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Abstract. In this paper we study periodic solutions of the equation

0
% (a +aA> u(z, t) = vG(u — f), (1)
with conditions )
Ut=0 = Ut=b, / (u(z),1)dz=0 (2)
X

over a Riemannian manifold X, where
Gu(a,t) = | gl y)utu)dy

is an integral operator, u(x, t) is a differential form on X, A = i(d+4) is a natural differential
operator in X . We consider the case when X is a tore IT2. It is shown that the set of parameters
(v, b) for which the above problem admits a unique solution is a measurable set of complete
measure in C x RT.

Keyworks and phrases: Natural differential operators, small denominators, spectrum of compact
operators.

1. Introduction

Beside authors, as from A.A. Dezin (see, [1]), considered the linear differential equations on
manifolds in which includes the external differential operators.

At research of such equations appear so named the small denominators, so such equations is
incorrect in the classical space.

There is extensive literature on the different types of the equations, in which appear small
denominators. We shall note, in particular, work of B.I. Ptashnika. (see, 2]

This work further develops part of the authors’ result in [3], on the problem on the periodic
solution, to the equation in the space of the smooth functions on the multidimensional tore II". We shall
consider one private event, when the considered manifold is 2-dimension tore I12 and the considered
space is space of the smooth differential forms on II2.
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We shall note that X-n-dimension Riemannian manifold of the class C* is always expected
oriented and close. Let

€ = Bp—oé” = Gpo A (T"X)© C

is the complexified cotangent bundle of manifolds X, C*°(£) is the space of smooth differential forms
and H*(¢) is the Sobolev space of differential forms over X (see, [4]). By A we denote operator i(d-0),
so-called natural differential operator on manifold X, where d is the exterior differential operator and
§ = d*- his formally relative to the scalar product on C*(£), that inducing by Riemannian structure
on X. It is well known (see, [4], [5]) that d + § is an elliptical differential first-order operator on X.
* From the main result of the elliptical operator theories on close manifolds (see, [4]) there will
be a following theorem.
Theorem 1. In the Hilbert space H?(€) there is an orthonorm basis of eigenvector { frn}, m € Z, of the
operator A = i(d+6) that correspond to the eigenvalues A, Else My = ipirm, pim € R, A = —Apy
and —— — 0 when m — oo.

[Aml|
Proof. This theorem was in [5].

The change of variable ¢ = b7 reduces our problem to a problem with a fixed period, but with
a new equation in which the coefficient of the 7-derivative is equal to 1/b :

(o= + ald+ 8))u(a,br) = vG(u(a, br) ~ £(a,br))
2. Thus, in 12 = R?/(2Z)? problem (1)(2) turns into the problem on periodic solution of the equation
8 - "
Lu= (m +a(d + 8))u(z, t) = vG(u(z, t) — f(z,1)) (3)
with the following conditions:
wlemo = Uit [ (u(z), 1)dz = 0. ()
- ]TQ,
Here
UO(.'E, i) 'u,{)(l‘ i)
_ 1 g2 ol 2 ui(z,t) | _ ul(:.-: t)
u(z,t) = (1 dz! da? da' Adz? ) et | = | et
us (.’L‘, t) HS(I. t)

- complex form with coefficient dependent for ¢, ¢ € [0,1]; a # 0, v are given numbers,

(u(@), v(2)) = uo(2)vo(x) + wi(2)v1 () + uz(2)va() + us(x)vs(x),

Gula,t) = [ ole,vuly, Oy

is an integral operator on the space Ly = Lo(H?(€), [0, 1]) with a smooth kernel

g(I,y): (gij(may))7 ZaJ: 73
defined on II2 x I12 such that

/nz ( goo(z,y) gor(2,y) go2(z,y) gos(z,y) )dzr =0 vy eII”.
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1.0 10
W th tor - (— + aA) = —— +
e assume that operator ( : a ) ib Ot

u(z, t) € C°(C*(£), [0, 1]), with these conditions

| b=l e 21, / (u(z),1)dz = 0.
112

a(d + &) given in the differential form space

Let L -depote the closure of operation 1()88 + a(d + 8) in La(HO(£),[0,1]). So, an element

1
u € Lo(HO(€), [0, 1]) belongs to the domain D(L) of operator L = —(% + aA), if and only if there
is a sequence {u;} € C®°(C*(£), [0, 1]) ujlt=0 = ujle=1, [z (u;(x), 1) dz = 0 such that hmuj =u,

lim Luj = Lu in Ly(H(£), [0, 1]).
Let H-denote a subspace of space Lo(H?(£), [0, 1])

H = {u(®, 1) € Lo(HY(), 0,1]) | /H (u(z ),1) do =0}

{im\/k2 + k2 = Lim|k|; k = (k1, k2) € Z%}

is the set of eigenvalue of operator A = i(d + &) on I1? and eigenvectors, coresponding to
1T/ k% + k%,

frn(z) = e”“klaC + kaa? Ju Wit

We note that

are given by the formula:

here wi, € @2_o AP(C?),n = (n1,m2) € {—1,+1}? is some basic in 4— dimensional space of the
complex differential forms with coefficients being constant. These coefficients depend on k € Z? and
elements of this basic are numbered by parameters 7. We are not show wg,, on concrete form. (see, [6]).
Lemma 1. The forms epmy = €™ fin(x),k = (k1,k2) # O, are eigenform operator L that
corresponds to the eigenvalues

2mm

2m
Ao = T (_b_ 0 a|k|n2> s W0 + Akn (5)

in the space H. These forms form an orthonorm basis in given space. The domain of operator L is
given by formula
DL) = {u=Y Ukmnehmn | I Memnthmnl® < 00, Y |tkmn|* < 00}.
k0 k0 k£0
The spectrum o (L) operator L is the closure of the set A = {Agmn}-
We note that the number of dimensions of the eigensubspace is finite and we shall not indicate

exactly how many there are of them.
Lemma 2. Let g(z,y) € Lo(T1? x 112) and

o= ([ [ ot y>n2d:cdy)1/2.

Then G - linear operator is bounded in H°(§) and his norm ||G|| < Mo.
Here ||g(z,y)|| - matric norm g

g(m,y) = (gij(x’ y)), 1,]= 0v3
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lgll = sup{ llgull | v € R? x R?, Jju| <1 }.
Proof. If u(z) € HO(¢)

IGu@I =11 | o, v)utu)ay] < (/HQ||g<m,y>u<y)|1dy)2s
([ o lnas) < [ lowwiias: [ ey

ieulP = [ liGu@)Pde <

L (] ety [ utiray) de
m2 \Jiz 12
lGulP < [ [ ot w)iPdady [ juw)Pdy = 3l
m2 Ji2 12
|G|l < Mo.
The lemma is proved.
Let B = (—Az)*™, o > 0. Then B is M-operator in H%(¢) and gfkn N llere
pr = (m|k|)*+2* are eigenvalues. Operator (—A.)*+! is self-conjugate. We suppose that kernel
g(z,y) of operator G having the following behaviour (—Az)**lg(z,y) € Lo(T12 x T12) (gi5(., y)

belongs to space Sobolev W5 22 for almost every y € I12). Then product operator BoG is integral
operator (—Az)!*+* o G, with kernel

(=A)1*g(z,9) = (~Aa) 2055 (@, 1)), i, 4 = 0,3,

Let M = max{[|(—Az)'** o G||,[|G|[}.
Lemma 3. Let v = Gu = ) Vkymn€hmn, then

4M?||u||?
2
< .
el = 2+ 12 &
If k # 0 then
2
2 « |t

|Ukmn| = ((r|k[)2t2e + 1)2’

here

COkmn = ((‘Az)1+a o Gu, ekmn)Lz-

Proof. We have

1
Qiemy = ((—Am)l‘“"oGu Sy o / ((-A )1+°‘ O e ) UTh= / (Gu, (—Az)l’mekmn)dt =
0 0

1 1
/ <GU, Hk@cmn)dt & m/ (Gu €k 1?/>dt = Hk (Gu ekmn) = UkVkmy-
0 0
Then, if i # 0 ( so that |ux| > 1) we have

4|akmn|

2
Ve |® <
erm|” < T2

Thus, by Parseval dentity
> lawmg|® = (=22)%2% 0 Gu||* < M?|u|®.
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So that
4M?||u))?
2
Vkm <= .
v (el + 1)2
In the case i = O by Parseval dentity 3~ |vkmy|? = |Gul|? we have
AM2||ul?
2 201,112 201,112
Vkmn|” < (Gl [lull” < 4|Gl"|ull® £ =53
[Vkma|* < NG llull” < 4| G]|%]lu] (el + 1)

The lemma is proved.

* We assume that a is real number. Then by Lemma 1, the spectrum o (L) lies on the real axis.
The most typical and interesting is the case where the number ab/2 and (ab/2)? are irrational. In
this case, 0 # Agmn Ym € Z,k € 72,k # 0 and the H.Weyl theorem (see, e.g., [7]) says that, the set
of the numbers Agmy is everywhere dense on R and o(L) = R. Then in the subspace H the inverse
operator L~! is well defined , but unbounded. The expression for this inverse operator involves small
denominators [8].

L_l’U(.'IJ, t) = Z ;)\kmn €kmn, (7)
kmn

where the vgp,, are the Fourier coefficient of the series

v(z,t) = Z Bfommiey o

me k€ 2k#0
#
For positive numbers C, o let A,(C) denote the set of all positive b such that

C
| Akmn| = T (8)

for all m € Z, k € Z%,n = (m,n2),m2= %1,k #0.

From the definition it follows that the set A,(C) extends as C reduces and as o grows. There-
fore, in what follows, to prove that such a set or its part is nonempty, we require that C' > 0 be
sufficiently small and o sufficiently large. Let A, denote the union of the sets A, (C) over all C' > 0.
If inequality (8) is fulfilled for some b and all m, k, then it is fulfilled for m = 0; this provides a
condition necessary for the nonemptiness of A,(C):

C < k"7 lar|k|| ¥ & # 0. (9)

We put d = |a|7 and C < d/2.
Theorem 2. The sets A;(C), A, are Borel. The set A, has complete measure, i.e., its complement
to the half-line R™ is of zero measure.

e}

Proof. Obviously, the sets A,(C) are closed in RT. The set A, = U As(1/7) - is Borel, being
r=1

a countable union of closed sets. We show that A, has complete measure in R*, Suppose b, [ >

0, C< g; we consider the complement (0, )\ A,(C). This set consists of all positive numbers b,
for which there exist m, k, k # 0, such that

C

I)‘km"]| < W. (10)



22 D.K. Hoi / VNU Journal of Science, Mathematics - Physics 26 (2010) 17-27

Solving this inequality for b, we see that, for m,k,k # 0 fixed, the number b forms an interval
Iim = (mag, mPy), wherem =1,2,3, ...,
2m 2T
Qp = C Br = C

|a7f|k||+|—m |G7T|k||—|k—|1+;

The length of Iy, is mdg, with

\ 5 = 4mC|k|~1°
k7 Jank|[2 = C2[k| 22

Since C < g by assumption, we have
16wC
0 < . 11
kS SR e HI i

For k fixed and m varying, there is only a finite amount of intervals I, that intersect the given
segment (0,1). Such intervals arise for the values of m =1,2..., satisfying max < [, i.e.,

0<m< ;—W(|aw|k|| +Clk0).

. I . -
Since C|k|~177 < §|a7r|k||, we can write simpler restrictions on m :

—Zlanlk d ]
0<m< 2 2|a7r| || < —|am]k|| (12)

. The measure of the intervals indicated ( for k # O fixed ) is dominated by 61Sk, where
Si = Sk (1) is the sum of all integers m satisfying (12). Summing an arithmetic progression, we obtain

= l
< — .
Sk < 5 lam|k||{llam|kl| + 7} (13)
Considering the union of the intervals in question over k and m, and using (11), we see that
w(O,D\A(C) < > &S <CS(),
k#0,ke 2

where

B B 8l{l|aw|k||+ 7}
§=80= 3. Zejmolarh’

k#0, ke 2
Observe that the quantity
lam|k|] +
|aw|k||
is dominated by a constant D, therefore, (since o > 0)
S() < gzp > <o
k#0,ke 2

We have

: #((0,0)\ A5) < u((0,1)\ 4+(C)) < OS(1) VC > 0.
It follows that ((0,1)\ Ay) =0 VI > 0. Thus, p((0,00) \ A;) = 0 and A,- has complete measure.
The theorem is proved.
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Theorem 3. Suppose g(x,y) € Lo(I12 x T12) such that (—Ay) +g(z,y) is continuous on TI? x II2
and

/2( goo(z,y) go1(z,y) go2(z,y) gos(x,y) )dz =0 vy eI
I

Let 0< o <1, and let b € Ay(C). Then in the space H the inverse operator L' is well defined,
and the operator L™ o G is compact.

Proof. Since b‘€ A,(C), we have Mgy # 0 Vm € Z,k € Z%, k # 0 so that in the space H,
| |2+20‘
((m|k])?+2 4 1)2
|k| % oo because 0 < o < 1, > 0. Therefore, given € > 0, we can find an integer ko > 0, such that

|k.|2+2a (50)2
(rRD5= 17 = 32

=0 as

L1 is well defined and looks like the expression in (7). Observe that lim

for all |k| > ko. We write

L_lv(a:, t) = Qrp, ¥ + Qroev, v = Gu,

Ukmn Ykmn
Qo= T P, Qo= T Elen,

0<|kl<ko ~ F™N |k|>ko * ETM
For the operator Q,, we have

where

|Ukmn|?
1Qrol>= > Ly

2
0<|k|<ko | Akma|
Observe that if 0 < [k| < kg, then
»
1
lim o =0.
ri=e | 5= + amlkinaf?

1

Therefore, the quantity 5 is dominated by a constant C'(kg). Then
| = + ar k||

[1@korvlI? < D lokmn|*Clko) < Cko) o]l

which means that Qx,, is a bounded operator.
Consider the operator Q,, © G. By Lemma 3 and (8), we have

km
1Quaatll2 = @m0 Gulfp = 3 1ohmal <

[k|>ko | kmnlz r
|akmn|2 2420 EC 2 2 201,112
Z ((ﬂ_lkl)z_'_za_l_ 1) ( ) |k| <( ) ) Z |akm7)| <e Hu‘l
|k|2k0 |k:|>k0

Consequently, ||Qk,, o G|| < e.
Since G is compact and Qy,, is bounded, Qx,, © G is compact. Next, we have

||L—1 0 G — Qky oGl = HQkoz oG||<e.

Thus, we see that the operator L' o G is the limit of sequence of compact operators. Therefore, it is
compact itself. The theorem is proved. We denote K = Kj = L1oG.

Theorem 4. Suppose b € A,(C). Then problem (1)(2) has the unique periodic solution with period
b for all v € C, except, possibly, an at most countable discrete set of values of v.
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Proof. Equation (3) reduces to
(LleG - %)u _ LGP

1 1
We write L™ 1oG———K——
v
Since K = L~ ! o G is a compact operator, its spectrum o(K) is at most countable, and the

limit point of a(K ) (1f any ) can only be zero. Therefore, the set S = {v #£ 0 | —eo(K)}is S at most

1
countable and discrete, and for all v # 0, v ¢ S the operator (K — —) is 1nvert1ble, i.e., equation (3)
o v
is uniquely solvable. The theorem is proved.
We pass to the question about the solvability of problem (1)(2) for fixed v. We need to study
1
the structure of the set E C C x R™T, that consists of all pairs (v, b), such that v # 0 and — ¢ o(Ky),
where K, = L1 0 G.
Theorem 5. E is a measurable set of complete measure in C x R,
For the proof, we need several auxiliary statements.
Lemma 4. For any € > 0 there exists an integer ko such that || Ky — Ky|| < € for all b € Aa(l), 0<
T
o<1 wherer=1,2, ..

. -1 Ukmnp > Ukmn
Kyw=Ly "v= Z Moy (B) €kmnyy Kpu = Z 0 €kmn-
kmn . 0<|k|<ko kmn »

| |2+20'
e < Gar

Proof. Observe that for any € > 0 there is an integer kg such that ) <1

for all |k| > ko, 0 < 0 < 1,a > 0. We have

~ Viern
(Ko — Kp)u = Kppu = » )‘k—gb)ekmn
[k[>ko 7 F™
2420
> Vkm 2 ] akmnlkl
[(Ks — Kp)ull® = || Kippul|* = | L <
d |k|§c mn(b ) |,C|z>% ((m]k[)2+2e 4 1)2

L2 Y faml? < 2 Ml = 2l
[k|>ko

Thus || Kp — Kp|| = || Kkqpll < € as required.
Lemma 5. The operator-valued function b — Ky is continuous for b € A,(=).
r

Proof. Suppose b, b+ Ab € Az(— ) and € > 0. By Lemma 4 there exists an integer ko (independent
of b, b+ Ab) such that || K — KbH = || Kropl| < € and || Ky — Kpyns|| = ||Kk0(b.,:Ab)|| < €. Next,
Koy — Ky = (Kpran + Ko s+a8) — (K + Kiob),

whence we obtain

| Korab — K|l < || Koras — Kl + | Ks8| + || Ko ll-
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Considering the operators I?bJrAb, K, b, we have
1 1

(I?b+Ab = I?b U= ( i )Ukm €km
) 0<|kz|<ko )\kmn(b-i— Ab) )\kmn(b) 1 7
% 7 |Ab|2 |Ukmr} | A 4m27r2
| Kpu — Koyaotl® = ==~ g - (14)
|b(b+ Ab)|? 0<%:<k0 | Akmin (b + Ab)[2 |/\km,,(b)|2
1
Ifb+ Abe Aa(;), 0< |kl < ko, 0< o<1, then
‘ |Ukmn|2 < 2,2 |24+20 & 2 2+20 2
|)\kmn(b+Ab)|2 — l,vkmnl r ‘ | =T Ko |U’Cm7]| :
Am?2n? 2R
The relation lim —————— = b2 and the condition 0 < |k| < ko imply that the quantity —————— =
" 8L T O 1l £ o ety tbatihe Quantbimmmipm
g_m,_rélm Z is dominated by a constant C(ko) depending on ko. Therefore
|—— + an|klmal?
ALY opmg|2_ 4mPn
[b(b+AD)|? ) 4= | M (b + Ab) 2 [Ny (B) [~
|/-\b|2 2, 242 2
e RRTRD r2ko* T C (ko) |vkmn|” <
|b(b+ Ab)| A
|Ab|2 27, 242 2
o A o000 2 el
0<|k|<ko
Since

> [vkmal® < |[v]|? < M2[[ulf?,
0<|k|<k0
we arrive at the estimate

2
|Ab‘ 2M2T2k‘02+200(k‘0).

Koopp— Kp|l2 < ————
H b+Ab b“ == |b(b+Ab)|

We choose Ab so as to satisfy the condition

1 |Ab|2
|b(b+ Ab)|?
Then ||Kp+ap — Ks|| < 3e. This shows that the operator-valued function b — Kj is continuous on

M?r?k? 27 C (ko) < €.

1 .
Aa(;). The Lemma is proved.

Lemma 6. The spectrum o(K) of the compact operator K depends continuously on K in the space
Comp(Ho) of compact operators on Ho, in the sense that for any € there exists 6 > 0 such that for
all compact ( and even bounded ) operators B with |B — K|| < § we have

o(B) C o(K) + V:(0), o(K) C o(B)+ Ve(0). (15)
Here V.(0) = {\ € C | |\| < €} is the e-neighborhood of the point 0 in C.
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Proof. Let K be a compact operator; we fix € > 0. The structure of the spectrum of a compact operator
shows that there exists €7 < €/2 such that e # || for all A € o(K). Let S = {Ay,..., A\c} be the set
of all spectrum points A with |A| > &; and let V = U Ve, (A). Then V is neighborhood of o(K)
AeSu{o

and V C o(K) + V¢(0). By the well-known property of{ s];)ectra ( see, e.g.,[9], Theorem 10.20) there
exists § > 0 such that ¢(B) C V for any bounded operator B with ||B— K|| < §. Moreover (see, e.g.,
[9], p-293, Exeicise 20), the number § > 0 can be chosen so that o(B) NV, (\) # 0 YA € S U {0}.
Then for all bounded operators B with | B— K|| < & the required inclusion o(K) C o(B)+Va, (0) C
o(B) + V.(0) and o(B) C V C o(K) + V.(0) are fulfilled. The lemma is proved.

4

From Lemma 6 we have the following statement.
Proposition 1. The function p(\, K) = dist(A, o(K)) is continuous on C x Comp(Hp).
Proof. Suppose A € C, K € Comp(Hp) and £ > 0. By Lemma 6 there exists § > 0 such that for any
operator H lying in the d-neighborhood of K, ||H — K|| < 4, the inclusions (15) are fulfilled; these
inclusions directly imply the estimate |p(A, K) — p(\, H)| < €. Then for all 4 € C with |y — \| <€
and all H with ||[H — K|| < § we have

lo(, K) — p(A, H)| < |p(p, K) = p(X, K)| + [p(A K) = p(X, H)| < |u— A +€ < 2,
Since € > 0 is arbitrary, the function p(\, K) is continuous. The proposition is proved.

Combining Proposition 1 and Lemma 3 we obtain the following fact.
1
Corollary 1. The function p(\,b) = dist(\, 0(Ky)) is continuous on (A, b) € C x Aa(;).

Now we are ready to prove Theorem 5.
Proof of Theorem 5. By Corollary 1, the function p(1/v,b) is continuous with respect to the variable

1
(v,b) € (C\ {0}) x Ag(;). Consequently, the set

Bo={(t) | p(U/nd)#0, beAo()}

is measurable, and is so the set B = U, B,.. Clearly, B C E and E = B U By, where By = E \ B.
Obviously, By lies in the set C x (R \ A,) of zero measure ( recall that, by Theorem 3, A, has
complete measure in R™ ). Since the Lebesgue measure is complete, By is measurable. Thus, the set
E is measurable, being the union of two measurable sets. Next, by Theorem 4, for b € A, the section
E*={v € C| (v,b) € E} has complete measure, because its complement {1/v| v eo(Kyp)} is at
most countable. Therefore, the set E is of full plane Lebesgue measure. The Theorem is proved.

The following important statement is a consequence of Theorem 5.
Corollary 1. For a.e. v € C, problem (1)(2) has a unique periodic solution with almost every period
beRT.
Proof. Since the set E is measurable and has complete measure, for a.e. v € C the section E, = {be
R* | (,b) € E} = {beR" | 1/v ¢ o(K})} has complete measure, and for such b’s problem (1)(2)
has an unique periodic solution with period b. The Corollary is proved.
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