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The parameter-dependent cyclic inequality
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A b s t r a c t .  In th is paper we w il l  construct a parameter-dependent cyclic  inequality that can 

be used to prove a lot o f  hard and interesting inequalities.

1. In troduction

The cyclic inequality is a type o f inequality that may be right in just some particular cases but 
not in genenal. In this paper, vve propose one type o f parameter-dependent cyclic inequality from a 
special inequality. Thanks to this inequality, we can obtain many inequalities by choosing a  and n. 
Note that it can be proved by some vvays in particular case. Hovvever in order to prove it in general 
case, we have to use the method that is mentioned in the paper.

2. The general case

Denote R + = {x  € R x > 0}.

Lem m a 1.1. Assume thai Xi 6  R, (i =  l , n )  we have

1<

Proof. v/e have

l < i < j < n  l < i < j < n

Tl\ Tl — 1 )
Since 1 +  2 + ----- | - ( n - l ) =  — hence the number o f terms o f

n ( n  — 1)
1 <i<j<nx 'x j  IS 2OOịOC 7 1S

It íòllovvs
n
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Adding both sides of the above inequality by 2 (n — 1) 5Zi<i<j<n x *x j> we obtain the inequality as 
was to be proved.
The proof o f  Lemma 1.1 is complete.
Theorem 1.1. Assume thai Xi ( i — l,n ), n  > 3 are positive num ber. Then íhere holds the 
following inequaỉity

X\ X2
+ ----- :— 7----- ---------------------T +  --- +

Xi +  or(rc2 +  • • • +  C n X k + 1 ) x 2 +  a(a ;3 + ----- b C n X k + ĩ )

+  . . . + __________ ĩs .__________ > _ _____2n_____
x n +  a ( x i  H------------------------------------------------------1- CnXk) 2 +  a ( n  -  1)

Where Cn =  ——rará k = ử  and a  is an arbitrary real number satisfies a  > 2.

Proof. First, for the sake convinience, we set
~  x 2p  — ----------------- -----------------------1------------------- -------------------- 4 - ------

Xi +  a ( x 2 H-----------------------------------------------------b CnXk+1 ) x 2 +  a ( x 3 H------+  cnXk+2)

^  2ĩl
x n +  a ( i i  H------- h C n i f c )  2 +  a ( n  -  1 ) '

Now let’s consider the case n  =  2k +  1 it gives

X? x\______________ í______________ I_______________ i---------------------- 1_
xỊ + a(xix2 H------ h X iifc + i)  xị  +  a(x2X3 H---- +  Z2Zfc+2)

x n. .  -I-------------------------------------------------------------------------------------------- 2 --------- .
xị  +  a ( i „ a ; i  H---- +  z „ 2 fc)

p  =

Using the fact that

( , , ,
“ í  X ,Í= 1 «»

with ai G i?+ (í =  Ĩ 7 n) , it implies

p  > ( E r = i * i ) 2

] C i= l  Xị + a  5 I l< » < j< n  x ix j

Since a  ^  2,it can be rewritten as a  =  2 +  p  with /3 >  0. This leađs to

( /C r = l  x i ) 2 +  0 ^ 2 l< i< j< n  x i x j

Applying Lemma (1.1) we obtain

(ES-1

_  2 n
or p  ^   ------7 - ------ r .

2 +  a ( n  -  1)
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Nexụ for n  = 2k, we get 

p  = _________________ ĩ ỉ _________________  , __________________ * 2 __________________
1  1 

x ị  +  a ( x ix 2 H------- f  X ịI* +  ^XiXfc+ i)  x ị  +  0 (0:2 2 : 3  H----- +  Z2 Zfc+l +  ^X 2 Xk+ĩ)

„ 2x n
+ ■■• + ---------------------------- -

x ị  +  a ( :rn;ci +  • • • +  XnX k - 1  + ^ x nx k)

Applying the inequality (1.2), we get

p >  ( S ? I i « o 2  ..  ( E L i f ị ) !
E i - 1  x ị + a  5Zl<t<j<n x ix j  (H t= l x « ) 2  +  /?X à< j< j< n  XịXj  

Using the Lemma 1.1 once more, we come to the following inequality

( E " = 1  x i)2 _  2n

* i)2 + z <)2 2 + Q<"  1}

Thus Theorem 1.1 is proved.

3. T he special cases

For n  =  3, we obtain the following inequalities.
Exam ple 1.1. Let a, b, c be positive numbers, a  ^  2, prove that

a b c 3
+  T— ------ ỉ------ :-----  ^a + ab b + ac c + aa  l  +  CK

Take a  =  2 we obtain
Exam ple 1.2. Let a , b, c be positive numbers, prove that

a b c ^ ,
+  r - r  +  — V  ỉ* 1 .a +  26 6 +  2c c +  2a

Take a  = -ị- ^ 2 <=> aòc < ị, we yield 
aoc 2

Exam ple 1.3. Let a , 6 , c be positive numbers satisíy abc < prove that

a2c ố2a c26 3abc
1 + a2c 1 +  ỉ^a ^  1  +  c?b ^  1  +  abc

For n  =  4 w e  yield the inequality
Exam ple 1.4. Assume that a, b ,c ,d e  R +, a  ^  2, prove that

a  6  c d 4
2a +  a (2 ố  +  c) 25 +  a (2 c  +  d) ^  2c +  a (2 d  +  a ) 2d +  a (2 a  +  6 ) ^  2 +  3 a

Take a  =  2 we obtain
Exam ple 1.5. Assume that a, b ,c ,d €  R +, prove that

a b c  d  1
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Take o =  b, b — c we get
Exam ple 1.5. Assume that a, b 6  R +, a  >  2, prove that

a((a  +  2 )a  +  2ab) b((a + 2 ) 6  +  2aa) 2
[2a +  a(2a  +  6 )] [2a +  3aò] [26 + a(2b + a )][26 +  3 aa ] ^  2 +  3 a

For n  =  5 we yield the inequality

Exam ple 1.7. Give a, b ,c ,d ,e e  R +,a  ^  2, prove that

p  _ a b c d e 5
_ a  +  a ( 6  +  c) 6  +  a ( c  +  d) c +  a (d  +  e) d +  a ( e  +  a) e + a(a + b) '  1 +  2a

Take c  =  d  =  e , t t  =  2 w e  yieỉd the inequality 
Exam ple 1.8. Given a ,b ,c €  R +, prove that

a b /  2a + 2c + b \  4
a + 2b + 2c + b +  4c \[c  +  2(c +  a ) ] [c +  2 (a  +  6 ) ] /  ^  5

For n  =  6  we yield 

E xam ple 1.9. Given ãị e  R + ( i  = 1 ,6 ) , a  5= 2, prove that
a i Ũ2 Ũ3

ữl +  Ot{a^  +  <23 +  2 ữ 4 ) a2 a (a3 +  a 4 +  2 ° 5) ° 3 Qí(a 4 +  a5 +  2 °®)

Ũ4  ữ5 ị ^  1 2

ĩ ĩ ĩ 2 + 5a
04  +  Qr(ữ5 +  0 6  +  2 ° ! ^  a 5 ữ ( a6  +  ữ l  +  2 ữ 2 ) ữ 6 a ( 0 l  +  ° 2  +  2 ữ 3 )

Finally, take Qi =  Ũ2  =  a, 0 3  =  a 4  =  6 , (25 =  a 6  =  c and ữ  =  2 w e  get 
Exam ple 1.10. Assume that a, b, c €  R +, prove that

a (  3a +  36 a +  46 +  c ) "*"^(36 +  3c~*~6 +  4c +  a )  ~^C(3c  +  3 a ~ ^ c + 4 a  +  6) ^
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