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A b s t r a c t .  This note deals vvith tvvo fư lly  parallel methods fo r solving linear partial d iíĩe ren tia l- 
algebraic equations (PDAEs) o f  the form:

Aut +  BAu  =  /(x , t) (1)

where A is a singular, symmetric and nonnegative matrix, while B  is a symmetric positive define 
matrix. The stability and convergence of proposed methods are discussed. Some numerical 
experiments on high-performance computers are also reported.
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1. In troducỉion

Recentỉy there has bcen a growing interest in the analysis and numerical solution o f PDAEs 
because o f their importance in various applications, such as plasma physics, magneto hydro dynamics, 
electrical, mechanical and chemical engineering, etc...

Although the numerical solution for differential-algebraic equations (DAEs) and (PDAEs) has 
been studied intensively [1 ,2 ] , until novv we have not found any results on parallel methods for PDAEs. 
This problem will be studied here for a special case.

The paper is organized as follows. Section 2 deals with some properties o f the so called 
nonnegative pencils of matrices. In Section 3 we describe two parallel methods for solving linear 
PDAEs, whose coefficients found a nonnegative pencil o f matrices. The solvability and convergence 
o f these methods are studied. Finally in section 4 some numerical examples are discussed.

2. Properties of nonnegativc pencils of matrices

In what follows we will consider a pencil o f  matrices {^4, B }, where A  G R nxn is a singular, 
symmetric and nonnegative matrix vvith rank (j4) = r < Tí and B  €  R nXn is a symmetric positive 
deíìne matrix. Such a pencil will be called shortly a nonnegative pencil.
We begin with the íollovving property o f  nonnegative pencils.
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Proposition 1. Any nonnegative pencil { A , B }  can be reduced to the Kronecker-Weierstrass form 
{ d iag (/r , On-r) ,  d iag (D , /n - r )}  with a symmetric andpositive defìne matrix D e  R rx r . Here Ir and 
On-r  stand fo r  the identity and zero matrices o f appropriate dimensions respectively.

Proof. The symmetric and nonnegative matrix A  can be diagonalized by an orthogonal matrix u , such 
as ƯTAU  =  d i a g ( A i , A r , 0, ..0), vvhere Ai >  Ả2  >  .. >  Ar >  0 are positive eigenvalues o f A. 
Defme two matrices s :=  d i a g ^ A i ) ^ , 1, ...1) and Ô :=  S U TDUS.  Clearly, Ỗ is also 
symmetric and positive deíine. Morever, SUTA ư s  =  d ia g (/r , O n_r).
Now let

It is easy to veriíy that Bị  and its Schur complement defmed by B\ — BìBị 1 B$ are also symmetric 
and positive define. Putting

p . =  ( l r  B 2B Ị l \  .  ^  Ị B ì - B 2B ^ B z 0 \
P:= u  V ,  J ; B - {  0 Bi)

and

q = ( b ị ' b 3 /„ _ r )

we get Ế  = PỖQ  and P d ia g ( / r , On-r)Q  = d iagự r , O n-r).  From the last relations it follows 
P ~ l ỖQ~l = Ổ and p ~ x d ia g (/r , O n_r )Q _ 1  =  d ia g (/r , On-r). Finally, letting p  = d ia g (/r , B ị X) 
we find P d ia g ( / r , On-r) = d ia g (/r ,0 „ _ r ) and P ỗ  -  d iag (D , In-r), where D D\ -  B$
and D t  = D > 0. Thus, there hold decompositions M A N  =  d ia g ( /r , On-r), M B N  — d ia g (5 , 
In-r)  with nonsingular matrices M  :=  P P S U T and N  :=  Ư SQ~l , vvhich was to be proved.

In \vhat follows, vve need two Toeplitz tridiagonal matrices p  and Q o f dimension k X k, vvhere 
as a rule k  is much greater than TI.

( 2  _1
\ ị  4 - 1  \

- 1  2  - 1 - 1  4 - 1

p  = * ; Q = * • * • * •

- 1  2 - 1 - 1  4 - 1

2 )  ̂ - !  4 /

Clearly, if  D 6 R rx r is a symmetric and positive deíìne matrix, then the Kronecker product p  <g> D  
and <3 0  D  are again symmetric and positive diíìne. Let h >  0 be a positive parameter.

P roposition 2. Let the pencil {A, B ) be nonnegative and ỉet M  and N  be two nonsingular matrices, 
such as M A N  = d i ă g ( I r ) O n - r ) ,  M B N  = diag(£>, / n- r ) ,  where D r  — D > 0. Then One can 
explicitily deỳìne two nonsingular maírices K  and H, tranforming the pencil {Ik ® A, jf?p <s> B} to 
the corresponding Kronecker-Weierstrass form

{diag(//c, 0*;(n_ r )), diag ( Ặ ĩ> ,  4 ( „ - r ) ) } ,  (3)

with symmetric and positive defìne matrix D.

Proof. According to Proposition 1, the nonnegative pencil {Jfc <g) A, Ặ p  ® B}  can be reduced to the 
canonical form (3).
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Further, for the Toeplitz matrix p ,  there exists an orthogonal matrix u, such that ƯTPU  :=  A = 
d i a g ( Ai , Af c ) ,  vvhere Ai >  A2  >  ... >  >  0. Then, the matrix s :=  p  0  In-k  is diagonalized,
(U1 ® I n -r )S(U ® / „ - r )  =  A <g> In -r  =  d iag (A i/n_ r , A f c /„ _ f c ) .  Let M  :=  Ik ®_M;N := 
I k <g>N-,A := Ik <8 > d ia g (/r , On-dir)', B  :=  Ặ p  0  diag(L>, / „ - r ) .  Clearly, M ự k  ® =  i4 and
M ( & P ® B ) N  = B.

Now we define two special matrices £ 1  €  R rxn and E 2  e  R(n - r )xr as

/ 1 0 0 0  \ ị  0 1 0 0  \
0  0  1 0 0 0 0 1

• » . ; E2 = » « •
1 0  0  0 0 1 0 0r-400

^ 0  0  0  1 /

and put 6  :=  &  =  ( ( £ 1  ® /* )T . ( £ 2  ® /fc)T ) • Further, let D  :=  p  ® D \ J X :=

d i a g ( 4 r ,ơ r  ® Ịn-À:), h  :=  diag(/A:r ,ỉ7  <g>/n_r ) ; J 3  :=  diag(/fcr , / l - 1  ® / n - r ) .  Finally, set /c  :=  
J \ A \ M  \H N A i h h -  We vviil show that /c  and H  transíòrm the pencil {Ik <8 > A, jp P  ® B}  
to the canonical form (3). Indeed, a simple calculation shows that £ii4 £ 2  =  diag(/*;r , ơfc(n_fc)) and 
t i B ị ĩ  = d ia g ( ^ Z ? ,5 ) ^  Futher , Kựk<S>A)H = A ị2h h  =  d iag (/fc r,0* (n -r))- Similarly, 

® B )H  =  M x B h h h  =  diag(^jjD , h(n-k))-  Thus the proposition 2  is complete.

3. Fully parallel m ethods fo r linear PDAEs

In this section vve study the numerical solution o f the following initial boundary value problems 
(IBVPs) for linear PDAEs:

Aut +  B A u  = f{x,  t), 1 6 ÍỈ, í £ (0 ,1 ) , (5)

E u ( x , 0) =  uo(x), X  G n ,  (6 )

u ( x t t )  =  0, X €  d ữ ,  (7)
d __

,where A u  :=  =  {^ (^ Ìi •••>Zd);0 <  Xi <  1;» =  l ,d } ,
» = 1 *•

A, B, E  are given n x n  matrices and the pencil {v4, B}  is nonnegative. Further, u, f  are vector 
íunctions, u, /  : Q X [0,1] —♦ R n and the gi ven íìinction / ( X ,  t) is assumed to be sufficiently smooth. 
We propose two parallel methods for solving the IBVP (5)-(7) where the parallelism vvill be períormed 
across both the problem and the method.
According to Proposition 1, there exist nonsingular matrices M, N  such as M A N  =  d ia g ( /r , 0 „ _ r ) 
and M D N  =  d ia g (jD ,/n_ r ), where as above, r=rank (i4) and D = D T >  0. We will partition 
N ~ xu , M f  and UQ into two parts, N ~ l u := (vT , w T)T \ M f  :=  (Fị , F Ị ) T t uo :=  (vq , wỊ ) t , vvhere 
VũyV, F\ €  Kr and w0)w, F2 G R n~r . From (5) we get M A N § ị ( N ~ lu) +  M B N A ( N ~ ìu) = M Ị ,  
or equivalently,

Vt +  D A v  = F \ ,

and
A w  = F2.

Further, as in D A E’s case, the initical condition (6 ) cannot be given arbitrarily. It must satisíy some 
so-calleđ hidden constraints. Indeed, suppose that the matrix E N  is partitioned accorđingly to the
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partition o f the vector N  ìu{x, 0) such that E N  = ịẸ}  where E \,E ị  are square matrices

o f  d im ension T X T  and (n  — r )  X (n  -  r ) ,  respectively. For the sake o f  s im p lic ity , we assume that 
Ẽ2 =  0, Eị — 0 a n d  E\ is nonsingular. T h e n  cond ition  (6 ) ca n  b e  revvritten as Eiv(x,0)  =  ^o (x ) 
and E$v(x, 0 ) =  tơo (z)- From the last re lations, it  it clear that the value w(x, 0 ) w il l  not partic ipate 
in  fu rthe r com putations. Besides, the in itia l cond ition  l í o ( i )  =  (U(f (:r) , tL>(f(x))7 satisfies a hidden 
constra in t

E3E ị lvo(x) = wQ(x) ( 8 )

Thus, IB V P  (5 )-(7 ) is s p lit in to  an IB V P  fo r the parabolic equation

Vị +  D & v  =  F \ ,

v(x, 0) =  E ì 1«o(x), X 6  í)

(9)

(10)

(11)v(x, t) = 0 , xe  dQ, t €  (0 , 1 ), 
and a B V P  fo r the e llip t ic  equation

A  w =  F2 ( 1 2 )

w(x,t) = 0, X 6 dũt t e (0 ,1 ) ,  (13)

A  para lle l frac tiona l step (PFS) method, proposed in [3 ] and developed in [4 ] ,  w il l  be exploited fo r 
so lv ing  the IB V P  ( 9 ) - ( l l ) .  For this purpose, we firs t d iscre tize  in the spatia l variable X = ( l i ,  ...,Xd) 
by choosing a mesh size h > 0 and approxim ate the problem  in the discrete dom ain Q/, by using the 
second order centered d iíĩe rence  íorm ula. It leads to the O D E

(14)

Vh{0) = vOh (15)
T h a n k s  to  th e  sy m m e try  an d  po.sitive d e f in ite n e s s  o f  D , in m an y  ca.ses, th e  m a trix  H  is sy m m ctric  

and pos itive  deíine . For exam ple, using the matrices p  and Q deíìned by (2 ) we get H  =  Ả P  ộộ D
( Q  - I  \

- I  Q  - I

in 1D case (d = 1) and H = ^ ĩL  <8> D, where L = for 2D  case

-I  Q -I 
- I  Q

(d = 2). F u rth e r, suppose H  can be split into the sum of symmetric, painvise commutative and 
positive  semidefinite matrices Hk,

\ /

d

H = Y J Hk\ H Ị = H k >  0; HỵHị = H i H M  =  l ,d ;  
k= i

(1 6 )

We discre tize  the tim e in terva l [0 ,1 ] w ith  step T >  0 and app ly  the PFS m ethod [4 ];
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A lg o r ith m  PFS
Step 1. In itia liz e  v °  : =  Voh
Stcp 2. For g iven m  >  0 and V™ (an approxim ation o f  Vh(mr)) fin d  vm+1’k by so lv ing  ( in  para lle l) 
systcms o f  linear equations

( / + y f W +1'‘ =  ( / -  y  £  H i)v m +  T~ F kíh  (17)
j=

where Ffh :=  /,( ( / ;  +  1 /2 ) r )
Step 3. Compute

^ ' . 2  É -  
fc=l

m+1’*  +  (1 -  (18) 
d

N otc that the linca r systems (17) can be solved by any paralle l ite ra tive  methods [5 ,6 ,7 ,8 ,9 ]. N o w  
vve tum  to the BVP  (12)-( 13). For its so lu tion  vve im plem ent the paralle l s p litt in g  up (PSU) method, 
proposed by T. Lu, p. N e ittaanm aki, and X . c. Tai [3 ].
D iscretiz ing  the B VP  ( ]  2 )-( 13) One obtains a large-scale system o f  linear equations

Lw -  g, (19 )

vvhere L is a sym m etric positive define m atrix o f  dim ension p X p, vvhere p =  p(h) depends on the 
discretization paramcter h. Assum c that L can be decomposcd in to  the sum m  o f  sym m etric  and 
positive defmc matrices, vvhich commute with each other

771

L  ^  L/ị — L ị  ^  0; LfịL/j =  L j L ị ) z, J  =  1? 771. 
i= i

(20)

The PSU method consists o f  the fo llo w in g  steps:
A lg o r ith m  PSU
Step 1. Choose an in it ia liza tio n  up
Step 2. Supposing WJ is know n, w e com pute the ĩractiona l stcp values

L iiẮ p + t t  z= f  — ^  L k w \i  =  1 ,  ...,771. (21)
k=2,k&

Step 3. For chosen parameters set

m
wj  + 1 _  Ị̂j_ + -|- (1 — £Jj-)uíJ .

»=1
(22)

Note that fo r d iíĩe ren t j  system (21) can be solved by paralle l processors.
T heoren i 3. The PFS-PSƯ melhod (17)-(18),(2I)-(22)Ịor solving the IBVP (5)-(7) with a nonnegative 
pertcil {.4 , B) and the consistent initial condiiions (6), (8), is convergent.

Proof. Thanks to the nonnegativ ity  o f  the pencil { A , B } ,  we can s p lit the IB V P  (5 )-(7 ) in to  the 
IBVP  ( 9 ) - ( ] I )  and the B V P  (12)-(13). Theorems 4.11 and 5.2 [4 ] ensure that the PFS method in
the sym m etric and com m utative case is stable provided r  <  2{d m a x  | | i / fc | | } _ 1 . M oreover it  is

\<k<d
convergent w ith  global e rror 0 (h 2 - f  r 2). Further, according to  [3 ] the PSƯ method is convergent. I f
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all the eigenvalues o f  the m atrix s  :=  ỊỊỊ £  L • 1L  belong to some segm ent [a, b]y where a  >  0, then
1= 1

the asym pto tic rate o f  the PSU vvith Uj =  is where p : =  cond(S) <  (b/a ).
We end th is  section by considering the IB V P  (5 )-(7 ) in  1D case (d =  1). Bcsides, the m atrix  E  

in  (6 ) is supposed to be the id e n tity  m atrix.
D isc re ting  the IB V P  in the spatial variable  we get a system o f  O DEs

( * * . « )  +  ^ B [ u { x k+1, t )  -  2u ( x k , t )  +  I t ( x fc_ i , í ) ]  =  f ( x k , t )

k  =  1 , M  -  1 , M  = M ( h ) .  P u t t in g  ư  := ( ú [ ,  . . . , u Ị f)T ; F  : =  { f ĩ , f ĩ t - \ ) r  . w h e re  uk : =  

u(x*, í); /fc :=  /(zfc> í), we can revvrite the last system of equations as

(/m -1  ® +  ^ ( P ®  B)U = F, (23)

where the m a trix  p  is determ ined by (2). B y P roposition 2 we can fìnd  nonsingular matrices /<■ and / /  
transfo rm ing  the pencil { / a / — 1 <8>>4, to the Kronecker-W eierstrass form  (3). M u lt ip ly in g b o th

sides o f  (23 ) by K  and pu tting  H ~lu  = ( V T, W T)T; K F  =  ( F 1r , F2r )T, vvherc V, F\ €  R(M~ì'>r 
and w , Jp2  6  R (W -1 )(n - r ), we come to the system

"  + (24)

w  =  Ẽ2, (25)

where as in P roposition 2, D is a sym m etric and pos itivc  de íìn itc  m atrix . N otc that the boundary con- 
d itio n  (7) has been includcd in  Equation (23). N o w  let H~l (u0  ( x i ) , u Ị ị x M - ị ) ) 1 =  (VoT , W Ị)'1 , 

where Vo €  R (A /-1 )r and ÍVo 6 R (M _1)(n _ r ) Then, the in it ia l cond ition  (6 ), w ith  E = I  becomes

y ( 0 ) =  v0. (26 )

Moreover, thc in it ia l cond ition  (6) inust satisfy a h idden constra int Wữ = Í2 ( 0 ) .
For so lv in g  the ỈV P  (23-26) in para lle l, the PFS method describcd above fo r the problem  (14)-

(15) can be app lied . We shall not g ive the lengthy details.

4. Numerical experiment

Considcr the boundary - value problem  (5 )-(7 ) w ith  the fo llo w in g  data:

ị\  0 0 \  / 2  - 0 . 5  l \
n  = 3 ;d  =  2 M =  0 1 0 ; B =  - 0 .5  1 0 ; E = I. (27)

\ 0  0  0 )  \  1 0  1 /

The function  f ( x ,  í)  is chosen such that the exact so lu tion  o f  the B V P  (5 )-(7 ) is

u  =  103( íx i ( l  -  x \ ) x ị { \  -  X2), t x \ {  1 -  Xl)X2(l -  X2),ÍX1X2(1 -  X i)(l -  X 2 ) ) 1 
U sing nonsingular matrices

/ 1  0  - 1 \  /  1 0  0 \
Aí =  Ị 0 1 0 7V =  0 1 0  (28)

\ 0  0 1 /  0 ì )
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we can s p lit  the IB V P  (5 )-(7 ) in to  an IB V P  fo r the parabo lic equation

Vt -  W{vXìXì + VX2X2) =  F i ( x i ,X2,t)
v(x, 0) =  0 X 6  í ì  (29)
v(x, t) = 0 X G ỡ í ì  and  t €  (0, 1)

and a B V P  fo r the e llip t ic  equation

^ 1 2 x 2 ) -^2 ( ^ 1  ì %2ĩ 0

tu(x, í) =  0 .

The  PFS method and PSU method [4,3] are im plem ented in  c  and MPI and executed on a 
L in u x  C luste r 1350 w ith  e ight com puting  nodes o f  51.2GFIops. Each node contains tw o  In te l Xeon 
dual core 3 .2G H z, 2GB Ram.

The  ĩo llovv ing  table shows the dependence o f  the error o f  the approxim ate so lu tions on the 
num ber N  = ị  w h ile  the ra tio  p  remains constant.

N r
ti* 16 24 30 40 50 60

Residuaỉ 0 . 5 0.000345 0.00008 0.000038 0.000014 0.0000609 0.0000309
Residuaỉ 0 . 2 0.000064 0.000016 0.000007 0.000002 0 . 0 0 0 0 0 1 0.0000005

In vvhat fo llo \vs, w c study the re la tion bet\veen the total (C P U ) tim e  spent on the períbrm ance 
o f  a program , the spccdup and the eữìc iency o f  th is  períbrmance. The specdup o f  the períbrm ance is 
defined as s  = Ts/Tp, where Ts (Tp) is serial execution tim e (para lle l cxccution tim e), respectively. 
The eíTiciency o f  the pcrform ance is dcterm ined as E  = s / p ,  vvhcre p  is the num ber o f  processors. 
The resnlt o f  an cxpcrim cnt w ith  PFS method fo r (29 ) is reported in the fo llo w in g  table

Table 1. Speed up and E íĩiciency on C luster 1350 w ith N = I2 0 .

Processors 1 2 4 6 8 10
Toltal times(minutes) 252 126 62 43 37 32

Speedup 2 4 5.8 6.8 7.8
Ẹffìciency 1 1 0.97 0.85 0.78

U s ing  2 processors o f  C luste r 1350 and a pp ly in g  the PSU methods to the B VP  (30 ) we observe 
that the tota l tim e  increascs togcther vvith the g row th  o f  the num ber N  = ị .

Table 2.
N 24 30 40

Toltal times(seconds) 120 180 300

For better convergcnce, we use other methods, such as the para lle l Jacobi method [5 ],  the para lle l 
SOR R ed/B lack [6,7,8,9] method.

The para lle l Jacobi method and Parallel SOR R ed/B lack method are im plem ented in  c  and M P I 
and executed on 1 node o f  A IX  C luster 1600 o f  5 com puting  nodes, vvhose total com puting  pow er is 
240GFlops. Each node contains 8 CPU Power4 6 4 b it RSIC  1.7GHz.

B e low  are some results fo r paralle l Jacobi method and para lle l SOR R ed/B lack method
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Parallel Jacobi method
Processors 1 2 4 6 8

Toltal times(seconds) 937 484 232 191 155
Speedup 1.94 4.0 4.9 6.05

Effìciency 0.97 1 0.81 0.75
A lth o u g h t the para lle l Jacobi method converges íaster than the PSU methods, it  is rare ly used as a 
para lle l so lver fo r e lip tic  problems.

Table 4. Speed up and Effìciency on C luster 1600 w ith N =1200.

Parallel Red - Black SOR method
Processors 1 2 4 6 8

Toltal times(seconds) 275 154 83 64 54
Speedup 1.79 3.31 4.3 5.1

Effìciency 0.9 0.83 0.72 0.64

The num ber o f  iterations needed fo r convergence and the to ta l tim e fo r the serial com putation o f  Red 
- B lack  SOR and Jacobi method are given in the fo llo w in g  tables.

Table 5. N um ber o f  Iterations o f  sequential Red - Black SO R and Jacobi method.

N 60 120 180 240 300
SOR 284 565 836 1101 1351

Jacobi 10599 39680 86119 149311

Table 6. Total tim es o f Red - B lack SOR m ethod and Jacobi method.

N 60 120 180 240 300
SOR(seconds) 1 2 7 12 19

Jacobi (seconds) 4 45 200 720
The Red - B lack SOR method is c lea rly  the íastest onc in terms o f  serial tim c  and the num ber 

o f  iterations.
Table 1,3,4 show that when the num ber o f  processors increases, the speedup increases. The 

actual speedup is sm a lle r than the ideal speedup because the com m unication  cost is rđ a tiv e ly  h igher 
when im plem ented and executeđ on a L in u x  C luste r 1350 and A IX  C luste r 1600. From Table 1,3,4 
it  is clear that the more processors are used, the com m unica tion  cost increases, and the e íĩic ie ncy  
decreases.
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