VN Journal of Scicnce, Mathematics - Physics 25 (2009) 249-259

Non-commutative chern characters
of the ¢--algebras of the sphers

Nguyven Quoc Thos
Department of Mathematics, Vinh University, 12 Le Duan, Vinh city, Vietnam

Received 8 September 2009

Abstract. We propose in this paper the construcion of non-commutative Chern characters
of the " —algebras of spheres and quantum spheres. The final computation gives us clear
relation with the ordinary Z/(2)—graded Chern chracters of torsion or their normalizers.

Kevworks. Characters of the (" —algebras.

1. Introduction

For compact Lic groups the Chem character ch : K*(G)&Q — 1],,,(G; Q) were constructed.
In [4]-[5] we computed the non-commutative Chern characters of compact Lie goup (" —algebras and
of compact quantum groups, which are also homomorphisms from quantum K —groups into entire
current periodic cyelic homology of group €' » —algebras (resp., of C'* —algebra quantum groups),
chee s W ACH(GY)) —— HE(C(G))), (resp., ches @ K(CXHG)) — HE(C(G))). We obtained
alao the cortesponding algcbiae vesion iy © W (O (G ) —— H P (C7(G))), which coincides
with the Fedosov-Cuntz- Quillen formula for Chern characters [5]. When A C* (G we first
computed the /X —groups of C7(G) and the I I (C? (G)). Thercafter we computed the Chern character
che - N (O A EACH(G))) as an isomorphism modulo torsions,

Using the results from [4]-[5], in this paper we compute the non-commutative Chern characters
ches o KL (A) - HEL (), for two cases A = C*(8™)), the C* —algebra of spheres and A -
TS the €7 -algebras of quantum spheres.  For compact groups ¢ — O(n + 1), the Chemn
character ch + K*(S") = Q —— HJ,,,(S™; Q) of the sphere S™ — O(n + 1}/O(n) is an isomorphism
(se. [15]). In the paper, we describe two Chern character homomorphisms

chee : K (C*(S™)) — HE(C*(S")),
and

chew s Ko(CT(8")) — HEL(CZ(S™)).
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Finally, we show that there is a commutative diagram

che

K. (C*(S") —— HE,(C*(S"))
K.(CN©)) —2€% HE.(C(NT))
K*(N7,) —2— HEL(Nn))

(Similarly, for A = C*("), we have an analogous commutative diagram with 11" x S! of place of
IV x §™), from which we deduce that che- is an isomorphism modulo torsions.

We now briefly review he structure of the paper. In scction 1, we compute the Chern chracter of
the C* —algebras of spheres. The computation of Chern character of (' (S™) is based on two crucial
points:

i) Because the sphere S™ = O(n + 1)/0O(n) is a homogencous space and (" —algebra of S™ is
the transformation group C*—algebra, follwing J.Parker [10], we have:

C*(S™) = C*((O(n)) ® K(L3(S™))).

ii) Using the stability property theorem K, and H E, in [5], we reduce it to the computation of
C* —algebras of subgroup O(n) in O(n + 1) group.

In section 2, we compute the Chern character of C* —algebras of quantum spheres. For quantum
sphere S™, we define the compact quantum C* —algebras C(S™), where ¢ is a positive real number.
Thereafter, we prove that:

c:sm~cishHo P [ K(H,

eAwc W

where K(H_ ;) is the elementary algebra of compact operators in a separable infinite dimensional
Hilbert space H_,; and 1V is the Weyl of a maximal torus T,, in SO(n).
Similar to Section 1, we first compute the K,(C;(S™) and H E,(C'7(5"), and we prove that

chee t Ko(C2(S™) — HEL(CT(S™))

is a isomorphism modulo torsion.

Notes on Notation: For any compact space X, we write A*(X) for the Z/(2)— graded topo-
logical K —theory of X. We use Swan’s theorem to identify K'*(X) with Z/(2)— graded K*(C(X)).
For any involution Banach algebra A, K.(A), HE.(A) and H{ P,(A) are Z/(2)— graded algebraic or
topological K —groups of A, enire cyclic ho.nology, and periodic cyclic homology of A, respectively.
If T is a maximal torus of a compact group G, with the corresponding Weyl group W, write C(T)
for the algebra of complex valued functions on T. We use the standard notation from the root theory
such as P, P* for the positive highest weights, etc... We denote by Al the normalizer of T in (5, by
N the set of natural numbers, R the fied of real numbers and C the field of complex numbers, €2 (N)
the standard ¢? space of square integrable sequences of elements from A, and finally by C*(G) we
denote the compact quantum algebras, C*(G) the C* —algebra of G.
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2. Non-commutative Chern characters of ' —algebras of spheres.

In this section. we compute non-commutative Chern characters of C* —algebras of spheres.
Let A be an involution Banach algebra. We construct the non-commutative Chern characters che.
KJA) — HE.(A), and show in [4]} that for C*—algebra C'*((') of compact Lie groups G, the
Chern character chee+ 1s an isomorphism.
Proposition 2.1. ([3], Theorem 2.6) Let I be a separable Hilbert space and I3 an arbitrary Banach
space. We have

K(H)) =~ K.(C);

K(H)) ~ K.(DB)

111;( C(I)) = IHE,(C)
HE.(B®K(H)) ~ HE.(B),

where K(1E) 1s the clementary algebra of compact operators in a separable infinite dimensional
Hilhert spuce H.

Proposition 2.2. ([5], Theorem 3.1) Let A be an involution Banach algebra with unity. There is a
Chern character homomorphism

chee : Ko(A) — HEL(A).

Proposition 2.3. ([5], Theorem 3.2) Let (v be an compact group and T a fixed maximal torus of
G owith Wevl W .= A /T. Then the Chern character che - K, (C*(G)) — HE (C*(G)). is an
tsomorphism nodulo torsions. ie.

et K(CHE) B C ——— HEL(C*(G)),

wiuch can be wdentified with the classical Chern character
chee : Ko(C(NT)) — HE(C(NT)),

thai is also an 1somorphic modulo torsion, i.e

h: K. NT)®@C —— H})u(Nr).

Now, for ™ — O(n + 1)/0O(n), where O(n),O(n + 1) are the orthogonal matrix groups. We
denste by T, a fixed maximal torus of O(n) and Ap, the normalizer of T, in O(n). Following
Pronosition 1.2, there a natural Chern character che- @ K, (C(S")) — HE,(C(S™)). Now, we
conpute first K, (C(S")) and then HE.(C(S")) of C* —algebra of the sphere S™.

Probosition 2.4,
HE.(C(S") = H} (T.).
Pro)f. We have

HEA(C(S") — HE.CO(n+1)/0(n)))
HE.(CT(On)) @ K(L*O(n+ 1)/O(n)))
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(in virtue of, the K (L2(O(n + 1)/(Xn)))) is a ' » —algel.ra compact operators in a separable Thlbert
space L2(O(n + 1)/0(n)))

>~ HE(C(O{n))) (by Proposition 1.1)

>~ HE(C(N7)) (sce5]).
Thus, we have HE,(C*(S")) ~ HE*(C(NT,)).

Apart from that, because C(Ar, ) is then commutative " —algebra. by a Cuntz- Quillen’s result
[1], we have an 1somorphism
HP(C((NT,)) = Hpp(N,)).
Moreover, by a result of Khalkhali [8],[9], we have
ITP(C((N1,)) = HEA(C((Nt,)).
We have, hence
HE.(C*(S™) ~ HE*(C(Nt,))= P (C((N1,))
> Hpp(Nt,) = Hpp(Nr,,)  (by [15]).

Remark 1. Because f1)},,(AT, ) is the de Rham coliomology of T,,, invariant under the action of the
Wey! group 1V, following Watanabe [ 15], we have a canonical isomorphism H}},,(T,) = H*(SOn)
A (x3,r7,...,02,43), where x9,13 = o'(p,) € H?"'3(SC(n)) and o* : H(BSO(n), R) —
H*(SO(n), R) for a commutative ring i witha unit 1 € I?, and p, = o, ({3, 13, ..., t2) € H» (BT, Z)
the Pontryagin classes.

Thus, we have
HE.(C*(S™) = A (3,27, ..., T2143)-

Proposition 2.5.
K. (C(S™")) = K*(HT,)).
Proof. We have
K. (C(S™)) K.(C(O(n + 1)/0(n}))

~ K (C*OM) ®K(LAO(n + 1)/Om)))  (see [10])

~ K. (C*(O(n))) (by Proposition 1.1)

> K.(C(Nt,))

= 1\"(NTn|) (
Thus, K.(C(5")) > K.(A7T,).
Remark 2. Following Lemma 4.2 from |

K. Nt,) =~ K*(SO(n+1))/Tor
(ﬁ(Al)v """ d(’\71—335n+l))
where 3 : R(SO(n)) — K- (SO(n)) be the homomorphism of Abelian groups assigning to each rep-
resentation p : SO(n) — U(n + 1) the homotopic class 3(p) = [inp] € [SO(n), U] = K~ (SO(n)),
where i, : U(n+ 1) — U is the canonical one, U(n + 1) and U by the n — th and infinite unitary
groups respectively and £,,,1 € K ~}(SO(n + 1)). We have, finally

K*(CH(SM)) = A (B(M), o BAn—s, Ens1).

by Lemma 3.3, from [5]).

5], we have
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Moreover, the Chern character of SU(n + 1) was computed in [14], for all n > 1. Let us recall
the result. Define a function

O NxNx M— Z,

given by

L ([ n
et B.g) >_-_(__1J1 Ik;‘. n 1},4

i=]

Theorem 2.6. Lot T, be a fixed maximal 1orus of O(n) and T the fixed maximal torus of SO(n),
with Wevl groups W .= N /T, the Chern character of C*(S")

chee : K(CY(S™) — HE(C*(S"))

is an isomorphism, given by

che(3(A)) = Z((—l)'—IQ/(QL— Dio(2n + 1,5, 20) 29,41 (k=1, ..., n-1);
1=1

che{ener) Z((-l) 2/(2e - 1)! )((.;Z o(2n + 1,k,20) x4y,
1=1 P |

Proor. By Proposition 1.5, we have
K(C(S7) = K (C(Ny,)) = K (N,
and
HE(C*(S")) = HEAC(Ny,)) > H] (N, ) (by Proposition 1.4).
Now. consider the commutative diagram

RKCT(S™) L HE(C(S™)

i o - 'hl"{“ < ,
K.(C(N7,)) HE.(C(N7,))

~

- ch .
K*(N7,) HE (N1
Morcover, by the results of Watanabe [15], the Chemn character ch @ K* (N, ) & C — H},,(NT,.))
1s an isomorphism
Thus, ches « Ko (C*(S8")) — HE,(C*(S")) is an isomorphic (Proposition 1.4 and 1.5), given

by

che-(B(A)) = D ((=1)'7'2/(20= DHg(2n + 1k, 20)aa1 (k=1, ..., n-1);
1=

T n

ches (Enst) Z((— 1)1—-1'3,' 20— 1) ((2” Z (2n + 1,4, ))J 2i41s

1= t=1



254 N.Q. Tho / ¥NU Journal of Science, Mathematics - Physics 25 (2009) 249-259

where
I.' "[Lln ) o .\ [J‘(;\H;j‘('\” {‘:',“1)
11[1.( (S”)) ~ A (J‘3,.1‘7, ...,1‘21‘,..3).

3. Non-commutative Chern characters of C* —algebras of quantum spheres

In this section, we at first recall definition and main properties of compact quantum spheres and
their representations. More precisely, for S™, we define C'?(S"), the C'" —algebras of compact quantum
spheres as the C'* —completion of the *—algebra F.(S™) with respect to the C" —norm, where F.(S5™)
is the quantized Hopf subalgebra of the Hopf algebra, dual to the quantized universal enveloping

algebra U(G), generated by matrix clements of the U(G) modules of type 1(see [3]). We prove that

c:s=cishs @ / KC(H. )t

eFwt

where K(H,, ) is the elementary algebra of compact operators in a separable nfinite dimensional
Hilbert space H_ ; and IV is the Weyl group of §™ with respect to a maximal torus T.

After that,we first compute the K —groups K.(C?(S")) and the HE,(C>(S")), respectively.
Thereafter we define the Chern character of C* —algebras gnantum spheres, as a homomorphism from
K (CI(S")) to HEL(C(S™)), and we prove that che- @ N (CH(S")) — HE(CI(S")) 1s an
isomorphism modulo torsion.

Let G be a complex algebraic group with Lie algebra G =Lie(; and ¢ is real number. = f —1.
Definition 3.1. ([3], Definmition 13.1). The quantized function algebra F. () is the subalgebra
of the Hopf algebra dual to U (G), generated by the matrix elements of the finite-dimensional
U.(G)—modules of type 1.

For compact quantum groups the unitary representations of F.((') arc parameterized by pairs
(w, t), where t is an element of a fixed maximal torus of the compact real form of (¢ and w is a element
of the Weyl group W of T in .

Let A € P*, V,(A) be the irreducible U, (¢)—module of type 1 with the highest weight .
Then V¢ (A) admits a positive definite hermitian form (., .) such that xvy, vo) = (.2 ) for all
vy, v € Ve(A), o € U(G). Let {v}/} be an orthogonal basis for weight space Vi(A), j € I’". Then
U4 vy, } is an orthogonal basis for V. (A). Let C "\ sr () = (rvg, v7) be the associated matrix elements
of V.(A). Then the matrix elements C,f‘w ~(where A runs throngh Pt while (;1,7) and (v, s) runs
independently through the index set of a basis of V() form a basis of F.(G )(sce |3]).

Now very irreducible * —representation of 7. (S L,(C) is equivalent to a representation belonging
to one of the following two families, cach of which is parameterized by S' — {t € C\|t| = 1}

1) the family of onc-dimensional representations 7,

ii) the family =, of representations in €2(N)(see [3]).

Moreover, there exists a surjective homomorphism F.(() — F.(SL,(C)) induced by the
natural inclusion SL,C — G and by composing the representation 7y of F.(SLyC) with this
homomorphic, we obtain a representation of #.(G) in ¢#2(N) denoted by 7, , where s, appears ir the
reduced decomposition w — s,,, Si,, ..., 8;,. More precisely, my, : Fo(G) — L(€3(N)) is of class
CCR(sce [11]),i.e, its image is dense in the ideal « f con.pact operators L£(£?(N)).
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(o4 ]

Then representation 7, is one-dimensional and is of the form
T{C) g 0r) = Orisbpn exp(2mV=1pu()),

if ¢ exp(2rv/—1u(z) € T, for x €LieT(sce [3]).
Propuosition 3.1. ([3], 13.1.7). Every irreducible unitary representation of F.(G) on a separable
Hilhert space is the completion of a unitarizable highest weight representation. Moreover, two such
represeniation are equivalent if and only if they have the same highest weight.
Proposition 3.2. ([3],13.1.9) Let w = s,,,8,,, ..., 8;, be a reduced decomposition of an elementw of
the brevl group W of G. Then

1) The [ilbert space tensor product p_, P (PR I ® 7, & T, is an irreducible

representation of F.(G) which is associated 1o the Schubert cell S

i) Up 1o equivalence, the representation p_,, does nol depend on the choice of the reduced

decc mposition of w:

iii) Every irreducible * —representation of F.(G) is equivalent to some p_, ;.

The sphere S™, can be realized as the orbit under the action of the compact group SU(n + 1)
of the highest weight vector vy in its natural (n + 1)—dimensional representation V. of SU (n + 1).
Iftes, 0<r,s<n,are the matrix entries of V' | the algebra of functions on the orbit is generated

by tnhe entries in the "first column” ty and their complex conjugates. In fact,

-}:{S‘”J - C[‘UO\ ----rnll- ?.U(J- ---'?n{l]/ ™~y

LR

where 7~ 7 s the following equivalence relation
n

tyo ~ E.-,u — L ts()?s() =1.
=0

Proposition 3.3. ([3], 13.2.6). The " —structure on Hopf algebra F.(SLo(C)), is given by
tr, = (=) *qdet(T,,),

where Iy, is the matrix obtained by removing the v'" row and the s column from T.

Definition 3.2, (|3],13.2.7). The " —subalgebra of F(SL, 1 (C)) generated by he elements t,, and
tvw. for s = 0,....n, is called the quantized algebra of functions on the sphere 8™, and is denoted
by F.(S™). It is a quantum S L, (C)=space.
We set z, — 14 from now on. Using Proposition 2.4, it is casy to sce that the following relations
hold in F.(S"):
- -1

P Ty = 252, if 7 < 8
s gl .
=€ 'ziz ifr#£s

] s = sz 4 (€24 )Y, 22l = 0

r

- -
R

. " oa

(CP)

il

y2s.25 = 0.

\ Lus=(
Hence, F,.(S™) has (CI?) as its defining relations. The construction of irreducible * —representation of
Fe(S™), is given by.
Theorem 3.4. (|3],13.2.9). Every irreducible * —representation of F.(S™) is equivalent exactly to one
of the following.
i) the one-dimensional representation poy t € S', given by po,(25) = t=! and poy(z2) = 0
ifr >0,
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i) the representation py,. 1< r <n, tc SY on the Hilbert space tensor prodict (M)

give by
/)r.t(E;)((kl XN.LDer)
el Lakts)(] = 22kt 200, © .. Bk, Dk, +1 Dk, Do, if5<r
f—lg( :- |‘-;_-,-'}f;\] @R ... Qe i~ )
-O if s >r.

The representation py, is equivalent ty the restriction of the representation T, of FAASL,;11C))
5 0] ! ( 7 t € +
(cf.2.3); and or v > 0, p, 4 is equivalent to the restriction of we, = ... =y = T,.

r

From Theorem 2.6, we have

[ﬁl kerp, s = {0},
(. )EW XT

i.e. the representation G e [, pudt is faithful and

dimo_, = -
11] if w # e.

We recall now the definition of compact quantum of spheres C'* — algebra.
Definition 3.3. The C*—ulgebraic compact quantum sphere CF(S") is he C*—complciion of the
*—algebra F.(S™) with respect to the C* —norm

IFLS Sl;P In(Hll, € F(S™)

where p runs through the* — representations of F.(S") (¢f., Theorem 2.6) und the norm on the right-
hand side is the operator

It suffcies to show that || f|| is finite for all f € F.(S™), for it is clear that {|.| is a € —norm,
ie. [If.f*ll = IIfl%. We now prove that following result about he structure of compact quantum
(" —algebra of sphere S™.
Theorem 3.5. With notation as above, we have

@B
Cr(s")y=cshao EB [ KN (H, ¢ )dt,
epmary JS?

where C(S') is the algebra of complex valued continuous functions on S* and K (1) deal of compact
operators in a separable Hilbert space H.

Proof. Let w = s;,.5,,...5,, be a reduced decomposition of the element w € W into a product of
reflections. Then by Proposition 2.6, for r > o, the representation p_, ¢ 1s equivalent to the restriction of
Toy . @, & Ty, where 74, is the composition of the homomorphism of F.(G) onto F,.(SL.(C))
and the representation 7_; of F.{SLy(C)) in the Hilbert space ¢*(N)®"; and the family of one-
dimensional representations 7, given by

Ti(a) = 4, T(b) = Ti(c) = 0, T(d) = ',
where t € S' and «, b, ¢, d are give by: AlgebraF,(SL,(C)) is generated by the matrix elements of

[a

b\
type \c d) . Hence, by construction the representation p,., = Mg, ©...O7;, & 7T,. Thus, we have

s, C2(S") —— CI(SLy(T)) ——=1u L(FAN)®T).
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Now, 7., is CCR (see, [11]) and so, we have m, (CI(S™) ~ K(H,,). Morcover T,(C?(5")) = C.
Ience.

pod(CI(S™) = (ms, 0.8 s, O THC(S™)
= 7, (CIHSM) ® ... @ m,, (CL(S") ® T(C7(SY))
=~ }\',‘(H,.l )@ ... ® :\f(”,ll ) ® C

= K(Ho),

where {1, =, & ... H, ®C.
Thus, Po. ,(C“(S")) = K(H_,).

Hence,

@/ P (C2(S™)) / K(H_)dt.

we welV

Now, recall a result of S. Sakai from [11}: Let .1 be acommutative C* —algebra and 3 be a C* —algebra.
Then, Ch(Q2,. B) >~ A & B, where €2 is the spectrum space of A.
Applying this result, for 3 = K (1) =~ K and A = C(IW xS') be a commutative C* —algebra.

Thus. we have

c:(sm=cish e @ / (H)dt.

eAwelW

Now, we first compute the A, (C?(5")) and the HE,(C:(S")) of C* —algebra of quantum sphere S”.
Proposition 3.6.

HE(C2(S™) > (W x 8.

Proof. We have

HE(CH(S™) = HE( s P [Lllw,dt

eAweEW

HE(C(SYY o HE. €D [/Cllw)dt))

1
ctwew ’S

HE(C(W x S"Y & K (by Proposition 1.1)
HE.(C(W x §Y).

e

174

Since C'(W x S') is a commutative *—algebra, by Proposition 1.5 -§1, we have
HE(C:(S™) = HE(C(W x §Y)) 2 H}, (W x SH).

Proposition 3.7.

K.(C:(S")) = K*(W x S§').
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Proof. We have

Kacis) - meshe @ [ ki

[ Sl 1 J'hl
- !\_{lr‘{sl) ]\'_[ @ [ J’\.{!’)r g)(lf))
etwew 7S
>~ K, (C(W x S K (by Proposition 1.1)

1%

K. (C(W x Shy).
In result of Proposition 1.5, §1, we have
K. (C(W x 1)) =~ K, (11 x §h).
Theorem 3.8. With notation above, the Chern character of C's —algebra of quantum sphere (', (S")
ches - K,(C o (S™) — HE(Cx.(S"))

is an isomorphism.
Proof. By Proposition 2.9 and 2.10, we have

HEL(C:(S™) > HE(C(W x S')) ™~ H},,(W x §'Y),
ILCH(S™) = K J(COWV x 1)) ~ K*(W x §h).
Now, consider the commutative diagram

ches

I\"(CE-(S")) —_— Ilfjm(C:(S"))

KAC(W x 1)) 29 R x 8))
R*(WxS8Y)y —L~ H; (W xSY).

Moreover, follwing Watanabe {15], the ch : A (W x S') s C — [},,(IW x S') is an isomorphism.
Thus, chee + Ko (C o+, (S") — HE(C %.(5")) is an isomorphism.
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