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A b s t r a c t .  In th is paper we study the extending o f  the Matheron theorem for general topo- 

logical spaces. We also shovv some examples about the spaces T  such that the m iss-and-hit 

topology on those spaces are unseparated or non-Hausdorfĩ.

1. In troduction

The Choquet theorem (see [1, 2]) plays very importance role in theory o f random sets. The 
proof o f this theorem is based on the Matheron theorem and especially, the locally compact property 
of the space T , wliere T  is a space o f all close subsets o f  a given spacc E  and T  is equipped with 
the miss-and-hit topology (see [1]). The Mathcron theorem is statcd as follo\vs.

Theorem . Let E  be a complete, separable and locally compact metric space. Then the miss-and-hit 
íopology on T  space o f all closed subsets o f E  is compact, separabỉe and Hausdorff.

N ote  tha t the  na tu ra l do m a in  o f  the p ro b a b ility  th e o ry  is a P o lish  space, vvhich is, in  genera l, no t 

locally compact. So in [3], the authors extended the Matheron theorem for general metric space. Thcy 
shovved that if  E  is a separable metric space, then the miss-and-hit topology on space T  is separable 
and compact. And if E  has a non-locally compact point, then the miss-and-hit topology on space T  
is not Hausdortĩ. Now we extend the Matheron theorem for general topological space.

Let E  be a topological space. Denote Ty K, and G the familics o f all close, compact and open 
subsets o f E  respectively.

For ever>’ A c  E , we denote

F A = { F : F e r , F n A j í < ồ } ;  t a  = {F:F<= F , F n A  = Q). 

For every K  e  /c and a finite family o f sets G i , .. . , G n 6  ợ, n  €  N, we put
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M ain thcorcm

i) I f  E  is a separable and Hausdorff topoỉogical space, then the miss-and-hit topology on space 
T  ìs separable.

ii) Let E  be a topological space. Then the miss-and-hit topology on space T  is compacl.
iii) Lei E  be a topological space.

i) Then the space T  with the miss-and-hit topology is a Ti-space.
ii) I fE  is a T\-space and has a non-locally compact point, then the miss-and-hit topology 

on space T  is not Hausdorff.
iv) Ị f  E  is an uncountable set with Zariski topology, then the miss-and-hit topology on space ĩ  

is Hausdorff and unseparaied.
Vj There exists a iopology on the set o f all natural numbers N such thai this topology space is a 

compací and T\-space. Moerover, space ĩ  with the miss-and-hit topology is non-Hausdorff 
space.

The paper is organized as follows. In section 2 we will prove some results on the extending of 
Matheron theorem for topological spacc. In Section 3 we will shovv some examples about the spaces 
T  which are unseparated or non-HausdorfT for the miss-and-hit topology.

2. O n thc M atheron  theorcm

Thcorem  2.1. I f  E  is a separơble and Hausdorff topological space, then the miss-and-hit topology 
on space T  is separable.

Proof. Let A  be a countable and dcnse subset in E. For every F 6 suppose thai T q q is a
neighborhood of F. Then G ị\K  are open and non-empty, so vve can choose Xi G A  n  (G i\K ) for
i =  1, We obtain

{ x i , . .  . , x n} n  K  =  0 and {x i, n  Gi Ỷ  0

for all i = 1 , . . n.
Thus,

{xi , . . x n} € ■

Since the class o f finite subsets o f A  is countable, we conclude that T  is a separable space.

Thcorem  2.2. Let E  be a topological space. Then the miss-and-hit topology on space ĩ  is compact.

Proof. By Alexandroff theorem, in order to prove that the miss-and-hit topology on space T  is compact, 
it is suíĩicient to show that if

ự Ki : K i e l C t i e  /}ỊJ  ự Gj : Gj € ỡ, j  € J}

is a cover o f T , then it has a íinite subcover. Put Í7 =  u  Gjì then Í2 is an open set. Since
jeJ

«€/ jeJ
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vve have

( í w * > ) n ( n ( ^ »
»6/ j e J

( 0 ) 0 ( 0 ^ )  
te / j e J

( r y * > n * °  
i€ /

O A  t€/

From the later there is an index ÌQ €  /  such that i f i 0 c  n .
Indeed, assume on the contrary that Ki n  ( £ \ f t )  Ỷ  0 f° r every i €  / .  Then 0 E \ỉ ì  €  n

t€/
is a contradition. Since is a compact set, there is a set , jn}  c  <7 such that > • • • 1 Gjn }
is a cover o f Kịữ. Let F  be an arbitrary closed subset o f E. Then either FC\ Ki0 = <ỗ OT Fr\Gjk Ỷ  0 
for some k e  { 1 , . .  . ,n } . Therefore

The theorem is proved.

R em ark. The proofs o f Theorem 2.1 and 2.2 are analogous as the proof o f the Main theorem in [3]. 
In [3], the authors showed that if  E  is a separabie metric space and has at least a non-locally compact 
point, then the miss-and-hit topology on space T  is not HausdoríT.

Thcorcm 2.3. Let E  be a íopological space. Then
i) the miss-and-hit topology on space T  is a T\-space.
ii) i f  E  is a T\-space and has a non-locally compact poirtt, then the miss-and-hit íopoỉogy on 

space T  is noi Hausdorff.

Proof. i) Take F\, F2 €  T , Fi Ỷ  -Fì- If there is a point X e  i*2 \F i ,  then Fi e  and / " 2  ị  . 
Otherwise, F\ 6 and ặ. ■ It implies that 7  is a T ị-space with the miss-and-hit
topology.

ii) Let lo  €  E  is a point vvhich has not any compact neighborhood. Take l i  6  E \{ io }  and put 
F  =  {XO)3̂ }) F' = {^ì}- We will show that ƯF n  ƯF' Ỷ  0 f° r any neighborhoods ƯF = T q 1 Q 
of F  and Up' = Tq, q ,  o f F ' .

Put
/o = {i : 1 < z < n, Xo € Gj}.

If /o =  0 then F' € ƯF n  ưp>. And if  I0 Ỷ  0. Put G -  n  Gi. Then there exists I 2 £ G\{K  u  K').
ĨG/ 0

In fact, if  it is not the case, then G c  {K  u  K').  Hence K  u  K ' is a compact neighborhood of x 0- It 
contradicts to Xo is a non-locally compact point.

Put F" = { ĩ | , X2 }, then F"  6  JrKưK' and F "  n  G'i Ỷ  0 f° r all i — Thereíore,

F" €  ưpi. Since G =  n  Gi contains I I  or X2 , F"C\Gị ^  0 for all z =  1 , . . . ,  n . It implies F" 6  ƯF-
i=l
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Hence,

F" e ư F n ư F>.

The proof is completed.

3. Some exam ples

For a given set E,  vve say that T is the Zariski topology on E  if  r  contains 0 and for every
< Ò ^ U c E , ư e T  then E \ ư  is a íinite set.
Thcorem  3.1. ỉ f  E  ÌS an uncountable set with Zariski topology, then the miss-and-hit topology on T  
is Hausdorff and unseparaied.

Proof. Let A be an arbitrary countable subset o f T .  We will show that A  is not dense in T .  In fact, 
put

n  = ( J { F : F e A , F ^ E } .

For each F  € A , F Ỷ  then F  is a finite set. It implies that 72. is a countable set. Hence, there 
exists X 6 E\7Z. It is easy to see that every subset o f E  is compact. Then ^  is a neighborhood of
{x} and

A f | j r f  =  0.

Thcrefore A is not dense in T . Thus, T  is unseparated.
Now we show that T  is HausdoríT space. Let F , F ' s T ,  F  Ỷ  F '■
If F  c  F', wc put

K  = ơ  =  E \F , K ' = £ \ F ' ,  G = E , 

and if F  ỢL F' and F' ỢL F , we put

K  = E \F , K ' — G = E \ F \  G' = E.

Then we have

F  e  F' €  and = 0.

It implies that T  is H ausdoríĩ space.

R em ark. The space E  in Theorem 3.1 is separable and non-Hausdorff. But the miss-and-hit topology 
on T  is HausdoríT and not separable. Hence the assumption that E  is Hausdorff in Theorem 2.1 is 
only a sufficient condition.

Denote N a set o f  all natural numbers, put X  = N. Let $  be a family consisting o f 0, X  and 
all o f subsets A  c  X  which satisíĩes the condition: There exists a íinite subset a  o ĩ A  such that for 
every a € A, a can be represented in the form a = m p , vvhere m  € Ot, p e  p  u  {1} (P is the set of 
all prime numbers). We say that Q is a fìniíe generating set o f A  [4, 5].

Theorem  3.2. Assume that $  and X  are defmed as above. Then <Ị> is the famiỉy o f close subsets o f  
a topology on X  and X  with this topology is a compact and Ti-space. Moreover, the miss-and-hit 
íopology ort $  is not Hausdorff.
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Proof. It is easy to see that if  A  is a íinite subset o f X  then A  €  í>, and if  A, D €  4* then A u B  E <£.
Therefore, to show that is the family o f close subsets for a topology in X , it is suffĩcient to show
that for every family o f {i4j}je / c  vvc have n  Ai €

»€/
Let ai be the íìnite generating set o f Ai, i €  I . Take an arbitrary a i , ,  i 1 €  I ,  choose Ì2  € I  

such that

0 Ỷ &Ú n aÌ2 Ỷ »t, •
Next, choose Í3  e  I  such that

0 Ỷ a.! n Qj2 n a ,3 ỷ ữi, n a i2

and go on. Then we have Q ij, Qjj n  Cti2, . . .  is a decreasing sequence o f íìnite sets. So, after k steps, 
it will happen one of following two cases.

Case ỉ. a<j n  . . .  n  a ik Ỷ  0 and for every i ị  { * ! , . . ijfc} we have

Otiị n . . .  n  a ik c  Qj.

Case 2. Qj, n  . . .  n  Ctik Ỷ 0 and there exists i e  I  such that a i ,  n  . . .  n  Q,k n  a ,  =  0.
k

Suppose that the first case happens. Put ao =  u  Otị; and
j = 1

D = {mp : m  €  c*0 , p €  {1} u  p , p\& for some a €  a 0}.

Then B  is a ílnite set.
For any a €  ( n  A i) \B  we have 

ièl
a =  m \p i = . . .  = m kPk,

where mj  € ữú,Pj  arc primer numbers and Ps is not a divisor o f m t if t Ỷ  s - Hence P\ — P2  — ■■■ — 
1 k 

Pk = p and m i =  77Ỉ2  =  . . .  =  rnk = m  € n  a ij • So f ì  Ai has a íìnitc gcncrating set vvhich is
7=1 i £ l

- ỈĨL <z I I  t x i j  • I I S l i  *
j=l iel

( f ln < n ^ ))U (n ^ )-  
16/  j = 1

Now suppose that the second case happens. Denote B  as in the íìrst case. Then for every 
_  k

a G ( f ì  A i) \B ,  we have a =  m p  =  nq, where m  €  n  a ij , n  e ai, p ,q  are prime numbers. Since
»e/ 3-1

p Ỷ  9) V 's divisor o f n . On the other hand, ơi and B  are íinite sets. Hence ( f ì  A i)\B  is a íìnite
»€/

set. So f ì  Aị is a ĩinite set. Thereíore f ì  Ai €  í>. Thus, every finite set o f X  is closed, in particular, 
<e/ *€/

X  is a Ti-space.
Now we will prove that X  is a compact space. In fact, suppose that {Gi}iỄ; is an arbitrary 

open cover o f X .  For every i e I, put Ai -  X\Gi  and Qj is the íìnite generating set o f Ai. Then

n  Ai Ỷ 0-
iel

íf  Pl ai Ỷ  then we have a contradiction to the fact that { ơ j} ie /  is an open cover o f X .  
lèi

lc
Therefore, Pl ữi =  0. Since e*j is a íìnite set, there exists c  I  such that n  a ij =  0.

Ui j=1
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k k
According to the second case, the set f ì  = x \  u  Gij is finite. Thus, has a íinite

j = 1 j = 1
subcover.

To complete the proof, we will show that $  is a non-Hausdorff space. First, we invoke two 
following facts

1. For every compact sel K  Ỷ  X  and k  € N, there exisís X ệ. K  such that t (x ) > k, where 
t ( x )  is a number o f divisors o f  X.

Indeed, choose X ị  K  and denote zth prime number by Pi. Put

A i  =  { x p : p >  p i , p e  P}.

Then {x} u  Ai is closed in X  and X is a ĩinite generating set o f it. Therefore Ai n  K  is closed in K. 
\{ Ai <z K  for all i =  1 , 2 , . . we receive a contradiction because {v4j} has íinite intersection property 
but their intersection is empty. Hence, there exists q\ E p  such that xq\ ị  K . Going on this Processing, 
replacing X by xq\ and considering  Ai for Pi > qi, we fmd out <72 €  p  such that xq\q2 Ệ K, q\ <  <72- 
By induction we have 9 1 , . . . , G p , Ợi < . . .  < qic such that 2  =  xqi . . . qk ị  K.  It is cỉear that 
t { z )  >  k .

2. For every closed subset A Ỷ  there exists ko s  N such that r ( x )  <  ko for all X €  A.
Indeed, let a  be a íìnite generating set o f A. Put

fco =  2 m a x  ( r ( x )  : X €  a } .

Then ko is the needed numbcr.

Now we will prove that space is a non-Hausdorff space.
Let F  = {1,2} and F' =  {1} G <E>. Assume that

^ G i , . . . ,G n and

are arbitrary neighborhoods o f F, F '  respectively. We have to show that

JrCXì...,Gn f ) f ơ v....G'm Ỷ  0-

Indeed, it is clear that X \G i  and X \ G j  are closed sets vvhich are diíĩerent from X.  According to
2), there exists ko such that r ( x )  <  ko for all X €  X \G i, i = and r (y )  <  ko for all
y 6  X \G 'ý  j  = 1 ,...,7 7 1 . Since K  u  K ' is a compact set vvhich is different from X ,  according to 1) 
there exists Xo ị  K \ J K '  such that t (xo) >  ko. We have Xo ị  X \G i  for i =  1 , . . 7 1  and l o  ị  X \G 'j
for j  =  1, .  . . ,m .  Consequently, Xo €  Gi, Xo €  G ' for all i = 1 , . . . , n , j  — 1 , . .  . ,m .  Hence

{ z o }  €  ? G X.... G „ .....G'm -

The proof is completed.
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