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On the set o f  periods for periodic solusions o f some linear 
differential equations on the multidimensional sphere 5"
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A b s t r a c i .  T he prob lem  about periodic so lu tions for the fam ily  o f  linear differential equation

 ̂ d  ^
L a  = ~  a A  Ii(x, t) — ưG {u  “  / )

\ i d t  J

!S considered  on the m uitid im ensiona l sphere X  E  5 '*  un d er  the per iod ic ity  condition  ĩ i \ t = o  —  

uịt^b and ỉ/(.r, t ) dx  — 0.
Here a  is g iven  real, is a fixed com p lex  number, G u ( x ,  / )  is a linear integral operator,  

and A  is the Laplacc operator on It is sh ow n  that the set o f  parameters {ư , b )  for w h ich  

the  above p rob lem  adm its  a un ique  solution is a m easurab le  set o f  full m easure  in c  X 

riiis work further develops part o f  the authors’ result in [1, 2], on the problem on the periodic
solution to the equation (L  -  X)ii — ư G {a  -  / ) .  Here L  is Schrồdinger operator on sphere 5 "  and A 
bclonựs 10 ihe spectrum o f  L. Particularly, the authors consider the case that A is an eigenvalue o f  L 
( the case which can be always converted to the case A 0 ). It is shown that the main results are all
right (but) on the com plem en t  o f  eigcnspace o f  A in the dom ain  o f  L.
1. We consi i icr  llie prohlc i i i  on  perinrlic solut ion' ;  for  the  non loca l  SchrỉSdingcr t;ypc eq u a t io n

(lẳ ^

with these conditions :

u\t^o ^  /  Ii{x, t )dx  ^  0. (2)
Js^

Mere ỉ t ÌJ \ t )  - is a complex function on X [0,6], 5^  ̂ - is the multidimensional sphere, n  > 2; 
a ệ- 0, V - arc given complcx numbers, / ( x ,  /) - is a given function. The change o f  variables t =  br 
reduces our problem to a problem with a fixed period, but with a new equation in which the coefficient

o f  the r ~  derivative is equal to -  :
h

1 Ỡ

i b d r
~ a A u (x ,  br) = ưG {ĩi{x , br) -  f { x ,  b r)) .

/

2. Thus, problem (1), (2) turns into the problem on periodic solution o f  the equation

n _ d _
y I bdt

Ĩ A I  =  -T-r------ a  A xi{x ,t)  = ư G { u { x , t )  -  f { x , t ) ) ,  (3)
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with the following conditions:

w|i=:0 == íí|í=:ỉ, /  u { x , t ) d x - ^ Q .  (4)
J s ^

Here Gu [ x ,  t) — ị  (j{x, y ) u{y ,  t ) dy  (dy  is the Lebesgue-llausdoríĩ measure on the sphere 5^*) is an
Js^

inteirral o p e ra to r  on  th e  s p a c e  /^ 2 (5 "  X [0. 1]) w ith  sm o o th  k erne l  d e f in e d  on 5 ” X 5 "  su ch

that

[  g { x , y ) d x =  0 (5)

for all y in S'".
1 Ỡ

The difFereritial operation  -----a A  is assumed lo be defined for the functions u ( x , t )  G
i bot

Qocị^gn ^  ịq  ̂ and with the condition I i { x , t ) dx  =  0. Let L - denote
1 Ỡ

the closure o f  this operation - - - —  (lA  in w  — />2(5 '̂  X [0, l l ) .  So an element w t  7Í belongs to
i b o i

the domain V { L )  o f  L — —  a A  , if  and only if  there is a sequence {Wj} c  c ^ ( 5 "  X [0,1])

and Uj dx  — 0, such that liniiZj ~  u,  l i m L u j  ~  L u  in H.  Let Ho  is a subspacc 
o f  s p a c e  L 2 ( 5 '^  X [0, I ) ,

Hự) ^  {ỉi(x, /) e  /^2(5 " X [0. 1]) I i  u { j \  f ) d x  ()}.

It is well known that the eigenvalues o f  the Laplace operator A on the sphere 5'^ are o f  the form 
—k{k  +  n  — 1), /c G z ,  /l' >  0 and that A  admits the corresponding orthonormal basis o f  eigenfunctio ■ 
Wk{x)  €  c ^ (5 ^ 0 ( s e e ,  e.g [3]).
L em m a 1. The func tions  /) ~  k , m  e  z ,  k  > 0 are eigcnfim ciiom  o f  the
operator L in the space H q that correspond to the eigenvalues

2 in 7ĩ , ., ^. 2 mix
>̂ krn ^  -I- ri -  1) +  Xk

These functions fo rm  an ortìĩoìĩormal basis in Ho- The domain o f  L  is ịịiven by the fo n m d a

X^(Z/) — { u  “  5 3  ^^km^krn I ^  " I ^  Co}
7n,k£ ,k>0

The spectrum ơ{ L )  in the closure o f  the set {A^:rn}- 
Lemma 2.

\ G \ f  < MỒ = [  [  \g{x, y ) \ ‘̂ ( l x d y .
J s ^

Proof. We have

G u ( x ,0 p  =  | [  g { x , y ) n { i j , t ) d y f  <  [  \ g { x , y ) \ \ k j  Ị  \ u i y j ) \ ^ d y  
J s ^  J s ^

|G u ( x , i ) | | ^ =  i  Ị  \G x i{x , i ) \^d x d t  <
Jo J s^

/  [  (  Í _ \ 3 { x , y ) \ %  f \ u{y , t ) \ ' ^dy)  d x d t
Jo Js" KJS’̂ JS’' /

( G ,
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G'u(.r, t)

| | G | |  <  Mo-

I'he Ic'mma is proved.

\ \ c  note that the Laplace operator is formally selfadjoint relative to the scalar product {u , v )  -

/  u(x)v{x) (Lr  on the space C '^{S '^ ) ,  The product A x  o G  =  coincides with the integral

operator with the kernel A r ( ; (x ,y ) .  Let the function Ay~g{x. v)  be continuous on 5 "  X We put 
A / - m a x { | | A , G ’i | , | |G ’l|}. "
L em m a 3. Lcl (' - C u  ,k>o^'kynekm, then

<̂ /  [  \ g{ x , y ) \ ^ dxdy  [  Ị  \ u { y , t ) f d y d t  -  M ^ \ \u
J s "  J s"  J s "  Jo

2
i k i k 4 71 - (7)

w l w e  (H,n =  ei,,n), and Y ,
Proof. Since the Laplacc operator is selfadjoint, for '̂ >  0 we have

^ h n  ~  {‘̂ x G u ^  ^km) ~  (Gzi, t)) — (Gli, ~ki^k  +  n  — t))

akm  ^  +  n  -  l ) ( ơ u ,  Ckmix,  t))  ^  - k { k  +  n  -

ll follows that

^  i k{k +  n - l ) ) ^ '

By the Parseval identity, we have Y1 \f^krn\'^ — | |^ x G i i | |^  <  whence

0(h

Vh <
A Í

{ k { k - h n  -  1) )2 - 

The lemma is proved.

Wc assume that a IS a real number. I hen by Lemma 1, the spcctrum ơ ( L )  lies on the real 
axis. Most typical and intercslintĩ is the ease where the number ab/{27T) is irrational. In this case, 
0 /  A;̂ .,nVA:, r/ỉ e  z, k  > 0 and llie li.Wcyl theorem (sec, e.g., [4]), says that, in this case, the set o f 
the niimbers is cver>'vvhcrc dense on R  and ơ { L)  — M. Then in the subspace Ho  the inverse 
operator L ~̂  is well defined , but unbounded. The expression for this inverse operator involves small 
denominators.

r - l  /  .X _  ^ ^ k r n
L v { x , i )  -  > ^ e k r n .

'^km
where Vkm is tlie Fourier coefllcient o f  the series

l/(x, t) — ^   ̂ ^Arn^fcm*
A:,mG ,fc>0

F̂ or positive numbers Ơ and c, let Aa{C) denote the set o f  all positive b such that

c

(8)

^ h n  > (9)

for all in, k  e  z , k  > 0 .
This definition shows that the set Acj[C) extends as c  reduces and as Ơ grows. Therefore, in 

wha! follows, to prove that such a set or its part is nonempty, we require that c  >  0 be sufficiently



172 D K ỉỉo i /  VNU Journal o f  Science. Mathematics - Physics 25 (2008) Ĩ69-Ỉ77

small and Ơ sufliciently larae. I.et Arr denote the union o f lh c  sets over all c > 0. If inequality
(9) is fulfilled for some h and all k\ then it is fulfilled for m  =  0; this provides a conditioii necessary 
for the nonemptiness o f  Acr{C):

c < k^+^^ịnkik + n -  1)1 V A- > 0 . ( 10 )

We put d =  7rỉrn*.ỆZ +  n -  1)1 >  0.
T heorem  1. The seis /lcr(C), Aa are Borel. The set Aa has fu l l  measure, i.e.. its complcmeut to ĩhe 
half4ine is o f  zero measure.

oc

Proof. Obviously, the sets A( j {C)  are closed in The set A a  ~  A a { \ / r )  - is Borel. beinu a
r  =  I

countable union o f  closed sets. Wc show that Acr has full measure in . Suppose Ò, / >  Í). c < 7 ; 

vve consider the complement (0, i ) \A a { C ) .  This set consists o f  all positive numbers h, for which there 
exist 777, k, such that

Solving this inequality for h, we see that, for rn, k  fixed, the number b form
m R i  \ vvhf»rf» 77) =: 1 9

11

an interval Ik.rn —

2 tt 2 tt
—

n k { k  +  71 -  1)1 +  \ ak{k + n  -  l)i U l+ a

The length o f  Ikrn is rnỗi^, with

4 n C k

Since c < -  by assumption, vvc have

ỏk <
IGttC

12
3Ả-'+' |̂aA-(Ả- +  n  -  1) |2 '

f-'or Ả' fixed and m  var> iiig, there are only finitely many of  intervals Ikm  tliat intersect the given segment 
(0 ,/ ) .  Such intervals arise for the values o f  7n =  1 ,2 .. . ,  satisfying m cik  < /, i.e.,

0 <  m  <  : ^ i \ a k i k  +  n  -  1)1 -f

Since <  ị \ a k { k  + ĨI -  1)1, we can write simpler restrictions

I 3 I
0 <  m  <  ^ ^ \ a k { k  +  -  1)1 <  ^ \ a k { k  +  n  -  1)

27T 2 7T

The measure o f  the intervals indicated ( for k  fixed ) is dom inated by SkSk,  where Sk = Sk{l) 
is the sum o f  all integers m  satisfying (13). Summing an arithmetic progression, we obtain

Sk < ~ \ a k { k  + n  -  l ) \ { l \ ak{ k  + n  -  1)1+  7t}.  ( M )

on ÌÌI :

'13
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l’assinv» to the union o f  the intervals in question over k and m , and Iising ( 12), we sec that

where
k=0

8/{/ | aẢ:(Ả:  +  n - l ) |  +  7r}

Observe that the qnantitv
k=0^  37rk^'^^\ak(k  +  n  “  1) 

I ( lk(k  +  71 — 1) -j- 7T
7T

is dominated a constant D:  therefore,
a k { k  +  n  ~  1)

A:=l

We have
/i((0 , /) \  A , )  <  / i ( (0 , /) \  /U ( C ) )  <  CS{1)  VC >  0.

It follows that ; i ( ( 0 , 1} \  A a )  =  0 V/ >  0 . Thus,/i((0, oo) \  A ^ )  — 0 and A a -  has full measure. The 
ihcorcin is proved.
T heo rem  2. Suppose (]{x, y)  is a function defined on  X 5 "  such that the function  A j:g{x , y) is 
i'oniifiiious OỈÌ S ' '  X S ' '  and  g{x ,  y ) d x  ^  0 My e  5 " .  Lei  0 <  Ơ <  1, and let b e  Aa{C) .  Then in 
the space Hi) the inverse operator L~^ is well defined, a nd  the operator o G  is compact.
Proof. Since h e  /lcr(C), we have 7̂  0 V k , r n  e  z ,  k  > 0 so that is well defined and

ĵ ,24-2cr
looks like the expression in (8). Observe that l i ir i——---------------^  =  0 as /t' -+ oo. Therefore, given

{k[k  +  n  -  1))

s > 0. we can find an inlcíĩcr ko > 0, such that ^  ^  for all k  > k(). We write
[ k ( k  I It  1)) '^  A / ‘

L  ‘ i’(x, t) = Q u ,  V -f Qko2 '̂ i, V =  G’ii,

where

Qko2 V ^  > ^ e k r n -
>̂ km . _  Al-m

i'or the operator ĈẲroi hẵ\c

O bser\e  that if  0 <  A* <  Ả'o, then

()<Ẩ:<Ả:o

Vk

k>kQ 

2

lini -

0<k<ko

1

|Â -rn

2m7T
=  0

"Ị- ữ k [ k  71 — 1)

as |m| 00. Therefore, the quantity
2m 7T

-(- ữkị^k -f' 71 — 1)
is dominated by a constant C{ko) .

I'hcn

Q ; c o i t - |P < 5 ] |n .m p C ( A :o ) < C ( f c o )  

which means that Qkoị is a bounded operator.
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Coiisidcr llic operator o G.  By Lciiinia 3 and (9), \vc liavc

IKA-02
Vk

k>ko I A*.-,'Til

Z ' '^ L n  / 1 \ 2 j , 2 + 2 a  ^  I  ̂ V "  I „  2 ^  ^

, /  { k{k  +  n  -  1 ))2 * c   ̂ ^  -^>ko k>k(j

Consequently, IKA'02 ° G | |  <  £.
Since G  is compact and is bounded, o G  is compact. Next, we have

l i ^ " ‘ oG-C>;i-o, o G | |  =  | | Q , „ , o G | | < f .

Thus, we see that the operator L~^ o G  is the limit o f  sequence o f  compact operators. Therefore, it is 
compact itself. The theorem is proved.

We denote K  — Kị, — L~^  o G.
Theorem  3. Suppose b €  A a { C) .  Then problem (I) , (2) admits a u ii iqueperiod ic  solution wiih period  
h fo r  all e  c ,  except, possibly, an at most couutahle discrete sei o f  values o f  y.
Proof. Equation (1) reduces to

1 _  r - l

We write L   ̂ o G  -  -  ~  /v -
V Ư

Since K  — o G  is a compact operator, its spectrum o { K )  is at most countable, and th( 

limit point o f  cr(A') ( if  any ) can only be zero. Therefore, the set 5  “  0 I -  G ơ { K ) }  is at most

connfable anH fiiscrete, and for all Ư ^  0 , ư ỷ  s  the operator ( K  — —) is invertible, i.e., equation ( 1) 

is uniquely solvable. T he theorem is proved.

Wc pass to the question about the solvability o f  problem (1), (2) for fixed Ư. We need to study

the structure o f  the set i?  c  c  X K \  that consists o f  all pairs (i/, 6), such that // 7̂  0 and -  ị  niKf , ) .
Ư

where Kị, — L~^  o G.
T heorem  4, E  is a m easurable  se t  o f  fu ll  measure in c  X 

For the prooi', wc need several auxiliar\ statements.

L em m a 4. For a?iy e > 0 (here exists an integer k() such that ||/\fo — Kh\\ < s f o r  all b G 0 <

O' <  1, where r  ~  1. 2 ,

r ' „  r — 1 , '̂Ẳ:m y r  '^^krn
h t u  ^  Lb ^   ̂ ỉ^bU ^  ^

0 <k<ko Ằ,rn{b)
("km  ■

u 2 + 2 ơ

Proof. Observe that for any e >  0 there is an integer ko such that <  (

k > k'Q, 0 < Ơ < I. We have
{k{k  + n -  1))2 ^  V A /

for all

( / Ú  -  K , ) u  = ^krn
k>ko
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u
k > k o

I'hus l | / ú  -  ĩ < b \ \  == l l ^ Ú - o ò i l  <  e ã s  required.

1
L em m a 5. The operator-valued func tion  h —* Kịy is continuous f o r  b G A(y(“ ).

Proof. Suppose 6, b -f AÒ G .4cr(-)  and ^ >  0. By Lemma 4 there exists an integer /I'o { independent 

0 ĨhJ)-\^ ù^b) such that ||/v^6 -  / ũ l l  ^  \\ỉ<kob\\ < e and ||/V6+A6 -  /<̂ 6-rA6|| ^  I I N e x t ,

-  Afc =  (Aò+Aò i'^koib+Ab)) “  +  ỉ^^kob),

w hence wc obtain

I|A'6+A6 -  / h | |  <  | | iv 6+A6 -  A'fcll +  +  ||/U-o6

Consider the operators Kb+Sb^ I^b- We have

^ ^ y n { b  +  A f e )  X k m { b )
0 < k < k o

||/ú„ - E I'i’fcni 477*2^2

\ \ k r n { h + ^ b )
(15)

If 6 I A 6 G / l a ( - ) ,  1 <  />■ <  A'o, 0 <  Ơ <  1, then

riic relation liin

■irn^TT^

|A,„ ,(6  + AÒ) 

4 n i V ^
=  and the condition I  <  k  <  k ( )  imply that the quantity

' 2 ì ì ì ~
' — ị a k ( k  Ị ÌÌ -  \ ) 
I)

is dominated by a constant C { k o )  depending  on k o -  Therefore

| A 6

\b{b +

m

r k , n \ 47 m 27t2

1 <lc<ko
A ,,„(ò +  A ò) | 2 | A , ^ ( ò) 2 <

\ b { h + A b )  

Ị A Ò 2

1 0 ( 6 + Afe)
\ < k < k o

Si net

\< k< ko

u
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we arrive at the estimate

|A 6|'

Wc choose A h  so as to satisfy the condition

|A 6|2

6(6 + A 6)|2

M'^rh-o^C{ko)  < e.

M' ^r^ko^C{k( ) ■

Then II/Ú+AÒ 

ylcr(-). The Lemma is proved.

|6(6 -f A6)|2

<  3c. This shows that the operator-valued function b Kh  is continuous on

Lem m a 6 . The s p e d  m m  a { K )  o f  the compact operator K  depends continuously  on K  in the space  
Comp[H{)  ) o f  compaci operators on Ho, in the sense that f o r  any e there exists Ỗ > (} such (liaf fo r  
all compact ( a m i  even h o u n d e d ) operators D with \\D — /v II <  Ỗ H'e have

ơ ( B )  c  a { K )  +  K,(0), a [ K )  c  a { B )  + (16

Here Ve(0) — {A € c  I |A| <  £} is the e-neighborhood o f  the po in t  0 in c .
Proof. Let K  be a compact operator; we fix £ > 0. The structure o f  the spectrum of a compact operator 
shows that there exists <  e /2  such that E\ |A| for all A 6 o { K ) .  Let s { À Ị ,  . . Aa:} be the
set o f  all spectrum points À with |A| >  and let V” ^  [ J  Vei(A). Then V  is neighborhood of

A65u {0}
ơ { K )  and V' c  ơ ( K )  I r . ( 0 ) .  By the well-known property o f  spectra ( see, e.g.,[5], Theorem 10.20) 
there existi Ồ > 0 such that a { B )  c  V  for any bounded operator D  with \\D — /v II <  s.  Moreover 
(see, e.g., [5], p.293, Exercise 20), the number Ổ >  0 can be chosen so that ơ { B )  n  7̂  ^
VA E 5  u  {()}. Then for all bounded operators D  with Hi? — / \  II <  Ò the required inclusions
ơ { K )  c  o{ D)  -f V'2, , ( 0 ) c  ơ[ D)  4- v ,{0 )  and ơ ự 3 )  c V  c  a [ K )  -f v ,{ 0 )  are fulfilled. The lemma 
is proved.

It is casv to deduce the following statement from Ixm m a 6 .
Proposition 1. The funclion  p(A, A') -  d i s t { X , ơ { K ) )  is continuous on  c  X Coinp{7i{)).
Proof. Suppose A E c ,  K  G Coĩnp{Hị))  and £: >  0. Bv Lemma 6 , there exists Ỗ > 0 such that for any 
operator / /  lying in the (5-neighborhood o f  K , \\H  -  A'll <  Ỗ, the inclusions (16) are fulfilled; these 
inclusions directly imply the estimate |/)(À, K )  -  p(A, / / ) |  <  e. Then  for all /Í 6  c  with I// -  A| <  £• 
and all / /  with \\H  -  A'll <  Ỏ we have

p(/i, A') -  p(A, / / ) |  <  A') -  p(A, A')| -f |p(A, / \ ) -  p(A, / / ) |  < \fi -  x\ e < 2e,

Since £ >  0 is arbitrary; the function p(A, K )  is continuous. The proposition is proved.

Cornbinirm Proposition 1 and Lemma 5 vve obtain the follovvinii fact.

C oro lla ry  1. TỈÌC funciion p{XJ) )  ~  d i s t { \ ^ ơ { K ị ) )  is continuous on  (À,fe) G c  X .4 ^ ( - ) .

Now we arc readv to prove Theorem 4.
Proof o f  Theorem 4. By Corollar\' 1, the function f ) { \ / u , b)  is continuous with respect to the variable

{u, 6) €  (C  \  {0}) X .4 ^ (~ ) .  Consequently, the set

Dr { { I ' M  I p( l / / ^, 6)ỹẾ0,  h E A „ { - ) )



IS mca.suiablc, and so is the set B  =  U r/ir-  Clearly, / Í  c E  and / Í  — z? u Ữ0, where Bq ~  E  \  B. 
Obviouisly, I3{) lies in the set c  X \  Acj) o f  zero measure ( recall that, by Theorem Ị, Afj  has 
full measure in ). Sincc the Lebesgue measure is complete, Do is measurable. Thus, the set E  
is measurable, beitm the union o f  two measurable sets. Next, by Theorem 3, for b G Afj  the scction 

--- -Ị G c  I (ư.h)  G F }  has full measure, because its complement { l / i ^  \ E ơ{Kị , )}  is at most  
countable. Therefore, the set / Ĩ  is o f  full plane Lebesguc measure. The Theorem is proved.

The following importanl statement is a conscqucnce of  Theorem 4.
Coroll j r \ ’ 2. For a.e. G c ,  prohlevi (I), (2) has a unique periodic  solution wilh almost every' 
period I)
Proof. Since the set E  is measurable and has full measure, for a.e. z/ G c  the section E y — [b ^

Ị (-a/;) E E }  : - {h e  IX^ Ị ì / ư  Ệ a(A'/j)} has full measure, and for such / / s  problem (1), (2) has 
unique periodic solution with period h. 'I'he Corollar} is proved.
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