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THE CJT EFFECTIVE ACTION A PPLIED  TO CRITICAL  
P H E N O M E N A  FOR THE ABELIAN HIGGS MODEL

P h a n  H ong Lien
Institute of Military Engineering

Abstract: The Abelian Higgs Model is considered by means of the Cornwall - Jackiw
- Tomboulis (C.JT) effective action at finite temperature. The calculations in Hartnic
- Fock approximation is presented and it is shown that the symmetry is restored at the 
critical temperature which is derived directly fmm the. (jap equation.

1 . IN T R O D U C T IO N

The CUT effectivc action [1] arid its thermal effective potential is known as a method 
which provides approximation beyond two - loop and higher, ill particular, ill the1 lion- 
pert urbative sector [2]. Weinberg [3], Doland - Jackiw [4], Kirznhits and Linde [5] showed 
t hat the* rrnoi maliziiblc' field theories which is spontaneously broken symmetry can restore' 
the symmetries at critical temperature T(.

Our main aim is to present in detail a general formalism of thermal CJT effective 
action because it concerns the nature of the phase transition. It is important to study the 
high temperature symmetry restoration model. We have used dimensional regularization 
at finite temperature to calculate the CJT effective potential up to the second order and 
the critical temperature ill Higgs model. Up to now, Higgs mechanism is recognized CLS an 
optimized generation of masses via spontaneous symmetry breaking.

The paper is organized as follows. Ill the section II the Abelian Higgs model JU1(1 the 
formalism of CJT effective action are presented. Section III is devoted to considering the 
thermal effective potential and the SD equations. In the section IV the critical temperature 
at which symmetry is restored is directly derived from the gap equation. The discussion 
and conclusion are given in section V.

2. T H E  H IG G S  M E C H A N IS M  A N D  T H E  C J T  E F F E C T IV E  A C T IO N  F O R  
T H E  H IG G S  M O D E L

Let us apply th<‘ formalism of G\JT effective action to investigating the Higgs model, 
which is <l('scrib<*<| by the* Lagrangian

where.' 4>. A ;, and r/ are the complex scalar, the gauge and the ghost fields, respectively 
and Fụl/ = dỊtA„ — ờ,y A fl is the invariant field tensor, £ ( J P  is the term gauge - fixing.

It is well known, the Lagrangian (2.1) is invariant under the local Abelian gauge 
transformation

£  = -  +  Ị(ỡ„ +  i c A , , ) * * ] ^  -  icA „)*] -  m2* * #

-  +  v + W l Tl +  £ g f (2 .1)

$ (x )  -  <£'(:;■) = c ,Hij ><!>(.,:)

A m(x) -> A'f,(x) = A tl(x) -  - d Me(x)

(2 .2 )

(2.3)
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If m 2 > 0 there is a symmetric ground state & = <ỉ>* = 0. If m 2 < 0 there is again 
a ring of degenerate ground states, whose expectation value (thermal average) is

m \ 0 ) p  = V (2.4)

Let us choose

1 ' (2.5)*'(*) = ự= [x'l(*) + ix*2(x)]

so that (Olx'ilO)^ = ỉ/, (0|x /2 |0)jớ =  0 and define the physical field X\ — x '  1 “  V, X ‘2 = x*2 - 
The Lagrangian (2.1) becomes

£  = -  + ị  ( d , X i ) 2 + ị ( t a )2 -  ị  (m 2 + 3Ai'2) X I 2

-  ị  (ill2 + Xu2) X 2 2 -  Ai/Xi (xỉ + XÌ)  - 4 (x? + XÌ)

-  e v A tẨd » x 2 -  eAM {X\dtiX2 -  ỵ 2 dịtXi) + (xỉ + xỉ)

+ ị c 2A„A" („2 + 2i/Xl) + V+ớ/lỡ"r? + I G

The masses of X11X2 and A /t bosons, respectively, are

ịi\ = - ( r a 2 +  3Ai/2)

/i2 = — (m + A^2)
M = ez/

(2.G)

At 7’ = 0, as its well known, Ỉ/ —► 1/Q =  J —^Y anc  ̂ X‘2 *s massless and does not
represent an observable particle in scattering experiments (Abbers and Lee, 1973).

Take the* gauge - fixing term in R gauge as

£ g f  =  - ị  (Ớ "A ;, +  ị e u X i Ý  =  ( Ỡ " A „ ) 2 -  +  e v X t, & ‘X 2 (2.7)

So, the mixing term eưA ỉld tlX 2 i which corresponds to the coupling W \A—  , got 
rid oi the Lagrangian. The free propagators in Euclide Iiiornentuni space of Xi '  X ‘2 an(l 
A fl in the R£ gauge, respectively, are

D'oW = 7~2~7" <) T • k z 4- Ị1- +  ừ

D'i(k) 1
k 2 + £/i2 -f ie 

1
k2 + ị ị i2 +  if

n  r\ 1̂/
0/U/ -  ( 1 - 0 Ả:2 -  í  A/2

(2.8)

(2.9)

A/ 2________A/-
fc2 + A/ 2 +  ic A:? T Í Ỉ Í 1 (2 . 10)

where / r  = - (m 2 -f 3À/y2), A/ = ei/ and £A/ 2 are the bare masses of the X \ ,  X 2  bosons and 
Af, gauge boson, respectively, in the /?£ gauge.
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In the limit £ = 0 one gets the Landau gauge and the vector field satisfies the 
Lorentz condition dpA** — 0 , the theory is ” manifestly renormalizable” . For £ =  1 there 
is so - called t'Hooft - Feynman gauge. The unitary gauge is recovered in the limit £ —> oc.

The shifted full Lagrangian is being

£  = -  + ị  (d, X l ) 2 + ị  (ỡmX2)2 + ị r ì x ĩ  + ị ú x ĩ

-  Aỉ/ * 1  (xĩ + xì)  -  4  (xỉ + XÌ) + ^M2A/tA"

+  ị e 2A ^  ( x ỉ  +  x ỉ ) - ị  (ỠMA ;I)2 +  l Ị + d ^ T Ị (2.11)

The generation of mass for the vector field via spontaneous symmetry breaking is 
known as the Higgs mechanism. It is a central concept in modern gauge theories.

Hence, the quadratic Lagrangian for the Abelian Higgs model takes the form

£  = -  + ị  {d .XaÝ  + ịxaMabXb + A„

- 7 X 4 + -0 K x 2 (2.12)

where ỵ 2 = XaXai X4 =  (x 2)2; CI = 1,2 and M  =  eư is mass of vector boson, Mab is 
diagonal mass matrices. At T  = 0 it takes the form:

A/0ab
m 2  + 3Aỉ/q 

0 7/1

0
2 +  Ai*

(2.13)

The classical action is given by 

/[x , A„,T7] = Ị  dx£ (x )

= Ị Ị  dxdy x a( x ) D j b(x -  y ) x b(y) + A fi( x ) A 0̂ ( x  -  2/)A"(y)

+ ri+{ x ) S ; l {x -  y)rì(y)ị + I  d x £ int(x) (2.14)

The CJT generating functional for connected Green’s function is defined by 

Z $ j t [J,K) =  exp i W p JT[J, K] = f  [DXa] [d a ,] [d V+] [d V

exp i { . /  d x ị £ ( x ) J a X a ( x ) + Jị i(x)All(x) + j +(x)ri(x) + ?7+ (x)j(x)j

+ 2 / /  dxdy Xa(x )Kab(x,y)xb(y)

+  A*i{x)Kfit/( x , y ) A l,(y) + r}+(x)K{x,y)rf(y)ị  I  (2.15)

where the physical fields satisfy the periodic condition

* ( f ' x) = * ( - 2 ' x)  <2' 16)
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with & = (Xa'Ap,  7 7 ). We have then

ỎW$JT 

Ổ (x) 
S W ? JT

'■Xa(x)\

=r?+ ( 1 ) ;

and

6 j ( x  

ỖW ?1T

s w g JT
Ỗ.Jfl(x)

W f /T
Sj+(x)

= A J x )

= »?(*)

(2.17)

(2.18)

Mfofci*, y) 2 2/)]
6 W%IT

<WF/7' 1
^ ^ y = ^ [ r ? +(x)r,(2/) + 5 (x ,y)]

(2.19)

(2.20) 

(2.21)

CJT effective action is a double Legendre transformation c

r£-/r [x„, A‘\ i h D, A^, s] = w £ JTị ja,'j^, j +, j, Kab, K^,  K

-  Ị d x ị j a(x)xa{x) + Jịl{x)Ati{x) + i]+(x)j (x)  + j +(x)rj(x)

f I  dxdy Xa(x)Kab{x,y)xb{y) +  Dab(x,y)Kba{y,x)

+ A>t (x )K llu(x , y )A l'(y) + A ,“' ( x , y ) K ^ ( i j , x )

+ V+ (x)K(z,y)v(y) + S(x,y)K(y,x) ( 2 .2 2 )

Of course, the physical state corresponds to vanishing external source. Physical 
solution require

s r$ JT
ổộ(x)

K ' T

^ ( ;C)Ig=g„

=0

=0

{<i> =  Xa, At„i])

[G = D(lb. AM1/, S)

(2.23)

(2.24)

In order to obtain the loop expansion of r£JT, we define the functional operator as

>—r— 1 f / ]   ^ ^T\a> Aịị, TJ]   /]
[ộ ’y] ~  Sộ(x)Sậ(y) -  G° {x ~ y) + Sộ(x)ỏộ(y)

int (2.25)

where the action l [ x a , A fl,r]} is obtained from the classical action l [ x a, A fl,T]} in (2.11) 
by shifting the fields x a, Aft, T] by X a ,  Ap and 77.

It we define the Fourier transformations of G(x-y) as

G(k) = Ị  dxG(x - (2 .2 6 )
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then we luive got the functional operators

© ^ ( x , * ) = f c a +  M i  (2-27)
Aõ/Ù/Ui *0 = ( fc2 + e V )< /^  + (2.28)

where A/2fr = - ( m 2 + Xỵ2 )6ab + 2AxaXò is the mass matrices of Higgs bosons.

(A/2)m(/ = e2 x 2g^u is the mass of vector boson.

The expression for Tp JT can be derived directly basing on [1]

r cd IT =l[xa,A^v} + 1-Tr[ lnDoabD;bi +'D-Jb(x,k)Dab]

l-T r[ ln A 0̂ A ^  + A - ^ ( x , k ) A ^  -  l]

+ ịT r [ ln S o S ~ '  + S ~ l { k ) S -  l } + r (-0 ) [xa ,Ati,ri,D ab, A ^ , S ]  (2.29)

where the trace, the logarithm and the product D ^ 1bDab and arc taken in the
functional sense.

The momentum representation in the Euclide space of the thermal propagators in 
the* Landau gauge are as follows

Doab ( ̂  ) =

Aofiv(k) —

(27ru T )2 +  k 2 +
kliki, _

(2w i y  + k1
(2nnT ) 2 + k 2

.2 . a.f2A 0,L(X, k) = {k2 +

(2.30a)

(2.30b)

(2.30c)

is given by all those two - particle irreducible vacuum graphs which, upon cut­
ting off one line, yield proper self - energy graphs. It is easily verified that, corresponding 
to Lagrangian (2.10), only the diagram of order and e2, which is shown in Fig. 1 are under 
discussion

; + 2

fc + 3

Fig 1. The two - loop graphs of order A and e2 for r ( 2 )

r2 =1 a —
3A

3 Daa(p)Dbb{q) + 2 Dab{p)Dba{q)

Daa{p)Gịiu{ọ) + Dab{p)Dịiv((ỉ)3c y îs

+ — Ị î D ab(p)Gllu,{q)Dba{p + q)

(2.31)
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3. T H E R M A L  E F F E C T IV E  P O T E N T IA L  A N D  T H E  S C H W IN G E R  D Y SO N  
EQ U A T IO N S

rile symmetry is spontaneously broken if the equations (2.23) has a non - vanishing 
solution x(x )  7̂  0. For (ỵ)(Ị = const , the CJT effective potential is defined by

r c . / T
M v m j dx (3.1)

In field theory at finite temperature, we use Euclide time r, which is restricted

to the interval 0 < T  < ( 3 ( p  = The Feynman rules are the same as those at zero
temperature except that the momentum space integral over the time component k'4 is 
replace by a sum over Matsubasa frequencies for boson U)n = (27rn)//3 = 27xnT  (we set 
Boltzmann constant k = 1 )

/  (Ị-JìỀ. — [  Ểìb. f  ịb* — T  
J  (2tt)4 ■  J  (2tt)3 J  2tt “  2-* J  (2^)3 ~ 2L (3.2)

Starting from (2.27) - (2.28) and (3.1),(3.2) we arrive at the expression in Hatree - 
Fork approximation for the thermal CJT effective potential in Euclidc momentum space.

rpV[3 U u i — V  \T=0 +V'rHEfiMAL{Xa)
. . 2  \ \ r

= Y X* + Ĩ *4 + 2Ệ [ ln^ ;2 + m ab) + ln(k2 + OT2)' 

m 2ab + ( m2 +  Ax 2)tab -  2 \ XaXb] Dab(k)

3Daa(k)Dbb(p) + 2 Dab(k)Dfja(p)

D a a ( k ) G + Dab(k)Gflu(p)

1
2
1
2
3A
4

The stationary condition require

^ y Ị y Ị . ụDgg(k)Dbb(p) + 2D,lb(k)Dt

4 I  f' Dab(h)

Dba{k)GfW{p)Dba(k + p) (3.3)

<%C/T /i2 A 2 e2
^ 2  ~  2 2 ^ 2À.Da{,ổab + ~2 9ụ,isGựv = 0 (3.4)

Substituting (3.3) into (2.24) we have got the system of SD equations for the inverse 
of full propagators

D* ( k ) = ® ;i(x .A -)-2
xt/ C . / T  
ỚV2/Í
SDab(k)

= ®ôaò(X’ k) ~ n afc(ẢT) =  A;2 4- 9Jỉq ,̂ (3.5)
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where yjl'ịb =  Mab + n ab = (™ 2 + Aỵ 2)ỏab + 2AxaXò + n a6

gyCJT
G-}Ak) =Q-otl { x ,k )  -

o * ’*) -  I V M  = (fc2 + OT2) < ^  +  kụK

LiU .

(3.6)

where OTM„ = é 1 x i gịiv + n#i„ = A/,,„ + n,i;/.
The second terms in Eqs (3.5) and (3.C) are represented by the graphs given in Fig 2

. Q .
£ 5 ,

w i  Wv ( j

Fig 2. The graphs convsponds to the thermal proper energy

s v £ j r  &V&JT

------ a= l
------ a= 2

The system of equations (3.5) and (3.6) are rewritten, respectively, in the usual form of 
the* gap equations

xẩ =  -  y  -  4Da6«5o6 -  (3.7)

OT«6 = - (™2 + Ax2)<5«6 + 2 \ X a X b  +  Y ^ [ D a b { p )  + D bll( p ) ]

+ ^ 7 ^  G ^ (P )+ ' ^ ệ - y Ị y Ị .  G ^ D t a i k + p) (3.8)

+ —ệ ^ { D a a ( p )  + Dab(p)]sab

+ ~ Y ^> fy t. [ D M D U k  + p)] (3.9)

The thermal effective potential V 3  is obtained by evaluating V y j r  at the values of
an - 6 and an^lf/ given by equations (3.8) and (3.9), which contain divergent thermal loops 
in the forms

/l = W i ! L _ _ L _  (3.10)
Ti * (2tt)3 k* +  M 2(T)
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where A:2 = kg = A’l  + k2, and M 2 (T) is called ’’thermal mass

h y  [  - Ế Ĩ L -
(2 n)*k-( 2 ^  k 2 +  ( k  +  P Ỹ  +  J\/f(T)

The proper way is to use dimensional regularization and perform e 
When M = 0, it is being

) + 0(e2)'

where // is rciiorrnalizatioii scale.

When M  7̂  0 (3.10) and (3.11) take the form

i/3_2f k
/ i  l i n i /X 7  J  ( 2 7 r ) 3 - 2 r  ( 2 7 r n T ) 2 +  k -  +  M 2

l + ị n ^ f + 2 Ũ ^ + 2 ) ^ ) ]ĩ l
12

(3.11)

0 limit.

(3.12)

(3.13)

- S u ^ Ẹ /
n  ■

rf:i_2<k
(2tt)3- 2* a-2 + Jl/2(T) (Jb + p)2 + A/|(7’)

r 2fT f  f/3~2' k 1_____________ 1
<— </ ./ (27r)3_2e k2 + A/]2 (k + p )2 + + pẵ

DC .

2 , r ' r T  I
• i/3 ~ 2 ( k 1

f r ; ./ (27T)3- 2f (2 n n T ) 2 + k2 + A/f (27T«r + Poj2 + k2 + M j

h  =
T  I /•' . . /•> .4

87T A -V 2d z - f
•/()

d z A - W l v  t , f2 
./() 47rA/ 2

(7 +  2) [  A - ' / 2 d. 
Jo

+ 0 (f2) > (3.15)

where .4 = y/2c(l -  z) -  ])ịz + i\/2.

So there is not logarithmic u v  divergence in /3, i.e no 1 / i  term. When f —» 0 the 
finite part of 12 is T(A/ -  V̂ A/ 2 4- pf). By using (3.11) - (3.15) we can evaluate the masses

................... ■" 1/2 ami ra  - j  A/ + i ’- i p y

4. R E S T O R A T IO N  OF SPO N T A N E O U S SY M M E T R Y  IN  T H E  HIGGS 
M O D EL

It s well known that in the case m2 < 0 the symmetry is spontaneously broken if

C J T

=  0 f o r  X  ỹé 0 (4.1)
a v £

d \ 2
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The symmetry will be restored at high temperature if there exits X = 0 so that

= 0 (4.2)
d V ỹ JT

d \ \ = 0

So, the root, non - trivial of equation (2.23) for \ 2 =  0, which is directly derived by 
minimizing the thermal effective potential d V p JT/ d x 2 = 0, leads to the critical tempera­
ture.

The gap equations (3.7) for x l  = 0 takes the form

- ị - 4 D ab- ^ - g ^ G ^  = 0 (4.3)

Substituting into (4.3) the part finite ot propagators for scalar and vector boson, 
respectively, one gets

ụ? T 2 3e2 T 2
A 12 + 2A 6 (4'4^

The critical temperature is obtained directly from (4.4)

12/i2
Tc = -( ixrh)  <4 - 5 >

The restoration of symmetry and critical phenomena appear at Tc which depends 
on two coupling constants e and A.

5. C O N C L U SIO N  A N D  D ISC U SSIO N

111 the preceding section we have calculated the critical temperature Tr , at which 
the high temperature restoration of the spontaneously broken symmetry takes place. This 
is a second order phase transition (Weinberg [2], Kapusta [5]).

If r 2/A »  1 when X  > eTr there is the first order phase transition.

In the application of the composite operator method, the next consideration will 
deal with the critical phenomena in Higgs sector of gauge theory, which provide the (non) 
restoration of symmetry at high temperature.

1 he author would like to thank Prof. Tran Hull Phat for suggestion of this problem.
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