
VN U Joum al o f  Science, M athem atics - Physics 23 (2007) 159-167
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A b s t r a c t .  In th is report we present some noncommutative weak and strong laws o f  large 

numbers. Tw o case are considercd: a von Neumann algebra w ith  a normal fa ith f ii l State on it 

and the algebra o f  measurable operators w ith  normal fa ith fiil trace.

1. In troduction  and  no tations

One of the problems occurring in noncommutative probability theory concems the extension o f 
various results centeređ around limit theorems to the noncommutative context. In this setting the role 
o f a random variable is played by an element o f  a von Neumann algebra Ả, and a probability measure 
is replaced by a normal faithful State on it. If this State is tracial, the von Neumann algebra can be 
replaced by an algebra consisting o f measurable operators (possible unbounded). M any results in this 
area have been obtained by Batty [1], Jajte [2], Luczak [3],....
The purpose o f  this report is to present some noncommutative weak and strong laws o f  large numbers. 
Two case are considered: a von Neumann algebra with a normal faithful State on it and the algebra o f 
measurable operators with normal faithfùl trace.
Let us begin with some deíìnitions and notations. Throughout o f this paper, A  denote a von Neumann 
algebra with faithful normal State T. If this State is tracial, then the measure topology in A  is given 
by the íimdamental system o f  neighborhoods o f zero o f the form
N(e, <5)={x G A: there exists a prọịection p in Ả  such that xp e  Ả  | |x p || ^  c and r ( l  -  p) > ổ}
It follows that Ã , being the completion o f A  in the above topology is a topology *- algebra (see [7]). À  
is said to be the algebra o f measurable operators in Segal-Nelson’s sense. The convergence in measure 
topology is said to be the convergence in measure.
Now, let x n , X be elements in A  (or Ã  if  T is tracial). We say that the sequence (x n ) converges 
almost uniformly to X (xn —♦ X a.u) if  , for each e >  0, there exists a projection p e  A  such that 
r ( l  -  p) < e; (x„ -  x)p  e  A  and | |(x n — i ) p | |  -> 0 as n  -> 0 0 . The sequence (x„) is said to be 
bilaterally almost uniformly convergent to X (xn —* X b.a.u) if, for each e >  0, there exists a prọịection 
p e  A  such that r ( l  -  p) < e; p (xn -  x)p  e  A  and ||p (x n -  x)v\\ —► 0 as n  —> oo. We have that

| |p (x n -  x )p || <  | |p ||. | |(x „  -  x )p || ^  | |(x n -  l ) p | | .
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So, if  x n —> X a.u then x n —* X b.a.u.
For each self-adjoint element X in A  (or Ả  if  r  is tracial), we denote by c a (x )  the spectral prọịection 
o f X corresponding to the Borel subset A  o f the real line R.

2. Convergence o f w eighted sum s of independent m easurable opera to rs

Let A  be a von Neumann algebra with faithful normal tracial State r ;  Ã  denote the algebra o f 
measurable operators. Two von Neumann subalgebras W\ and w 2 o f Ả  is said to be independent if 
for all x e w y and y e

r { x . y )  =  r(i).r(y)

Two elements X, y  in Ã  are said to be independent if  the von Neumann algebras W(x) and W(y) 
generated by X and y, respectively, are independent. A sequence (xn ) in Ả  is said to be successively 
independent if, for every n , the von Neumann algebra generated by x n is independent o f the
von Neumann algebra X2 , . .  .x ra) generated by Z i, X2 , ■ ■ .x m for all m  <  n.
An array (anfc) o f real numbers is said to be a Toeplits matrix if  the following conditions are satisĩied:
(i) lim dnk = 0  for each k > 1 .

0 0  £ fe= i l“ nJt| =  1  for each n  >  1 .
The fol!owing theorem establishes the convergence in measure o f  weighted sums.

Theorem  2.1. ([4]) Let (ícn ) be a sequence o f painvise independent measurable operators; (a„fc) be 
a Toeplits matrix and Sn = 1 ankXk- ự

Um T (e[ti00) ( |* i |)  =  0,

Um r ( x ie [0)t)( |x iD )  =  / i 
m ax a nk —» 0, as n  —► oo

iặ t< n
then

Sn / i .l
(where I is the identity operator).
Next, we consider the almost uniformly convergence o f weighted sums. Our results here extend some 
results in [1] and [3].
Let (xn) c ĩ , i 6 Ắ  If  there exits a constant c  > 0 such that for all A >  0 and all n  €  N

r (e[í,oo)(la:n|)) ^  C r(e Ịti00)(|x|)) V í >  0 ; Vn €  N

then we write ( i n) -< X.
Theorem  2.2. ([4]) Let an > 0, A n =  ]Cfc=i T 0 °) (an M n ) —* 0 as n —* oo and (x„) be a sequence 
o f successively independent measurable operators such that r(x„) =  0; (xn) -< X, r( |x |)  < oo and 
r(A/"(|a:|)) <  0 0 . Then, the condition

/M c[A ,o o )(N )) /  ^ ị ỷ - d y d \ < o o  
J */y>A y

imply
n

A ~ l ^  ữkXk —♦ 0 almost uniformỉy as n  —* oo.
k = i
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(where N (y) = card ịn  : (A n/a n) ^  y} =  1 {y.y>An/an))-

C o rro la rry  2.3. ([3]) Let ( i „ )  be a sequence o f successively independent measurable operators such 
thai r ( x n ) =  0; (x n) < X. I f

t ( |x |p) < oo(l ^  p  <  2) 

then n~ l/p Y.k=i x k —> 0  almost uniformly.

3. Law s of large num bers fo r adap ted  sequences and m artingale  differences

Let A  be a von Neumann algebra vvith faithful normal tracial State r ;  A  denote the algebra o f 
measurable operators. For every fixed r  >  1, One can deíìne the Banach spaceLr (.Ẩ, r )  o f (possibly 
unbounded) operators as the non-commutative analogue o f the Lebesgue spaces o f r lh integrable 
random variables. I f  B is a von Neumann subalgebra o f A  then Ư (B , r )  c  L r(A, r )  for all T  >  1. 
Umegaki ([5]) defined the conditional expectation E B : L } { A ,t)  —* by the equation

Then E B is a positive linear mapping o f norm one and uniquely deíìne by the above equation. Moreover, 
the restriction o f E B to the Hilbert space L2( A ,t ) is an orthogonal projection from L2(Ả, r )  onto

Now let (>4„) be an increasing sequence o f von Neumann subalgebras A. A sequence (X „) of 
measurable operators is said to be adapted to (A O  if  for all n  €  N, x n e  A ny Note that if  (x n) is 
an arbitrary sequence o f  measurable operators in A  and A n = W (x  1 , 1 2 ) • • • »x n) (the von Neumann 
subalgebra generated by Xi, X 2 , • • • , £„) then (x n) is the sequence adapted to the sequence (A i)- 
A sequence (x n,A n ) is said to be martingale if  for all n  6  N  we have (i) I n G L l (A n ,r)  and (ii) 
E Anx n+l = x n.
If a sequence (x n ,^4n) satisfies the condition (i) x n €  L l (A n,T) and (ii’) E Anx n + 1 =  0, then it is 
said to be a martingale difference.
The following theorem is more general and stronger than theorem 2.13 in [6 ].

Theorem  3.1. ([7]) Let (An) be an increasing sequence o f von Neumann subalgebras o f  Ả; (Sn = 
]c r= i x ») a sequence o f measurable operators adapted to {An) and (bn) a sequence o f  positive num- 
bers with bn t  oo asn —* oo. Then, writing x ni = XịeịQ b ] ( |z j |)  (1 <  i <  n), we have

as n  —+ oo i f

r ( xy) =  T((EBx)y), X  e  Ả ,y  6 B.

n
5 3 r (e(6 n,oo)(k i|)) -  0  as n  -*  oo;
1=1

1

1

Ĩ2 {r lXn<l2 ~  - * 0  khi n —> oo.

n
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Wìth some addiúon we geí the following corollaries which can be considered as non-commutative 
versions o f  the related results, given in [6 ].

C oro llary  3.2. ([8 ]) Ị f ( x n, An) is a martingale dijference such thai (x„) -< X and r ( |z | )  <  oo, then

as n —y oo.

C oro llary  3.3. ([8 ]) Let (A i)  be an increasing sequence o f  von Neumann subalgebras o f A, (Sn — 
Z)r=i x *) a sequence o f measurable operators adapted to {An) such thai (Xn) -< X and r ( |x |)  <  oc. 
Then

Next, the following assumptions are made: (x„) is a martingale diữerence; (on ), (i4n) are two 
sequences o f  real numbers such that a„  >  0, A n >  0, A n T oo and an/A n  —* 0 as n  —♦ 0 0 . Let 
s „  =  Ylk=1 ak^k, n = 1 , 2 , . . denote the partial weighteđ sums.
T heorem  3.4. ([9]) Let (x n) be a martingale difference . I f  X ]^L i(^ IL) 2 T(lx n |2) <  + 0 0 , then 
S n /A n —> 0 b.a.u.

T heorem  3.5. ([9]) Let (xn) be a martingale difference salisýỳing the following conditions:

F { \)  =  s u p r ( e [Ai0 0 ) ( |x n |)) -»  0 as A -»  0 0 ,

where N (y ) = card{n  : (A n/a n) <  ỉ/} =  l {y:y>An/an}-
Then Sn/A n —♦ 0 b.a.u.

C oro lla ry  3.6. (Ị9Ị) I f  1 <  T < 2 and (xn ) is a martingale difference such íhat (z„ ) <  X  with 
t{xt) <  oo, then n -1 / r 5 3 fc=i > 0  b.a.u

C oro llary  3.7 ([9]) ỉ f  1  <  r  <  2 , an > 0, (an ) e  loo and A n =  (5 3 Ĩ = 1  a fc )^ r- An T oo as n  —I- 0 0 . 
I f { x n) i s  a n  L l -m.d. s u c h  i h a t  (x„) < X  w i t h  r ( x r log+ x) < oo, t h e n  S u /A n  —> 0 b . a . u .

Ị f  r  =  1, we get the strong Law o f Large Numbers fo r  martingale differences im von Neumannn 
algebras.
We end this section with a resulí on the convergence in L 1 and in measure o f weighted sums.

T heorem  3.8. ([9]) Suppose that (a„k) is a Toeplitz o f  real numbers, (xn ) is an L x-m.d. such thai 
( z n) <  X .  I f

i) ank -»  0  as n  oo,
ty  lim  r ( x r (t)0 0 )(x )) =  0 ,

7 —♦oo

i=l

as n  —► oo

n

then sn = X)ỉt=i ankXk -*  0 in r )  and in measure.
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4. L.aws of large num bers o f  H su-R obbins type

In the classical probability, the Hsu - Robbins law o f large numbers is studied by many authors. 
But to the best o f our knowledge, in non-commutative probability, this law is investigated only by Jajte 
in a special case (see [10]). The purpose o f this section is to extend the result o f Jajte to the general 
case . Moreover, some results for 2-dimensional arrays are considered.

The»orem 4.1. ([11]) Let (xn ) be a successively independent sequence o f  self-adjoint elements o f A  
with r (x n) =  0  Vn € N. Suppose thai (tk) is a sequence o f positive real numbers and (n*) is a 
stric tly increasing sequence o f  positive integers. I f

oo Jlk
i) ^ í ^ n ^ ^ r d y ! ! 4) <  oo,

k=ì i=l
oo

i i )  t k n ^ 4 t( |s»  -  t ( x ì) |2) ^ i_ 1r ( | ĩ j  -  r ( x j ) |2) <  oo, 
k=ì i = 2  j = 1

oo /  nk \ 4

Ui) ^ n fc4 ( ) <  ° ° ’
fc=i \ Í = 1  /

iv) ^2 h J 2 T(enk,oo){\Xi\))<00,
k= 1 t=l

where

Xi = Xie|0 )nfc) ( | i i | ) ,  1 ^  i ^  nkt Vi = Xi -  r ( ĩ j ) .

Then

f > r ( e [£)00) =

fo r any given e >  0 .

C oro llary  4.2. ([10]) Let (x n) be successively independent sequence o f self-adjoint identically dis- 
tributed elements o f  Ả  with r ( x i) =  0 and rd x il* )  <  oo fo r  some t : 1 <  t  <  2. Then

± « - ' r  f e [ e .o c ) ( |^ ] E X il ) Ì  < 0 °  
fc= l \  i = l  /

for any gi ven e > 0 .
A family  (xa)àễA is said to be strongly independent i f  the von Neumann algebra W { x x ì A € A i) 
generated by the family fo r  any two disjoint subsets Ai and Ả2  o f  A.

Theorem  4.3. ([11]) Let (x m n , (m ,n )  e  N2) be a strongly independent double sequence o f  self- 
adịoint elements o f  Ã  with r ( x m n ) =  0 ,V (m , n ) e  N2. Suppose that {tk,h (k, l) €  N2) is a double 
sequence o f positive real numbers and let (TUk) {ni) be strictly increasing sequences o f  positive integers.
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ỉ f

oo oo /  ™k nk \

i ) J 2 ' ĩ l tk'i(Tnkni)~/l < ° ° ’
k=l 1=1 \i= ĩ  j= l /

oo oo mfc /  \

* > £ £  E  E  ji2) z -  T̂ I 2
/ c = l  < = 1  i = l  \ j = 2  V = 1  /

m* /  \  1 ^ 1  /* *  \

+  -  T( * i j | 2  S  ( S T(I*«.V -  r (XuÀ2 ]
t = 2  \ j = l  /  t i= l  \ v = l  /

oo oo Ị  mk nk \  4

* > E £  £ Ĩ > < M >  < “ ■
fc=l / = 1  \ i = l  j = l  /
oo oo m Jt riỊ

fc=l / = 1  1 = 1  i= l

where

x i>j — x » ,.;e [ 0 , m fcn / ) ĩ  2/i,j “  * u  r (^ij)*

772ert, y ò r ứẠy g ĩven e >  0,

oo 0 0  /  - mfc Hfc \

Ẽ Ẽ ^ T e K ~ ) ( I ^ E X > j l )  < 00
Af=l i= l  \  1 = 1  j = l  /

C oro lla ry  4.4. Le/ (xm (m , n ) 6  N2) be sírongly independent double sequence o f self-adjoint 
identicaỉly distributed elements o f Ã  with t ( x  1 i) =  0 and r ( |x i  i | 2 log+ |x i i |)  <  oo. Then

oo oo /  1 771 \

Ẹ  Ẹ r ( ( 1 ™  E  £  j = inxMỈ)) < °°-
m = l n = l \  i = l  /

5. Law s o f la rge  num bers fo r m ultidim ensional a rray s

Let N d = {n  =  ( n i , n 2, • • • , Tid) , rii e  N  , i  = l ,d }  (where d >  1 is íixed integer). N d is 
partially ordered by agreeing that
k =  {ki, k-2, • ■ • , fcd) ^  m  = • • • ,mrf) if  fcj ^  rdị, t =  l ,d .
For n  =  ( n i , 7i2 , • • • , n<f), we put

n

An aưay (x (n ) n  € N d) c  is said to be the array o f pairwise independent elements if  for all 
m  , n  6  N d ; m / n ;  X  (ni) and x (n ) are independent.
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T heorem  5.1. ([12]) Let (x (n ) 71 E N d) c  Ã  be an array o f  painvise independent measurable 
operators, 0 <  ti <  oo (i = l ,đ ) ;  n(t) =  n Ị ^ . n ^ * 2 ■ • • n ìJ td. Suppose thai

in measure as |n | —* oo.
Let us note here that the theorem 5.1 gives theorem 3.2 o f [3] as corollary for d = 1, t\  =  1. 

In this case, it also is the non-commutative type o f the suíĩìcient condition o f a well- known theorem 
in classical probability (see theorem A o f [13], p.290), but the proof here has been done in a quite 
dilĩerent way.
The following corollaries are the non-commutative types o f some theorems of [14] and [15].

C orollary  5.2. Lel {xin) n  €  N d) be an array o f self- adjoint painvise independent identically 
symmetrically distributed elements o f  A  Suppose that

in measure as |n | —> oo
(where 0  <  ti < oo (i = 1 , đ) ĩ  =  ( 1 , 1 , • ■ • , 1 ) €  N d).

C orollary  5.3. (Weak law o f large numbers) Let (x (n) n  e  N d) be an array o f self-adjointpainvise 
independent and identically distributed elements o f A. ỵ / 'r ( |a :( l) |)  <  oo then

in measure as |n | —* oo.
The following theorem is a strong law o f  large numbers for d-dimensional arrays o f  self-adjoint 
painvise independent identically distributed elements in A

Theorem  5.4. ([16]) Let (x (fĩ), n  €  Nd) be an array o f self-adjoiní painvise independent identicaỉly 
distributed elemenís in A  I f

(1)

^ im  n(ĩ) 2 ^ { - r ( i 2 (/:)e[0 )ĩĩ(ĩ))( |x (Ẩ :) |) ) - |r ( i(A :)e [0 iĩĩ(ĩ))(|x(Ả:)|))|2} = 0  (3)
k^n

Then

(4)
k^n

lim  n!
|n|—oo

(5)

(6)

Then

k^n

H 1 T(x(ĩ))
k0 ĩ

r ộ i í ^ ị O o g + Ị i í l ) ! ^  ^ < 0 0
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then
- tị Ỵ ^ x ( k )  — * r ( x (  1 )) b .a .u  as |n | —> oo.

k^fi

6 . The strong  law  of large num bers fo r two-dim ensional a rra y s  of o rthogonal operators

Let A  denote a von Neumann algebra with faithful normal State and N is set o f ail natural 
numbers.

For each self-adjoint operators X in A , we denote by eA (x) the spectral prcỹection of X corre- 
sponding to the Borel subset A  o f  the real line R.
Let I  be a operator in A  and I*  the adjoint o f  X. Then x*.x  is a positive operator in A  and there 
exists the positive operator |x | in A  such that

|x | called the positive square root o f x*x and is denoted by (x*x ) 1/ 2.
Two operators X  and y  in A  are said to be orthogonal if  $ (x * .y  =  0. An array (xmn, (m , n ) €  N2) is 
said to be the array o f pairvvise orthogonal operators in A  if  for all (m ,n )  e  N2, (m , n) Ỷ  (?) ?)) x mn 
and Xpq  are orthogonal.
Now let ( i mn(m , n ) e  N2) be an array o f operators in A. We say that x mn is convergent almost 
uniíormly (a.u) to X G A  as (m .n ) —> oo if  for each e > 0 there exists a projection p 6 A  such that 
$ (p )  >  1  — c and | | ( i mn — x)p || —* 0  as m ax(m , n ) —> 0 0 .
An array ( ĩ ran i(m ,i i)  6  N2) c  A  is said to be convergent almost completely (a.c) to an operator 
X €  A  as (m , rì) —» oo, if  for each e >  0 there exists an array (<?mn, (m, n) €  N2) o f  prọịections in A  
such that

for all (m ,n )  G N 2  (where = E  — qmn, E  is the identity operators).
By the same method as for one-dimensional sequences we can prove that i f  the State $  is tracial and 
x mn —* X (a.c), then x mn —> X (a.u) as (m , n ) —► oc.
The aim o f  this section is to give the trong lavv o f large numbers for two-dimensional arrays o f 
orthogonal operators in a von Neumann algebra with faithfui normal State. Our results extend some 
results o f  [17], [2] to two-dimensional arrays and can be vievved as non-commutative extensions o f 
some results o f  [18].

T heorem  6.1. ([ 8 ]) Leí A b e  a von Neumann algebra with a faithful normal State $  and let ( i mn) 
be a two-dimensional array o f painvise orthogonal operalors in A  I f

o o  o o

<  00 and IK^mn -  x)Ợmn|| <  c

then
m  n

j = 1 «=1
converge almosl uniformly to zero as (m .n ) —> 0 0 .
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Under some conditions stronger then those o f the above theorem, we can obtain the almost completely 
convergence o f  the averages. Namely, it is easy to prove the following theorem.
T heorem  6.2. ([8 ]) Let (xmn) be an array o f painvise orthogonal operators in A. I f  there exists an 
array (amn) o f positive numbers such that amn i  0  as (ra, n ) —> oo) and

A cknow ledgem ents. This paper is based on the talk given at the Conference on M athematics, Me- 
chanics, and Iníbrmatics, Hanoi, 7/10/2006, on the occasion o f 50th Anniversary o f  Department o f 
Mathematics, Mechanics and Iníormatics, Vietnam National University, Hanoi.
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