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Some problem on the shadow of segments inĩmite boolean 
rings

A b s t r a c t .  In this p a p e r , vve consider finite Boolean rings in vvhich w ere defm ed tw o orders: 

natural order and antilexicographic order. The m ain result is concem ed to the notion o f  shadovv 

o f  a segm ent. We shall prove som e necessary and su íĩic ien t conditions for the shadow  o f a 

segm ent to be a segm ent.

1. Introduction

Consider a íinite Boolean ring: B ( n )  =  {x =  XỊX2..-Xn : Xi €  {0 , 1}} w ith natural order < /v  
defined by X <N y  <=> x y  = X. For each elem ent X 6  B(n), w eight o f  X is dcíined to be: w (x) = 
XỊ -h X2 +  ... +  x n i.e the num ber o f  m em bers Xi Ỷ  0 -In the ring B(n), let B(n,k) be the subset o f  all 
the elements x €  B (n ) such that w (x )=  k.

W e d e fin e  a  lin ea r o rd e r  <L, on  B (n ,k ) b y  fo llo w in g  rc la tio n . F o r cach  p a ir  o f  c lc m c n ts  X, y  €  

B(n,k), w here X = x \ . . . x n, y =  2/1 ■■■yn, £  <1 y  if  and only if  there exists an index t such that Xt < yt 
and Xi — yi w henever i > t. T hat linear order is also called antilexicographical order. N ote that each 
elem ent X = x \ . . . x n € B(n,k) can be represented by se q u e n c e  o f  all in d ic e s  n \ < ... <  njt such that 
x n =  1. Thus we can id e n tiíy th e  elem ent X w ith its corresponding sequence and w rite X = ịn\...,  Tik). 
U sing this identiíication, we have: X =  (n  1, <L  (m i ,  =  y  w henever there is an index
t such that n t < Tĩit and Tiị =  rrii if i  >  t .

It has been shown by Kruskal (1963), see [1], [2] that the place of element x=( n 1 ..., Tik) 6 B(n,k) 
in the antilexicographic ordering is:

We remark that <p is Ihe one-one correspondence.Thereíòre ip{A) =  <p(B) is equiva lent to  A  =  B , fo r 
every subsets A , B in B (n ,k).

N o w , suppose a€  B (n ,k ) w ith  k  > 1 , the shadow o f  element a is d e íìn e d  to  b e  A a = { x  G 

B (n ,k  -  1) : X  <yv tt}- I f  A  c  B (n ,k ) , the shadoui of A is th e  Union o f  a ll A a, a e A  i.e =
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ỊJ  Aa  =  {r r  G D(n , k — 1) : X <JV OL fo r  some a €  A }.T h u s  the shadow o f  A  contain a ll the elements

X € B ( n ,k - l)  w h ich  can be obtained by rem oving an index from  the element in  A .T he  conception about 
the shadow o f  a set was used e flfìc iently by m any m athem aticians as: Spemer, K ruska l, Katona, 
C lement,....?

We shall study here the shadow o f  segments in  B (n ,k ) and make some cond itions fo r that the 
shadovv o f  a segment is a segment. A s in  any lin e a rly  ordered set, fo r  every pa ir o f  elements a,b 
€  B (n ,k ), the segment [a,b ] is deíĩned to be: [a ,b ]= {x  e  £ ( n ,  k) : a < 1  X < 1  6 }. Hovvever, i f  
a = ( l,2 v ..? ,k )€  B (n ,k ) is the í irs t element in the antilex icograph ic  ordering, the segm ent’ [a,b] is called 
an initial segment and denoted by IS (b) so IS (b )= {x  €  B (n ,  k) : X < 1  b}. We rem ind here a very 
useful result, prooĩ o f  w h ich  had been given by K ruska l earlie r (1963), see [4 ], [2 ]. We State th is as 
a lemma
L e m m a  1.1. Given b =  ( m i,  m 2 , rrik)^B(n,k) wiíh k > 1 then A IS(b) = IS(Ư), where ư  =  

(m 2, ...,mk) € B{n,k -  1) ?
T h is  resu lt is a special case o f  more general results and our aim  in the next section vvill State 

and prove those. Let a = (n i,7 i2 ,  and b = ( m i ,  7712, be elements in B (n ,k). Com paring
two indices ĩiịc a n d  rrik , it is possible to arise three fol!owing cases:

(a) m k =  nk =  M
(b ) mic = rik + 1 =  M  +  1
(c) m k >  rik + 1

In each case ,we shaỉl study necessary and su(Ticient cond itions fo r the shadow o f  a segment to 
bc a segment.

2 . Main rcsult

Before stating the main result o f  th is  section, we need some fo llo w in g  technical lemmas. F irst 
o f all, w e estab lish  a following lemma as an application o f  the íorm ula (1):
L e m m a  2.1. Leỉ a = ( n i ,  ri2 ) ...í rik) and b = ( m i ,  m 2 , Tĩik) be eỉements in B(n,k) such that
Kk <  m k < n. and ỉet M be a number such that rrik < M  < 71. Dejìne X = ( n i , r i 2 , 7 ifc, M ) ,
y = ( m i , m 2 , . . . ,m k, jVÍ) eB(n,k+I). Then we have:[x,yj={c +M : c e [a,b]} and [a,b]={z -M : z €
fx,yj}.

(Note that here we denote X = a+M and a  =  X-M )
Proof. I t  fo llo w s  from  the fo rm u la  (1) that, fo r any c€  [a ,b ],

<p(c+M) = < ,c (c )+^ ^ , thereíore tp({c+M  : c €  [a ,6 ] } )  =  [y > (a )+ ^  ^  ;v> (6 )+

(  Mk Ị l  ^ ] =  [v?(ar);<,ơ(ỉ/)] =  v ( [ ^ ; y ] )  So [x ; y ]=  {c  +  M  : c [a ,b ]} .  B y  using s im ila r argument fo r

the rem a in ing  equa lity, vve fin ish  the prove o f  the lemma.
A s an im m ediate consequence,we get the fo llo w in g

muc Lem m a 2.2. Let a,b £ B(n,k) be elements such that a = (ỉ.....k-1, M) and b =(M-k+l.....
then the shadow A [a ,  6] =  IS(c) with c = (M-k+ 2.....M-1M )£  B(n,k-1).
Proof Choose g = ( l , . . . ,k - l) ;  d = (M -k + l, . . . ,M - l)  in  B (n ,k - l) .T h e n  it  fo llo w s  from  lemma 2.1 that A  
= {x - M  : X € [a ,b ] }=  [g; d ]= IS (d ). However, we also have fro m  the lem m a 1.1 that A i4  =  A IS{d) — 
I S ( c — M ) . Repeating to  app ly  the lemma 2.1 to  the set B ={z + M  : z 6  A Ấ } .  We have obtained
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B = [h ;c ] vvhere h = (l,...? ,k -2 , M ). Note that (p(d) + 1  =  tp(h) so A  and B are tw o  consecutive segments. 
Thereíòre th e ir Union: A [a ;  b] — A u  B  = IS (d ) u  Ị / i ;c ]  =  IS (c ) is an in it ia l segment. The p ro o f is 
com pleted. We now  get some usefu l consequences o f  th is  lem m a as fo llow s:

C o ro lla ry  2.1. Let a = { n \ , n /c -1 , M) and b=(M — k  +  2 , M, M  + 1) be elements in B(n,k) then 
A Ịa , 6 ] =IS(c) with c =(M -  k + 3 , M, M  +  1 )€  B(n,k-Ỉ).
Proof. Choose d = ( l, . . .? ,k - l,  M + l ) e  B (n ,k ) then [d ; b ] c  [a ;b ].B y  the lemma 2.2, vve have A [ d , 6 ] 
= IS (c) w ith  c = (M -k+ 3 ,...? , M , M + l) e  B (n ,k-1 ). H owever, we also have: [a ,b ]C lS (b ) so A [a»*ỏ ]c  
A IS(b) =  IS{c). Thus A [a ,  6 ] c  A ( 6 ) = IS (c) as required.

C o ro lla ry  2.2. Let a =(l,...?,k-ỈM ); b =  ( m i , M  + 1) be eỉements in B(n,k) then A ịa ,  6 ] 
=IS(c) where c ={m 2 ,...,771*1-1, A /  +  l ) e  B(n,k-Ỉ).
Proof. In  the p ro o f o f  th is  result, we denote: h = ( M -k + l, . . .? ,M  )€  B (n ,k), đ = (M -k+ 2 ,...? ,M  ), 
g = ( l,. . .? ,k -2 , M + l) ,  c = (m 2 , M  +  1) in  B (n ,k-1 ). Then ,again by the lem m a 2.2, we 
have: A [a ,  h} = IS(d)C  A [ a , 6 ]. O bviously, we also have [g ;c ]c  A [ a , 6 ]. Therefore , A [ a ; 6 ) D 
ự s{d )  u  [5 ; c]) =  IS (c ) and as in  above p ro o f i t  fo llo w s  th a tA Ịa , 6 ] = IS (c).

C o ro lla ry  2.ĩJLet a =  ( n i , n 2 , Tik) andb = ( m i ,  7 7 1 2 , rrik) €  B(n,k) begiven such that m k > nfc + 1 
then A Ịa ,  6 ] =IS(c) where c = ( m 2 , mù) 6  B(n,k-1).
Proof. S ince rrik > rifc +  1, there must be a num ber M  such that nic +  1 <  m/c -  1 =  M. Choose 
d = ( l, . . .? ,k - l,  M  )£  B (n ,k), w e therefore have [d ;b ]c  [a ;b ]. Note that the segment [d ;b ] satisíys 
cond itions o f  co ro lla ry  2.2, we now  im ita te  the above p ro o f to  fin ish  the coro llary. C e rta in tly , the last 
co ro lla ry  is a so lu tion  fo r our key questions, in  the case (b). W hat about the rem ain ing  case ? F irs t o f  
a ll, we tu m  our a ttention to the case (a) and have that:

T h eo re m  2.1. Let a,b e  B(n,k) be elements such that a = { ĩ i \ , n fc_ i, M ) andb = ( m i , TTik-1 , M ) 
then A [a ,  6 ] is a segment i f  and only if  m \ =  M  -  k+  1 and either Tik- 1  < M  — \ or nic- 2  — k — 2 
Proof. Take c =a -M ; d=b - M  e B ( n ,k - l )  then A [a ;  b} =  [c; d] u  { x  +  M  : X e  A [c ,  d]}. Suppose that 
A [a ,  6 ] is a segment then there m ust have g = ( l , . . .? ,k - l ) € A [c ;ể ]  and v?(cỉ) +  l  = <p(g + M ). Therefore 
we have that d = (M -k + l, . . .? ,M - l)  i.e m i — M  -  k + 1. In the case rifc_ i =  M  — 1 , since g + M  G 
A [ a , 6 ] so h = (l,...? ,k -2 , M - l ,  M  )G [a ,b ]. Thereíore, a < h. However, rik- 1  = M  -  1 fo llo w s  that 
h =  (1 ,? , fc - 2 ,  <  ( n 1 , . . . , n fc- 2 , M - 1 , M )  — a .T h u s a = h ,  i.e, n k - 2  =  k - 2. Conversely,
suppose that a = ( l, . . .? ,k -2 ,M - l,  M  ) and b = ( M -k+ 1 ,...? , M - l ,  M ). We shall prove that A [ a , 6 ] is a 
segment. A p p ly  the lemma 2.2 to segment [a -M ; b -M ], we obta in  A [a -  M ,b -  M] = IS (c ) where c 
= ( M -k+2 ,...? , M - l ) .  We now  have A [ a ; 6 ] =  [a — M ] b -M ] u { x + M  : X 6  IS(c)}  to be the Union o f  
tw o  consecutive segments. There fo re ,it is a segment. In  the case rik-i < M  — 1, app ly  the co ro lla ry
2.1 ( i f  Uk-I = M  -  2) o r the co ro lla ry  2.3 ( i f  n j t _ i  <  M  -  2 ) to the segment [a -M ; b -M ] we obta in 
A [a-M , b—M\ =  / 5 ( c )  fo r som ec €  B (n , k-2 ). Thus A [a ;  6 ] =  [a —M \ b -M ]u {x+ M  : X €  / S ( c ) }  
as above is the Union o f  tw o  consecutive segments, thereíòre is a segment.

F ina lly , w e retum  atten tion  to the case (b )w ith  mic = Tik +  1. There are tw o  ab lities  fo r in tịex  
mi : m i = M  -  k +  2 and m \ < M  -  k + 2 . The  fo rm er is easily answeređ by the co ro lla ry  2.1 so 
hcre w e o n ly  g ive  the p ro o f fo r  the la tter.In  fact, We defm e the num ber s as fo llo w s

s = m in { t : m k-t < M  — t} 2

We close th is  section vvith the fo llo w in g  theorem:
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T h e o re m  2.2. I f  a = ( n i ,  M) and b = ( m i ,  M  +  1) €  B(n,k) satisfying TTii < M -
k +  1 . then we have that:

( a )  I n  t h e  c a s e  T i k - S + 1 <  M  -  s  +  1, A[a, 6] i s  a  s e g m e n t .

(b) In the case Tik-s+ 1  = M  — s + \, A [a , 6 ] is a segmení if  and only i f  <p{a') < <p(ư) +  1

a n d  e i t h e r  T ĩ k - S  <  M  —  s  o r  r i k - s - 1  =  k  —  s  —  ĩ  w h e r e  a  ' = ( n i , T i k - S ) a n d  ố ’= ( m i , m * _ s )  € 
B(n,k-s).
Proof. Choose h = (M -k + l, . . . ,  M - l ) ;  c = a -M ; d =  b - (M + l)€  B(n, k -1 ) and define set x = { y  +  (M  +  
1) : y e  A IS{d)}. Since [a ;b ]=  [a; h + M ]U {x  +  ( M  +  1) : z  e IS{d)}. We have A (a ;ò ] =  
IS(d)  u  A [ a ; / i  +  A í] u  X.  N o te  that tw o  members IS (d) and X  o f  th is  union are segments and 
<^(m ax A [a ,  / i + M ] ) + l  =  ( ,ỡ (m in X ) so A [a ,  6 ] is a segment i f  and o n ly  i f th e  Union IS (d) U A Ịa ; h+M) 
is a segment. In the case that Tik-s+ 1  < M  -  s + 1, there must be g=(l,...Jk-s , M -S+1,...,M  ) 6  B (n ,k ) 
such that g € [a ; h + M ]. Denote g ’= (l,...? ,k -s , M -s+1) and h ’ = (M -k + l, . . . ,M -s ,M -s + l)  e B (n , k-s+1). B y  
lem m a 2.2, w e obta in  an in it ia l segment. Thereíore the set Y  deíìned by Y = { 2 + ( M - s + 2 , M) : z€ 
A[<7 ', / i ' ] }  is a segment in  B (n , k-1). ít is easy to  see that d = ( m i , rrik-s, M  - s - 1 - 2 , M ) e  Y  and 
th is  fo llo w s  that IS (d) u  Y  is also a segment. Thus, I t  is clear that IS (d) u  X  = IS (d ) u  Y  is a segment
as required. In  the case rik-3+ 1 =  M  -  s +  1 , we consider f irs t s =1. Since mk - 1  < M  — 1 ,
d = b -  (M  + 1) <  h in  B (n , k -1 ). Note that A[a;h + M ] = [c; h]u {z + M  : z € A Ịc ;  h]}, thereíore 
IS (d )U A [a ; / i +  M ]  is a segment i f  and on ly  i f  ự>(c) < ự>(d) +  1 and A [ a , / i +  M \)  is a segment. 
A cco rd ing  to  the theorem 2.1, last cond ition  is equavalcnt to that ĩĩk- 1  <  M  -  1 o r n jt_ 2  = k -  2 is 
required. Next, suppose that s> 1 with Uk-s+1 =M- S + 1 then a = ( n i , n/c-s, M -  s + 1 |  •••) M) 
and d = (m i,  M  — s +  2 , M). Take

À = { x + ( A / - s  +  2 , M ) : i e  Á[a' +  ( M - S + 1 ) ;  h '  +  ( M - s  +  1 ) } }  , where a’= ( n i , U k - 3) 
and h ’= ( M -k + l, . . . ,M -s )e  B (n ,k-s). It is clear that the Union IS (d) u A [a ; / ỉ  +  M Ị  is a segment i f  
and o n ly  if the un ion IS (d) \JA is a segment. N ote that mfc- 3  <  M  -  s, therefore b' — 
( m i , m k - 3)<  h ' . H e n c e , th e  last re q u ire m e n t is e q u iv a le n t to  th e  re q u ire m e n t th a t  ip (a ')  < ip (b ')  +  l  

and A [a ' +  ( A / - S  +  1 ); h' + ( M - s + 1)] =  Ịa '; / i ' ] u { y  +  ( M - s  +  l )  : y  €  A [a ';  / i ' ] }  is a segment. B y 
the theorem  2 . 1 , the la tter is equ iva lent to the requirements that nfc_s <  M  — s o r rik-3 - 1  = k - s ~  1 . 
The p ro o f is com pleted.
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