d)\\\dr + C J  ổ(r) | | |y (r  + ớ)|| |dr

8 t 00

^  M il/o J ẽ ' ui î~ r ^ g ( r ) d r  +  C M o  Ị  g { T ) d t , v t >  s,
s t

vvhere Mo is constant such that M * ) \ \  <  A/o,Vs >  0 (see theorem 2.1). Hence
í oo

||y(í) - x ( í ) | |  <  M i J e~uj(t~ T')g ( T ) d T +  M 2 J g { r ) d t ,  Ví >  s,
s t

where M i  =  M M o ,  M 2 =  C Mq .  By the similar arguments as in Ịl], we have

112/(0-^(011 < 3 + 3 + 3 = e -
This means that

lim | |y ( í ) - s ( í ) | |  = 0 .  
t —+ 00

Step 2: Let x( t )  is the solution of Eq.(10). By successive approximations mcthod, we can show that 
for cach x(s)  E E  (vvith suíĩìcicntly large s > A > 0), there are a solution y(t)  of Eq.(9) satisfies the 
following condition

oo
x{s) = y(s) + I  V ( s - r ) / ( r , y ( r  +  ớ ))d r .

9

y( t )  =  T { t - s ) y { s ) +  [  T ( t  -  s ) f ( r yy ( r  +  ớ ))dr, t  > s.
J  0

Continuing thc above process by the same arguments as step 1, vve obtain

llỉ/(í) -x(t)|| < e
Consequently

lim | | ỉ/( í)-z(t)l l = 0 .1—»00

Put

2.3. Application

In recent years, many new dynamic systems of population have been íbrmulated and studied. In 
this direction, G.F.Webb has established the theory of nonlinear age-dependent population dynamics in 
1985 (see [9]). After, G.F.Webb and H.Inaba have studied the asymptotic properties of the population 
dynamics in the íòllovving model (see [6, 7) 9]):

ỡ  (9
( J -  +  Q ị ) p ( a ^ )  =  <2(a)p(M) +  *Ự (M )1 (11)
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p ( 0 , t ) — [  M(a)p(a , t )da .  t > 0,
J 0

p ( a , 0 )  =  ậ{a).
This inhomogeneous model (11) is rewritten as an astract Cauchy problem (see [6, 7]):

—p(t)  = Ap(t)  + n f { t , p ( t ) ) ,  t > 0. 

p ( 0 )  =  ip
In next, we assume that E  =  L‘(0,0J;Cn) (see [9], H.Inaba), A  : D ( A )  c  E  —» E  and operator 
f  : R + X E  —> E  is continuous in t and satisíĩes all conditions (5), (6), (7). And now, \ve introducc 
the delay diíĩcrential equation:

j tp{t) = Ap{t) + ịif(t ,p(t + 0)), t >  0, - h ^ O ^ Q ,  (12)

p(t) = v ? ( í ) ,

In the following, we recall that operator A will be unbounded (the hypothesis A  € C(E)  is not right). 
However, if we further assume that (T( t ) ) t>0 is bounded Co- semigroup with populations generator 
(A, D(A)), then we can investigate the assertion (2.5) for Eq.(13) (see [7, 11, 12]). Applying the 
process of argument of parts 2.1 and 2.2 to the uniíòrmlly stable and asymptotic equivalence of above 
model of population, we will give the following results :

a. If the Co- semigroup operator (T( t ) ) t>0 is uniformly bounded then the null solution of 
Eq.(12) is uniformly stable.

b. If the Co- semigroup opcrator (T'(<))t>0 satisíìcs the hypothesis of theorem (2.3) then the 
solution of Eq.(12) in the case ụ. = 0 is asymptotic equivalcnce to the solution of Eq.(12) in the case 
M Ỷ  0.
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