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A b stract: A module M is called a uniform extending if every uniform submodule of M  is 
essential in a direct summand of M . A module A/ is called a countably E -  uniform extending 
if is uniform extending. In this paper, we discuss the question of when a countably E -  
uniform extending module is E -  quasi - injective? We also characterize QF rings by the class 
of countably E — uniform extending modules.

1 . Iintroduction

Throughout this note, all rings arc associative with identity and all modules arc unital right 
modJulcs. The Jacobson radical and the infective hull o f  M  arc denoted by J { M )  and E{ M) .  If the 
conviposilion length o f  a module M  is finite, then vvc denote its length by /(M ).

iF o r  a m o d u le  h i  c o n s id e r  th e  fo llo w in g  conditionR '

( iC i)  íỉvcty submodule o f  M  is essential in a dircct summand o f M .
[iC'z) Every submodule isomorphic to a dircct summand o f M  is itself a direct summand.
(Í6 3 ) If A and B  arc direct summands o f M  with A n  B  ~ 0, then yi © Ổ is a dircct summand of

A/.
CCall a module M a c s  - module or an extending module if  it satisfies the condition (C l); a 

contitinuous module if  it satisfies (C l) and (C 2), and a quasi-continuous i f  it satisfies (C l) and (C3). 
Wc now consider a weaker form o f  c s  - modules. A module M  is called a uniform extending if  every 
uniifom i submodule o f  M  is essential in a dircct summand o f M . Wc have the followins implications: 

linjcctivc => quasi - injective => continuous ^  quasi - continuous => c s  => unifomi extending. 
(C 2) => (C 3)

\Wc refer to [1] and [2] for background on c s  and (quasi-)continuous modules.
/.A. module M  is called a (countably) E —uniform extending (CS, quasi - injective, injective) module 

if  (respectively, is uniform extending (CS, quasi - injective, injective) for any set A.
Nottc that N  denotes the set o f  all natural numbers.

I in this paper, w e discuss the question o f  when a countably E — unifomi extending module is E —

Ct'orresponciing author. Tel: 84-0383569442 
Einiciil: levanan.naO yahoo.com



10 L.v. An, N .s. Tung /  VNU Journal ofSciene, M athem atics - Physics 25 (2009) 9-14

quasi - injcctivc? Wc also characterize QF" riníĩs by the class o f  couiitably E — uiiif'omi cxtciiidini; 
modules.

2. Introduction

Lemma 2.1. Let M  =  o. continuous module where each M i is uniform. Then the foUdwin^
conditions are ecjuivalent:

(i) M  is counlably T,—uniform extending,
(ii) M  is E — quasi - injective.
By Lemma 2.1, if  M  is a module with finite right uniform dimension such that A/ © A7 satisfies  

(C3), then w e have:
Proposition 2.2 Let M  be a module with finite right uniform dimension such that M  © A/ saf.isfies 
(C3). Then M  is countably T,—uniform extending i f  and only i f  M  is T.—quasi - injective.
Proof. If M  is countably E —unifomi extendinc, then M  ® M  is unifomi extending. Sincc M  ©A /  has 
finite unifonn dimension, M  © A/ is c s .  By M  © A/ has (C 3), hcncc A/ © M  is quasi - continiuous. 
This implies that M  is quasi - injcctivc. Thus M  is continuous module. Sincc M  has finite uniifomi 
dimension, thus A/ =  U\ ® ... © Un with Ui is unifomi. By M  is countablv >-]— unitbnn cxtcmciing 
and by Lemma 2.1, M  is E — quasi - injective.

If M  is E — quasi - injcctivc then M  is countably E —unifomi extcndinẹ, is dear.
Corollary 2.3. For M  =  M] © ... © A/„ is a direct sum o f  uniform local modules M i such than M, 
does not embed in J { Mj )  fo r  any i , j  =  1, n  the following conditions are equivalent :

(a) M  is E —quasi - injective;
(h) M  is conntahly T,—uniform - extending.

Proof. The implications (a) = >  (h) is dear.
ựì) (a). By (I-)), A/ ® M  is extending module. By [4, Lemma 1.1], M i ® A/j has (6 3 ), hiciicc 

A/,- © M j is quasi - continuous. By [5, Corollar}' 11], A/ © M  is quasi - continuous. By l’ri)pos:ition
2 .2, wc have (a).

By Lemma 2.1 and Corollar}' 2.3, wc characterized properties QF of a scmipcrl'cct ring by cla.ss 
countably E -uniform  extending modules.
Corollary 2.4. Let R  be a sem iperfect ring with R  =  e ] / i  © ... ® e „ l i  where each CịR IS a Jocal 
right and  { e j ' l , ]  is an orthogonal system o f  idempotents. M oreover assum e that each CjR I.'X not 
emhedable in any e jJ  { i , j  — 1 , 2 , the fo llow ing conditions are equivalent:

(a) R  is QF - ring:
(b) R r  is T.—injective;
(c) R ji is countably T .-uniform  - extending.

Proof, (a) <=>  (Ò), is clear.
(6) <=> (c), by Corollary 2.3.

Proposition 2.5. Lei R  be  a right continuous semiperfect ring, the fo llow in g  conditions are equim.kiU:
(a) R  is QF - ring;
(b) R r  is T ,-in jective;
(c) R ịỉ is couniably T,—uniform - extending.

Proof, (a) (6), (Ò) => (c) are clear.
(c) =» (6). Write R ịỉ =  R ị ® ... © Rn where each Ri is unifom. Sincc R r  is right continuious.



counttably E —uniform extending, thus R r  is E —quasi - injectivc (by Lemma 2.1). Hencc l Ỉ Ị ỉ  IS 
>]— inijcctivc, proving (b).

L,c;t M  - Vi,  with all Ui uniform, Wc give properties o f  a closed submodule o f M .
Lem im a 2.6. ([6 , Lemma 1]) Let £  I )  be a fam ily  o f  uniform modules. Set M  =  I f
A is  a closed subm odule o f  A/, then there is a subset F  o f  I, such that >4 0 ( 0 j g p ơ j )  c® M .

B>' Lemma 2.1 and Lemma 2.6, wc have: 
rh eo ren i 2.7. Let M  =  0  P/ Ui where each Ui is uniform. Assume that M  is countably T.—uniform
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B>' Lemma 2.1 and Lemma 2.6, wc have: 
rh eo ren i 2.7. Let M  =  where each Ui is unifon
- extiending. Then the following conditions are equivalent: 

(ip  M  ix E — ijuasi - injective;
( i i ) M  satifies  (C 2);
\u  i) M  satifies  (C 3) and i f  X  c  M , X  ^  Ui (with J  c  I ) then X  c®  M .

P roof. The implications (z) ==> {u )  and {i i)  ==> [Hi)  are clear.
( i.ii)  => (i).  We show that A'l satisfies (C 2), i.e., for two submodules X ,  V  o f  M , with X  =  V  and 

Y  c  ® M ,  X  is also a dircct summand o f  M .  Note that Y  is a closed submodule o f M . By Lemma 2.6, 
there; is a subset F  o f  I  such that: Y  M . By hypothesis, Y, ® i ^ p U i  c®  M  and M
satiilics (C 3), wo have M  =  Y  © ( 0 i e p  Ơ,). If F  =  /  then X  =  Y  =  0. Thus X  c®  M . If F  ^  / ,  
set Jĩ =  / \ F ,  and w e have A/ ( 0 , ' J Ơ.) © ( © .e F  Ur)- Thus X ^ Y ^ M /  Ui -  ưị.  
Bv hypothesis {Hi),  X  c®  M ,  as required.

Fiinally, vvc show that M  is an cxtcnclins module. Let us consider /I is a closed submodule of 
A/. lỉy h)pothcsis is a closcd submodule o f M  and by Lemma 2.6, there is a submodule V'l o f  
A/ s;uch that Ki =  © i e f  Í/:, where F  c  /  satisfying: /1 © (0 ig /:- iv 'i)  M.  Set V2 ^  0 ,;g/<  
with K  I \ F .  Let P] , P2 be the projection o f  M  onto V\ and V'Z, then P2 u   ̂ monomorphism 
(hcc:ausc A n  V\ — 0). Let h -  P 1ÌP2 l/i) ' homomorphism P2 {A )  — » Vi. Wc then have
.4 =  {a; f h{x)  1 X e  P2ÌẢ) } .  Next, we aim to show next that h cannot be extended in V2-

Siupposc that h: B  — > V\,  where P'2(^ )  ^  B  C V 2 , is an extending o f h in V2 - Set c  =  { x  +  h{x)
X €  B \ ,  vvc have yl © \/i C" M ,  P2(A)  =  P2{A  0  C" P2{ M ) -  ^2- Hcncc P2 {A)  JJ c  V2, 
and thus A c .  Sincc A  is a dosed  submodule, \vc have Á =  c ,  P2 ÌẢ)  = B.  Thus h =  h.

Let us consider k G K ,  set X k  =  Uk C\P2Ì^)-  We can see that Xk  /- 0, VA: G K .  Therefore Xk  is 
uniform module. Set Ak =  { x  I h{x)  I X e  Xị;},  we have Xk — Ak  and Ak is a unifonn submodule 
of A.  Suppose that Ak c® F  c  Í 4  © Vị- Since A k f \ V \  =  0, wc have P r \V \  =  0, and thus P2 |p  is 
a mionomorphism. Set hk -  h Bccausc h cannot be extended, \vc see that hk cannot too. Set

■” V\{V2 Ir)""’ : P 2 (^ 0  — * Thus Afc is an extending o f hk and hcncc ỹ 2{P)  =  Sincc
1 p  is a monomorphism and Ak p .  It follow that Ak =  p .
I Icncc Ak is u unifomi dosed  submticiule and M  is a unifomi extending (liccause M  is countably 

>]—'unifonii - extending). Thus Ak  c®  M . Since Ak is a closed submodule o f  M  and bv Lemma 
2 .6, there is a submodule V3 o f  A/ such that Va =  Ui, where L c  I  satisfying Ak 0  V3 c® M.  
Sincc Ak c®  M ,  ^3 c ®  M and M  satifies (C3), wc have Ak © V3 c ®  M ,  A k ® v l  =- M .  
Suppose that V4 =  ® i e j U i  where J  =  [ \ L .  Then M  =  Ak ® V3 =  V4 ®  V3, and we have 
Ak s  A //V 3 =  V4 © V3/V 3 ~  V4. Because Ak is a uniform module, I J  1= 1 , i.e., Ak — Uj { j  e  I) we 
infer that Xk — Ak — Uj.  Therefore Xfc c®  M . But Xk Q ưk c ®  M  and hence X k  =  Uk, for all 
k e  F. Therefore P2{A)  =  iind we have A  =  V2 . Note that A ~ V 2 ~  we must have
A c ®  M . Therefore M  is an extending module. But M  satisfies (C 2), and thus M  is a continuous 
module. Therefore by Lemma 2.1, proving (i).



By Lemma 2.1 and Theorem 2.7, we characterized QF property o f  a ring with finite richt uniifomi 
dimension by the class countably E -  uniform extending modules.

Theorem 2.8. Let R  be a ring with fin ite  right uniform dimension such that 7 ? ^ ' is uniform cxtemding, 
the fo llow ing conditions are equivalent:

(a) R r  is s e lf  - injective;
(b) {R  © R )r  satisfies (C 3);
(c) R r  satisfies (C 2);
(d) R r  is E -in jec tive ;
(e) R  is Q F - ring.

Prơo/.The implications (a) => (6), (a) => (c), {d) ^  (a) and (d) (e) arc dear.
(6) => (d).  Because has finite uniform dimension, therefore ( /? ©  R)/ i  has finite- uniifonii 

dimension. But is a unifonn extending, thus(/? © R)f i  is a uniform extending, and hience
(/ ? 0  R)/ i  is extending. Because ( /? ©  R)j ĩ  has (C3 ), thus ( R ®  R)f i  is a quasi - continuous modlulcs. 
Therefore, R ii is quasi - injective, and thus R r  =  R i ® ... ©  Rn where each Ri is unifonn. B\y' R n  

is continuous and is uniform extending we have R r  is E -  quasi - injective (by Lemma 2.1). 
Hence Rfi  is E —injective, proving (d).

(c) =» (d). By R n  has finite uniform dimension, thus R r  =  R \ ® ... © Rn  with Rj  is uniformi. By 
Theorem 2.7, Rfi  is E —injective, proving (d).

A ring R  is called a right c s  if  Rfi  is c s  module. By Theorem 2.8, \vc have.
Corollary 2.9. Let R  be a right c s  ring with fin ite  right uniform dimension such that eve iy  extemciing 
right R -m o d u le  is countably Y.—uniform - extending. l f { R ®  R) j i  sa tisfies  (C 3) then R  is QF ring. 
Proof. Since R r  is c s ,  thus is uniform extending. By Theorem 2,8, R ji is E -iiijcc tiv c .
Therefore, R  is QF ring.
Lemma 2.10. Let U \, Ư2 be uniform modules such that 1{U\) — /(Ơ 2) <  oc. Set Ư =  U\ ® Ư 2- lĩĩen  
ư  salisfies (C3).

ProoỊ.{a) By [7], E n d [ ư \ )  and E nd{Ư 2) are local rings. Wc show that Ư satisfies (C 3), i.e., foir two 
dircct summands S \ , S 2 o f  u  with 5 i n  52 =  0, S\ © S 2 is also a dircct summand o f u .  Note that, 
since u - dim(U) = 2 , the following case is trivial:

If one o f  the S'ịS has uniform dimension 2, the other is zero.
Hence we consider the ease that both 5 ] ,  52 arc uniform. Write Ư =  S 2 ® K .  By Azum;ayu’s 

Lemma (cf. [8, 12 .6, 12.7]), either S 2 ® K  =  S 2 ® Ui, or S 2 ® K  =  S -2 ©  Uj. Since i and j i  can 
interchange with each other, w e need only to consider one o f  the two possibilities. Let us conside:r the 
case u  =  S 2 ® K  =  S 2 ® Ui =  U\ ® Ư2 - Then it follows ^2 -  Ư2 - Write Ơ =  5 i  © / / .  Then either 
Ư =  S i ® H =  S i or S i © / /  =  5̂ 1 © Ư2 -

\ ĩ ư  =  S \ ® l l  =  5 i  © Ơ 1, then by modularity we get 5 i ©52 =  5 i  © X  where =  (^I © 5'2) i '1i/ i. 
From here we get X  =  S 2 -  Ư2 - Since 1{U\) =  1{Ư2) =  1{X) ,  vvc have U\ =  X ,  and hiencc 
S i ®  8 2  =  Sị  © i / i  =  Ư.

If Í/ =  5 i  © / /  =  5] © Ơ 2, then by modularity we get ©52  =  S\  ©V" where V  =  (5 i ® S 2) n Ư 2 - 
From here we get ^  52 — Ư2 - Since 1{Ư2) — l ( V) ,  w e have Ư2 — V,  and hcncc S\  © S '2 

S i ® Ư 2 =  U.
Thus u  satisfies (C 3), as desired.
Bv Lemma 2 10 nnri Proposition 2.2, we have:

Piopositii'n 2.11. For M  =  M] © ... © Mn ỈS a direct sum o f  uniform modules M i such that
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l (Mi ) )  -  /(A /2) ~  ... =  l {Mn)  <  oc, the fo llow ing conditions are eq u iva len t:
(a) M  is Ta~quasi - injective:
(b) M  ỈS’ countably Ts—imiform  - extending.

P roof, (a) (6) is clear.
(6) = >  (tt). By (b) and by Lemma 2.10, M i 0  A/j is quasi - continuous. By [5, Corollary 11], 

A/ ©  A/ is quasi - continuous. By Proposition 2, vve have (a).
Lenirma 2.12. Let R  be a ring with /? ~- Cl /? © ... © e„/?  where each CiR is a uniform right ideal 
and { ej}j^ ĨS a system  o f  idempotents. Moreover, assume that l { e \ R )  — l ( e2R)  — ... =  l{eriR) <  00 . 
Then R  is right s e l f  - in jective i f  and only i f  (/? © R )ĩi is c s .
/V ưo/. By Lemma 2.10 and by [2, 2.10].

By Lemma 2.1 and Lemma 2.12,  wc have:
P roposition  2.13. Let R  be  a ring with R  ~  e \ R ®  . . , ® e n R  where each CiR is a uniform right ideal 
and { is a system  o f  idempotents. Moreover, assume that l { e \ R )  =  l {e2R)  — ... — l {enR) <  00, 
the fo illow ing conditions are equivalent:

(a) R  is Q F - ring:
(b) /?/í is 'L~injecíive;
(c) ỈỈỊỉ is countablv T.—uniform  - extending.

Proojf. (a) (6), (6) (c) arc clear.
(c)) ^  (6). By { R ® R ) r  has finite uniform dimension and by (c), (/?© 7?)fí is c s .  By Lemma 2.12, 

R ịì is  a continuous module. By Lemma 2.1, R r  is S -q u a s i - injective. Hence Rfi  is E -in jective, 
proviins (b).
Proptosition 2.14. Lei R h e a  right Noethehan ring and M  a right /?— module such that M  — © ie/A /f 
ÌS a d.irect sum o f  uniform subm odules Mị, Suppose that A /© A / satisfies  (C 3), the follow ing conditions 
are eiquivalent:

(aji M  is Ys—quasi - injective:
(by) M  is countablv I j—unijorm - extending.

Proof . {a)  = >  (6) is dear.
(b ) = >  (a ), lỉy  Mi  ©  Mj  is dircct summand o f M  © M  and by hypothesis (b), thus Mi  © Mj  is 

quasi - continuous. Hencc M i is A/j™ injcctivc for any i ,  j  6 / .  Note that R  is a right Noetherian 
rinu, thus M  is quasi - injectivc (see [2, Proposition 1.18]), i.e., A/ satifies (6 2̂)- Theorem 2.7, 
wc h.avc (a).
Prop osition 2.15. Let R  he a right Noethehan ring and  A/ a right R ~  module such that M  — © ie/A /i 
/.V a d irec t sum o f  uniform local submodules Mị. Suppose that M i does not embed in J { Mj )  for any
i , j  c  Ỉ, the fo llow in g  conditions are equivalent:

(a j M  is quasi - injective;
(b j M  is countahly uniform - extending.

Proof.{a) (b) is clear.
(6 ) ==> (a). By (b), M  © M  is uniform - extending, iicnce Mi  © M j  is c s  for any 2, j  €  / .  By 

|4 , Lemma 1.1 ], Mi  © M j  is quasi - continuous, thus Mi  is M j— injective for any i , j  e  / .  Therefore 
A/ IS quasi - injcctive (see [2, Proposition 1.18]), i.e., A/ satifies (C 2). By Theorem 2.7, \vc have (a). 
Prop'osition 2.16. Let R b e a  right Noetherian ring and M  a right R ~  module such that M  — © i^/M i 
is a d irec t sum o f  uniform subm odules M ị. Suppose that l {Mi )  -  n  <  00 fo r  any 2 G / ,  the follow ing  
coKdiiions are equivalent:
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(a) M  is T.—quasi - injective;
(b) M  is coim iably Y.—uniform  - extending.

Proof. By Lemma 2.10, Theorem 2.7 and [2, Proposition 1.18].
Proposition 2.17. llĩe re  exists a right Noetherian ring R  and a right /?— m odule countably T.~u:niform
- extending M  such that M  — © ie /M  ^ direct sum o f  uniform subm odules Mi, M  saiisfle:s (C:0 
but is not T.—quasi - injective.
Proof.LcX /? z  be the ring o f  integer numbers, then R  is a right (and left) Nocthcrian riim, ;and let 
M  =  /?1 © /?2 ©  ... ©  Rn with R 2 =  ... =  /?„ =  R r  =  Z z . We have A/(N) =  © ~  J A /, with 
M i =  A/, w e imply M  =  (/?1 © ... © Rri)^^^ =  By [1, page 56], M  is countably >]-u>niibnn
- extending. Sincc Hi =  Z z  is a uniform module for any i — l , 2 j  . . . ,n  thus M  is a finite direct sum 
o f unifomi submodules. But also by [1, page 56], A/ is not countably E — c s  module. Therefore, iM 
is not countably E —quasi - injective, i.e., M  is not E —quasi - injective. If n  =  1, then A/ saitisfics 
(C3), as desired.
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