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Abstract. In this paper we will construct a parameter-dependent cyclic inequality that can
be used to prove a lot of hard and interesting inequalities.

1. Introduction

The cyclic inequality is a type of inequality that may be right in just some particular cases but
not in genenal. In this paper, we propose one type of parameter-dependent cyclic inequality from a
special inequality. Thanks to this inequality, we can obtain many inequalities by choosing a and n.
Note that it can be proved by some ways in particular case. However in order to prove it in general
case, we have to use the method that is mentioned in the paper.

2. The general case

Denote R* = {x € Rz > 0}.

Lemma 1.1. Assume that x; € R, (i = 1,n) we have

1<i<i<n i=1
Proof. We have
2 2
z; +
1<i<j<n 1<igji<n
) n{n —1) . n{n—1)
Since 1+24---+(n—1)= — hence the number of terms of 37, .. ... Z:7; is —
It follows
n
2 Z BT Z (z? +:z:,2-) =(n- 1)(2:1:?).
1<i<j<n 1<i<j<n i=1
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Adding both sides of the above inequality by 2(n—1) leKan x;x;, we obtain the inequality as
was to be proved.

The proof of Lemma 1.1 is complete.

Theorem 1.1. Assume that z; (i = 1,n), n > 3 are positive number. Then there holds the
Jollowing inequality

x) I2
+ ot
1+ a(ze+ - -+ cnZre1) ot al(rz+ -+ cnZrs2)
Tn 2n
DO e p- 1.1
Tn+a(Ty+---+cnzk) 2+aln-1) (1.1)
od 2+ 1
Where c,, = i m > i ), k= I%I and a is an arbitrary real number satisfies a 2 2.
Proof. First, for the sake convinience, we set

I T
= : + 2 +
Ty +a(z2+ -+ caThy1) T2+ a(Tz+ -+ CnTii2)

Tn 2n
+ 2 .
In+a(zy+ -+ cnzk) 2+a(n-1)
Now let’s consider the case n = 2k + 1 it gives

2 2
Ty Lo

g t 3 o
3+ a(riza + - -+ T1Teq1) T3+ a(T2T3 + -+ TaTk2)

z3

I .
z2 + a(zpz) + -« - + TaZk)

Using the fact that

with a; € R (i =T1,n), it implies

Py — i x,) :
Yz tHa Zl<i<j5n ZiTj
Since a > 2,it can be rewritten as a = 2 + § with 8 > 0. This leads to

P ? — Zl-l I‘ X
(i )2+ 8 lei<j5n TiTj

Applying Lemma (1.1) we obtain

B I - i, "("

(Z; =17 )

2n

22—
o B 2+a(n-1)
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Next, for n = 2k, we get

2 2
T T
P= : 1 - 2 i -
:t:f +a(zyzy + -+ 128 + §$]$k+]) :1:% + a(zozz + -+ + T2Tiq1 + Ezgzk.,.z)
2
T
-t =

2 1 i
22 + a(xnx) + - + TpTi— + Ea:,.a:k)

Applying the inequality (1.2), we get
.P > (Z?:l xi)2 (E?:l xi)Q

Yo% +a El$i<j§n Tilj N (X zi)*+ 8 Zlgiq‘sn TiT;5
Using the Lemma 1.1 once more, we come to the following inequality
- B(n—1) 2+aln—1)
(Tim @) + = — (i =)? L)

Thus Theorem 1.1 is proved.

3. The special cases

For n = 3, we obtain the following inequalities.
Example 1.1. Let o, b, ¢ be positive numbers, @ 2 2, prove that

a 2 b . ¢ s 3
a+ab b+ac c+aa’ l14+a

Take o = 2 we obtain
Example 1.2. Let a, b, ¢ be positive numbers, prove that

a ie b f c
a+2b b+2c c+2a

= 1.

I 1
Takea= — 2 2 & abec < -, we yield
abc 2

Example 1.3. Let a, b, ¢ be positive numbers satisfy abc < %, prove that

ac b2a c2b 3abc
2 + + 2 :
l14+a2¢c  14+b%a 1+c*b” 1+abe

For n = 4 we yield the inequality
Example 1.4. Assume that a,b,c,d € RY,a > 2, prove that
a b c d 4
+ + + 2 :
2a+a(2b+c) 2b+a(2c+d) 2c+a(2d+a) 2d+a(2a+d)” 2+ 3a
Take a = 2 we obtain :
Example 1.5. Assume that a,b,c,d € R*, prove that
a 4 b i c i d u _1_
2a +4b+2c  2b+4c+2d  2c+4d+2a 2d+4a+2b7 2
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Take a = b, b = c we get
Example 1.5. Assume that a,b € R*,a > 2, prove that
a((a + 2)a + 2ab) b((a + 2)b + 2cxa) o2
[2a + a(2a + b)][2a + 3ab]  [2b+ a(2b+ a)][2b+ 3aa] T 2+ 3a’

For n = 5 we yield the inequality

Example 1.7. Give a,b,¢,d,e € R*,a > 2, prove that
P a " b % c % d % e 5 5
" ata(btc) btalc+d) c+aldt+e) dt+ale+a) e+ala+b)” 1+2a

Take ¢ = d = e, a = 2 we yield the inequality
Example 1.8. Given a,b,c € R*, prove that

a b / 2a +2c+b \
+ + 2¢| > -
a+2b+2c b+4c \[c+2(c+a)llc+2(a+b)]/ 7 5

=N

For n = 6 we yield

Example 1.9. Given a; € Rt (i =1,6),a > 2, prove that

a1 a2 as
1 t 1 *
a) + a(GZ +a3 + 5‘14) as + 0(0,3 + a4 + §a5) as + a(a4 +as + -2—(16)
a4 as as 12
+ + + >
L I 1 2+ 5a
aq + alas +ag + 50.1) as + alas + a; + 50.2) as + ala) + a2 + §a3)

Finally, take 6y = a3 = @,a3 = a4 = b,as = ag = c and a = 2 we get
Example 1.10. Assume that @, b,c € R*, prove that

1 1 1 1
“(3a+3b+ a+4b+c) +b(3b+3c "'b+41c+a) +C(3c+30+c+41a+b) %
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