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Abstract. The equi-boundedness of solutions and the stability of the zero of nonlinear differ-
ence equation with bounded multiple delay

-
Tngl = AnTn + § G:; F(In--m,,)r n=01,---
1=1
are investigated.

Keywork: stability, fixed point theorem, contraction mapping, nonlinear difference equation,

equi-boundedness.

1. Introduction

Let R denote the set of real numbers, Z the set of integers and Z* the set of positive integers
numbers. In this paper, we study the equi-boundedness of solutions and the stability of the zero of
nonlinear difference equation with bounded multiple delay

Tugl = AnZn+ Y OpF(Zn-m,), n=0,1,-- (L.1)
1=1

wherz o' fori = 1,2,.--,7 and X\ are functions mapping Z to R; F maps R to R; m maps Z to Z*.
The properties of solutions of delay nonlinear difference equations has been studied extensively
in rccent years; sec for example the work in [1-6] and the references cited therein. In [1], [2] and [3],
the aithors studied the oscillation and the asymptotic behaviour of solutions of the following nonlinear

difference equations

Tn4l — Tn+a(N)Tp_m =0, n=0,1,2,--

r
Tni4l — Tn + Zai(n)xn_m‘ =0, n=0,12,---
1=1

$n+1—In+a(n)f(xn_m)=0, n:O,1,2,"'
and
Zntt = Mz + 3 (W) F(@n-m,)
=1
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Itis clear that these equations are particular cases of (115, We aie particululy inctivated b, the vork
of the authors [1-6] on the stability, boundedness and convergence of solutions of difference equations.

Throughout this paper, we assume that there is a K > 0 so that if |x| < K then F(r) < Klz|.

If m is bounded and the maximum of m is k, then for any integer ng > 0, we define Zg to be
the set of integers in [ng — k, ng]. If m is unbounded then Zy will be the set of integers in (~nc, ng|.

Let v : Zyg — R be an inital discrete bounded function.

We say 1, := Tp n,y IS a solution of (1.1) if z,, = ¢, on Zy and satisfies (1.1) for n > ng.

The zero solution of (1.1) is Liapunov stable if for any ¢ > 0 and any integer ng > O there
exists a 6 > 0 such that |y,,| < & on Zg implies |zp ng.u| < € for n > ng.

The zero solution of (1.1) is asymptotically stable if it is Liapunov stable and if for any integer
ng > 0 there exists r(ng) > O such that |y,| < 7(ng) on Zg implies |Tn nyp| — 0 as n — oc.

A solution z,, := Zn ny. Of (1.1) is said to be bounded if there exists a 3(ng, 1) > 0 such that
| ng.w| < B(ng, ) for n > ng.

A solution of (1.1) is said to be equi-bounded if for any ng and any 3 > 0 there exists

By = Ba(ng, By) > 0 such that [¢,| < B, on Zg implies |Zp nyp] < B2 for n > ng.
b

For any sequence {xx}, we denote: z 2 =0, ] zx = 1 for any a > b.
k=a k=a

2. Main results

2.1. The Boundedness

Lemma 1. Assume that A\, # 0 for all n € Z. Then {x,} is a solution of equation (1.1) if and only
if

=T Hz\ +LY(1FI¢ e ) II Xiis

a=ng t=ny i=1 s=t+1

Proof. We first prove that equation (1.1) is equivalent to the equation

n—1 n
(:c,, I1 »: ) Zn;F(rn_m") I (1.2)
s=ng 1=1 s=ng

Indeed, we have

zasr | AL = Nz [ 057 # D o F(@n—ma) |] %1

§=ng 3=ngy i=] s=ng
n n-1 r n
-1 -1 N A1 -1
Tn+l H As = In H ’\3 +La:1F(Iﬂ-mn) H X.ﬂ ’
=1y =Ny 1=1 §=ng

or

A(:r,;’ﬁ/\;l) Za F{Za-my) HA'

8s=ng s=ng
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Now, summing equation (1.2) from ng to n — 1 gives

n—| t—1 n-1 r t
-1\ _ AU ATS -1
5 A(x, I1 » )_ 5N aiF(em) [ A
t=ng s=ng t=ng 1=1 s=ng
n—1 n-1 r t
. -1 _ \N 1 -1
o [T A = zne + YD aiF(zim) [ A
S§=Tng t:no 1=1 s$=ng
n—1 n—-1 r n—1
S Y
Tn = Tp, H X, + E oy F(2i—m,) H As.
s=ng t=ng 1=1 s=t+1

93

Theorem 1. Assume that \,, # 0 for n > ng and there exists M € (0, +o0), a € (0, 1) such that

n—1
I1

<M
s=ng
nd
n—1 r n—1
Z Za; H As| € a,n 2 ng.
t=ngp |i=1 s=t+1

Then solutions of (1.1) are equi-bounded.
Proof. Let 13 be a positive constant. Choose By > 0 such that
MB, + aB3 < By.
I et i/ be a bounded initial function satisfies |1,,] < By on Zy. Define
S ={p:Z — Rlpn = ¢n on Zy and ||¢|| < Ba},

where

£l = max|p,|. We shall prove that (S, ||.||) is a complete metric space.

+ ||.]| is a metric.
i) Vo, € S [l =1l = max|(p = n),| 20,
nez

7

) — ) < — = 0
e = 7l ngl(so Mnl

& (p—1n),=0neZ
E Yn—Tn=0,YneZ
& Pp =N, VneZ

& Y=

i) Vo, n € S, we have
le—nll = lgllggl(w - )l = max lon — ]

= n — = a -— = —- =
max |7, — ¢n| = max|(n - ¢),| = lIn - 4|

(1.3)
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seix Ny i o
i) Vg, 1y, ¢ € 5, we have

le —nll rgg;l(w - ), = rggglvn ~ Yn| = max |6n — 1 + 1 — ¥

N

ax n — = < ~— Tin & - ¥n
max (len = Bl + 170 — ¥nl) max len — nnl + max [7n — ¥l
e —nll +ln =¥

f

+ Suppose that {¢*} is a Cauchy sequence in S. We have
Ve > 0,36 : VK, €2 b : ||t — ¥ < &
ke : ¢ _ ok
or Ve > 0,34y : Yk, £ > & Tgécl(xp k), | <e
or

Ve > 0,3 : Vk, €3 b : |(<p’—<p’°) | <eVneZ
Fixed n, {¢f} is a Cauchy sequence in R. In view of R is a complete metric space,
Jon ER: ¢, = lim (pfl.
£—o00

We prove ¢ € S. Indeed, since ¢¢ € S, o = 9, on Zg. It implies ¢, = elim et = 1, on Z.
e

Moreover, since ||¢f|| < Ba, ||¢l| € By
Define mapping P : S — S by (Py)n = ¥, on Zgj and

n-—1 n—-1 r n—1I
(Pe)n = ¥ny H As + Z ZGEF(“Pt—-m:) H As, 0 2 g (1.5)

BT !‘"F\(; =l ot \ 1

We first prove that P maps from S to S. Indeed, we have

[(Pe)nl =

y 2

ine [ s +zza¢ im) [ M

s=ng t=ng 1=1 s=t+1

< [¥nol H’\ +Z Lac |F(pe-m¢) H As|yn 2 ng.
$=ng s=t+1
Since ”Lp“ < B2r |‘Pf—'mt| < Bz. So F(Hot—mc) < B2H(10¢—mt” < Bg Hence,
n-1 r ) n—1
I(Pe)nl < BIM+B3Y S ail| [T A/ sn=n0
t=ng | i=1 s=t+1
n—1 r —
< BIM+B;Y > ail| [ Af:n=no
t=ng |i=1 s=t+1
< BM +aB? < B,.
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Hence: P maps from S to itself. We next show that I” is a contraction under the supremum norm. Let
@, € S, we get

n-1 r

LLQ, Ot—m,) H’\_ZZQ' (Mt—m,) HA

(Po)n = (P)n|l =

t=ng i=1 s=t+1 t=ng 1=1 s=t+1
n—1 r I n—1
< Ba ) D ail| IT Asllle =i
t=ng |i=1 s=t+1

< Boallp—ni.

Next, we prove that Boa € (0,1). Indeed, since i%"- >0,1- i};’;"- < 1. On the other hand, from
MBy + aB% < By we have aBg < By — M B, which implies that

QBQQI—

This shows that I” is a contraction. Thus, by the contraction mapping principle, P has a unique fixed
point ¢* € S. We have

n—1 n-1 r n—1
(P n=¢n=1ny [[ At DD aiF(0i_m) [] 2
s=ng t=ng 1=1 s=t+41
Sinee ng € Lo and @7 € 5, Yy, = L,;';lo. Hence
-
(Pn() H '\" . = .S- ZQ!F(‘PI m¢) H A"‘

s=ng t=ng 1=1 s=t+1

1.¢ oy, is a solution of (1.1). This prove that solutions of (1.1) are equi-bounded.

2.2. The Stability

Theorem 2.  Assume that there exists v € (0,1) such that | Y, al| < v and |\,| < 1 -~ for all
i=1
n € Z. Then the zero solution of (1.1) is Liapunov stable.

Proof. Put
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We hiave
n—1 n—1
Sl < D -9 =00=-(n-ng) =AM
s=ng 3=Tg
n—-1 n—1
ITA» < JJa-m=0a-9+'=nN
s=t+1 s=t+1
n—1 n—1
IS0 € Y A<M
s=ng s=ng
n—1 r
Y 1D all < A(n-no)
S=ng i—=1
n l n—1
< y(n—-ng)N = a.

IZG T Al

s=n s=t+1
Let € > 0. Choose § > 0 such that
M6 + ae® <.
Let ¢ be a bounded initial function satisfies [¢,,| < § on Zy. Define
S = {p:Z — Rlgn = thu on Zo and [|pi < e},

where ||| = ma}(]gonL It can be verified that (S, ||.||) is a complete metric spacc.
nez

Consider the map I°: S — S by (1.5). We have

n—I| n—1|

[((PY)al = |1ne H A+ Z Zn Flpr m,) H A1 > nn
s=np t=ng 1=1 s=t+1
n-1 n—1 T r:-l
< Wl [ 1T 2] 4 22 | D | IF(oemdl| TT Asfim =m0
=1y l=ng [i=1 s=t+1
n—1 r n—1
< (51\[-{"522 Zat H Asl,n =2 ng
t=ng [1=1 3=t+1]
< 6M+elac<e
and
n—I1 r n-1]
(Po)n = (Pm)al = ZZa,Fm m) J1 - ZZ“ Fne-me) []
t=ng 1=1 s=t+1 t=ng 1=1 s=t+1
n—1 r n—1 !
< ZZG: H Ml =l <ed D ail| [T As
t=ng 1=1 s=t+1 t=ng [1=1 s=t+1

< eale—nl.

As

lie — 7l

It is easy to check that ae € (0, 1). This show that P is a conuraction map and for any ¢ € S, || Py|] <

€. Therefore the zero solution of (1.1) Liapunov stable.
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I'heorem 3. Assume that the hypotheses of Theorem 2 are satisfied. Assume, in addition, that
n— 1M, — 00 dS . — 0. (1.6)
Then the zero solution of (1.1) is asymptotically stable.

Proof. Since |\,| < 1 -~ foralln € Z and v € (0, 1), it follows that |A,| < 1. Consequently,

n—i
[] A —0asn— oo (1.7)

8=ng
Let v be a bounded initial function satisfies |¢,,] < r(ng). Define
S* = {¢:Z — Rlpn = n on Zg, ||¢|| € € and |p,| — 0, as n — oo}.

Define 7 : §* —— §* by (1.5). From the proof of Theorem 2, the map P is a contraction and it maps
from S* to itself.
We next prove that (Py), goes to zero as n goes to infinity.

n—1
Since (1.7), it follows that ,,, [] As goes to zero as n goes to infinie. We have only to prove
8=ng
n—1
Y N atF(pi—m,) H As,(n 2 ng) — 0 asn — oco. Let p € S* then |p,—m.| < €. Also,
=np s=l+1
SINCE Py —yy,, — 0 as n —m,, — oo, there exists a n; > 0 such that for n > n,, [pn_m,| < € for
51> 0.

Indeed, by the condition (1.7), there exists no > n; such that

15 <

€1
— Yn > ns.

ae?
s=n,
Ience. for all n > nq, we have
n-1 r n—1 n—1 r n-1
2_-. >_-‘“;F('r"r—m,] ll As| € Z L(}:F(‘Fr-m,) H As
1=1 s=t+1 t=ng |1=1 s=t+1
n; —1 r n—1 n— n-1
1 T
E a.‘,F(‘pt—mt) H As| + _)__ ”f (Pt—me) H As
t=ng |1=1 s=t41 l=ny |t=] s=t+41
ny—1 r n—1
2 -
<SS T mZZ:HA
t=ng |i=1 s=t+1 t=n, |i=1 s=i+1
ny—1 n;—-1
Srzg E “fH HA + ela
t=ng {i=1 s=t+1 s=n,
ny—1 T 1’11—1
< g HA E o H)\, + 61
8=71 t=ng {i1=1 s=i+1
n—1 e
] .
< o H As| +ela < €a- 2—+efoz.
pn E“ly
=n

<& -f-Efa.
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Now, by the above, it follows that (Pg), =+ 0 as 1 -+ ou. By the contiaction inapping piincipic, I
has a unique fixed point that solves (1.1) and goes to zero as n goes to infinity. The proof is complete.
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