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Abstract: The SU(3) generalized Nambu - Jona - Lasinio (NJL) model is considered
by means of the Cornwall - Jackiw - Tomboulis (CJT) effective action. This method
provides a very general framework for investigating many important non- pertubative
effects: quark condensate and mesons, thermodynamical quantities at finite tempera-
ture. It is shown that the mizing of flavors of u, d and s quarks exists in this formalism.
The gap equations, which are directly obtained from the effective potential involved the
quark condensate.

1. INTRODUCTION

Description of quark matter within the framework of non - pertubative theory
turns out to be more crucial for relativistic quantum theoretical study of condensable
matter. At low energy (about 1GeV) the non - pertubative effects concern with the
confinement of quarks and the dynamical breaking of chiral symmetry. In this respect,
many authors constructed different symmetry conserving approximation schemes: the
mean - field approximation [1]-[2], the "¢ - derivable” method [3], the (second) random
phase approximation (RPA) [4], an expansion in powers of the inverse number of colors
5], the one - loop approximation of the effective action [6]... In these works, it is worth to
mention that the CJT effective action method [7], which obviously includes the Schwinger
- Dyson (SD) equation approach (8], may hopefully provide a promised approximation
beyond two - loop calculations. Its priority is expressed by the fact that the vacuum
expectation values of field operators and propagators are treated on the same footing;
therefore it takes into account all the possible correlation effects. In addition to the
preceding trend, one has made great attempts to investigate the role of chiral symmetry
in condensate matter [1], [10].

The Nambu - Jona - Lasinio (NJL) model originally was a model contained nucleons
19]. Nowadays this model is used to study the properties of quarks instead of nucleons.
The SU(2) version of NJL has been applied by many authors to study the restoration of
chiral symmetry at critical temperature and nonzero density [1], [11]. However, the recent
consideration [12], [13] indicate that the strange quark matter could be the absolute ground
state of matter. This leads to the SU(3) version of NJL model, which includes in addition
to up and down quarks also strange quarks.

Our main aim is to present in detail the CJT effective action approach, which is
applied to study systematically the SU(3) generalized NJL model. In this connection, it
is possible to consider our work as being complementary to [1].

This paper is organized as follows. In section 2, the chiral symmetry in SU(3) version
of NJL model and CJT effective action formalism are presented. Section 3 is devoted to
loop expansion of effective potential. Hence SD equations and gap equations are directly
derived. In section 4 the CJT effective potential is evaluated at T # 0. The conclusion
and discussion are given in section 5.
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2. FORMALISM
1.1. Chiral symmetry

Let us consider the SU(3) generalized NJL model whose Lagrangian reads

8
£ =TU(iv*8, — my)¥ + % > [(EAw)? + (Wiy°A20)?]
a=0
+ Gpdety [\If(l + ’75)\1’] + Gpdety [‘i’(l - 75)‘1’] (2.1)

where U(z) are quark fields ¥ = u,d,s with three colors (N, = 3) and three flavors

(N =3),A%(a = 0 + 8) are the Gell-Mann matrices with Ag = \/g There are two chiral
invariant coupling constant Gg and Gp of four and six fermions interaction.

The current quark mass

mq = diag(my, mq, mg) = Z MgAq (2.2)
a=0,3,8

explicit breaks chiral symmetry, and the six - point vertex

V(11— = (2.3)

leads to the mixing between singlet, octet and triplet.

The chiral transformation is defined by

)\a
¥~ U@U(0)Y = eap [i(a - ) | ¥ (2.42)
¥ — YU (B)UT (@) = Vezp [—i (o + Bvs) %(i] (2.4b)
where
8. ya
Vi) = U(a)¥p(r) = exp (i Zaa?) V(R (2.5)
a=1

is the SUL(3) ® SUR(3) transformation in the three flavors, and the transformation

8 a
¥ — Us(8)¥ = ezp (i‘YsZﬁa%) v (2.6)
a=1

is the @5 transformation, which leads to the anomalous divergence of the flavor singlet
axial current [1].

6L =
Jﬁ = — m = 1‘1”)’;_.")/5\11 (27)

Bl = — AN{Gplm det; @ ) +2im¥r5 ¥ (2.8)
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Under SUL(3) ® SUg(3) transformation, the operators ®,®* are transformed as
follows

® — U(a)PU™(B) (2.9a)
ot - U(B)P U () (2.9b)

It is evident that det; ® and dety ®* are invariant due det U = 1, but two last terms
in (2.1) breaks the U4(1) symmetry

U - e U@y, T — Pt (2.10)
The composite operators are defined by

Sa=-L8aw;  P,=-Ldiyaw (2.11)
m m

with Gg = g2/m?.

The action corresponding to (2.1) now takes the form

I, | = / dz {i'(x) (198 — mg) V() — %mQ Z (S2+ pz)} 21
— gs¥X* (Sy — i15A"P,) ¥ + Gpdet [& + h.c]

In the chiral limit (m, = 0), the Lagrangian (2.1) is invariant under the chiral transfor-
mation (2.4a-b).

1.2. Finite temperature CJT effective action

In order to consider high-temperature contributions in loop approximation of the
Cornwall - Jackiw - Tomboulis (CJT) effective action for composite operator corresponding
to (2.12), we start from the CJT finite temperature generating functional for the connected
Green's function ‘

ZgJT = exptWp[n,1,Js, Jp, K, Kg, Kp] = ﬁ /[D‘i’][D‘I’][DS][DP]
exp z{/ dz {L + p¥y¥ + 7(z)®(z) + ¥(z)n(z) + J4(z)Sa(z) + T (z)P, (:r)]

+s [ drdy |28 (z) K (2, 1) ¥(y) + Sa(0)K2(2,1)S5(y) + Pa() K3z, 1)y (v)] }
(2.13)

where [dz = foﬂ dr [ dZ, the summation here over repeat variable (indices) is assumed

and external sources are time - independent; [dz¥~y¥ = N is the number operator for

u, d and s quarks. The integration has to be performed over antiperiodic Grassman fields
‘I’(Orf) = _‘I’(,B’ f)

and periodic bosonic fields
B(0,7) = B(,7)



where B =

(@, 8, P
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The propagators of quarks, scalars and pseudoscalar meson are determined from

8°Wps §2Wjg 62Wp
———— = G(z,y); ————— = Dap(z,¥y); ——————— = Au(z, 2.14
@)~ OV @) - DY i@ ey @1
We defined the mean values of field operators as follows
§Wp - _
Sg) = (¥@)= o)
§Wp
) = (@)= (@)
5W; (2.15)
(SJ;"(II?) = <Sa($)>= sa(x)
§Wp
e = (Pal@)= Palo)
as it’s well known
6W
'3 2< \Il) b= (cpcp + G)
6Wg 1
st = (5454)= 3 (548 + D) (2.16)
W,
be (P P+ Do)

-
(r.0)-
.

The CJT effective action T'g|¢,S, P,G, D, A] is defined as the double Legendre

transform of Wjp

T [¢,s, P,G,D,A] = W; [n,ﬁ, o, Jp, K, KS,K,,]

_ f dz [@(z)n(z) + nlx)o(x) + J2(2)Salz) + J8(@)Pa(2)]

-3 f dedy|29(z)K (2, y)¥(y) + S*(2) Dar(, 9)S°(v) + P*(2) Aus(2,4) P(y)]

- 5 [ 4oty 261K @,2) + Dale, K (w,2) + Aa(e, DK (w,2)] - (217)

It is evident that

= —i(z) - /d:rK(-’C, v)p(y)
_ / dzp(z)K (y, )

(2.18)
/ 4K (2, 4)04(y)

— __Ja

= —J%z) - /deg”(x,y)Pb(y)
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and
o3
et K
Gy W)
8 _ __Ro .
6Da,b($y y) 2 S (y’I) (2 19)
or 1
L = K(y,z)

6Aab(I) y) ; 27
To proceed further let us emphasize that when all external sources vanish, ones gets
p=9=0

and ¢, 0,4, P, tend to condensate quarks and meson’s vacuum expectation values, respec-
tively

(00) — ¢ =diag(¢u, ¢, )
g, =(0|sajo>: o (2.20)
Pa =(0[P40)

where P,, it’s well known are eight pseudoscalar meson in SU(3) K%, K* 70 7% § and 1.

The stationary condition for physical processes which correspond to vanishing of
external sources require

e o @ em
= §T §T §T
B 5=l =0 (2.22)

The system of equations (2.22) is just Schwinger - Dyson equations for the propa-
gators of quarks, scalar and pseudoscalar mesons, respectively.

The expression for I' can be derived directly basing on [7]
i, [¢, a] +iTr [ln GoG~! — G51(¢, k)G + 1]
_ %TT [m DoavDy = Dgky(0, k) Das +1] (2.23)
_ %Tr [In AowsAG! = A3k, (F)Aw +1]+T3
where the trace, the logarithm and product GoG~!, DgD~1, AgA~!... are taken in the
functional sense. Gy, Do, Agqp are, respectively, the propagators of quarks, scalar and

pseudoscalar mesons, their momentum representation reads

iGyl(k) =k - mq + UYo
iDg o (k) = —m?5, (2.24)
Ay L, (k) = —m%6g
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and the momentum representation of Gy (¢), D5 (¢) and Aa‘}lb(qﬁ) are determined from

521. : R
Gl g)= ————=k-M+
‘6o 9 = 5o 0
D7l (k) = _ L ~M326, (2.25)
D 0S4 (x)85h(y)
iATL (k) = _ O —M35a
000 = 5P, ()6 Py (y) n

F?j is given by all those two particle irreducible vacuum graphs which upon cutting
of one - line, yield proper self - energy graphs

q q q
q q q

Tr [GTGTC) Tr [GF“DabI‘bG] Tr [Grgaabrgc]
93 Gsdap T Gsbu

Fig 1: The 2PI graphs of I% in NJL model

The bold solid line represents the quarks propagator G, the solid line -
scalar meson’s propagator D, the dashed line - pseudoscalar meson’s prop-
agator Ay, The bold dots I',I'®, I'§ are the interaction vertices. In the bare

vertex approximation I' = igs, [ = ig, A%, T = igsys\°

3. THE LOOP EXPANSION AND THE GAP EQUATIONS

For a translation invariant and constant ground state ¢, o, instead of I’ [d), o0,G,D, A]
we consider the finite temperature effective potential

__TIp
Vg = 3 E (3.1)

V3 is just the free energy density of quantum by all the thermodynamical parameters of
the system can be derived from Vj.

Starting from (2.23) and Fig.1, it isn’t difficult to write down the CJT effective
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potential in momentum space
VEIT ~Gs (82 + 6 + ¢ ) +4G Ddudats
i [ 2T [y )60 - 661G + 1]
(2m)4 0

y 4
41 j g—’iw [1n D5, (9) Das(p) — D5%4(0 2) D (0) + 1]

2 )4
+" (;4’;’ Tr [m Ay, (p)Aas(p) — 1(1D)Aab(10)+1]
+f (‘2“;)4 / (;:r’)“JT[G(p)rG(p+k)rG(k)} (3.2)
L ——
+% / (g:r’)’d / (g;’;4Tr[G(p)rgAab(p+k)I"éG(k)]

+ [ 22 [ 2hr oo, o)

4 4
+iGs [ 2 [ G [Das0)Daalh) + Ban(p)Aua(8)]

Two terms on first line of (3.2) correspond to the mean field approximation, three
next terms are just one - loop approximation, and the last terms in I‘% expresses the non

- perturbative interaction at two - loop and higher approximation.

The configuration of meson fields is determined from

chJT B gs/ d4

dS, =0—5,= m? | [2m)a \eTr [G(p)]* 0 = gsPs (3.3)

It’s just the scalar density, which is invariant under Lorentz transformation

deJT g d4p
=0 P, =12 /
(2m)4

o 2 =iy AT [5G (p)| = 0 (3.4)

Substituting (3.2) into (2.22), we arrived at the SD equations

() Gy" |9, k] -=(k) (3.5)
(k) = Dyay[1 - GsTIS (k)] (3:6)
(k) = Ag a1 - GBIP (k)] (3.7)
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where £(k),I15(k) and II®, (k) are, respectively, the self - energy of quarks, scalar and
pseudoscalar mesons

2 = [ &2, ) Tr [0k, )T, p + )G + K]

+3 [ T [P DGO B+ K)Dus(p + B

+3 [ GBS0 PGEI . p + KB+ )
+ [ E2ar[owrep) (38)
() = [ 22 [0k G .+ G+ B (39
1) = | (d T T3, )G o, + G0+ )| (3.10)

The stationary requirement (2.21) takes the form

6Vg -1 G-l
o 5 e
5. = 2G50 +1Gps,0 + Gy —iG5'[¢) (3.11)

=2Gs¢; +4Gppjdpp —mi + My + £ =0

Here the indices 1, j,k = (u,d, s). Similarly, one gets

Vs
352 7'Dabl iD(;,clzb
=-m?[1 - GsIIS(k)] + M3 =0 (3.12)
Vs - _
3P2 tAab zA0 ab
=-m®[1 - GEIIP(k)] + M2 =0 (3.13)

or, equivalently, it is usually written in the form of the gap equations
M; =m; - 2Gs¢; — 4Gpo;dr — X(k) (3.14)

That means the constituent quarks mass M; is expressed thought both coupling
constant Gg,Gp and the flavor mixing of quark condensate ¢7;¢k exists in M;. In the
random phase approximation (RPA) the self - energy of quarks is ignored, i.e (k) = 0.

Similarly, from (3.12) and (3.13) one gets

M%=m?[1 - GsIIS(k)] (3.15)
M?=m?[1 - GRITP(k)] (3.16)
From the system of gap equations (3.14) - (3.16), the quark condensate and mesons

are systematically considered: It is also shown that the influence of condensate matter on
quark masses are really strong.
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4. THE CJT EFFECTIVE ACTION AT FINITE TEMPERATURE

As it is well known, the (partial) chiral symmetry is restored at finite temperature
and nonzero density. It concerns with the energy density of ground state.

To investigate this system at T" # 0, we can apply the ”imagine time” formalism or
the "real time” formalism in field theory at finite temperature [15],[16].

In "imagine time” formalism, the Feynman rules as the same as those at zero tem-
perature, except that the momentum space integral over the time component kg is replace
by sum over Matsubasa frequencies w, = nnT, and the chemical potential g should be
added to the fermionic frequency in all expression, i.e

by = Giwn + k) (4.1)

dk Pk
fm*”’?w—?; .

where n is even (odd) for boson (fermion).

Starting from (3.2) and (3.5) - (3.7) we arrive at the expression of thermal CJT
effective potential in Hartree - Fock approximation.

Vr [¢, M, My, Mp] =Gs (62 + ¢3 + ¢2) + 4G p oy dads
+ Z: Trint —MA W8 | 5161 )

A k—m + oo
+ I TrinTr [1 — GsTIS (k)] + Tr [DojibDab -1]
k
+ i TrinTr (L - GsTP ()] + T [Ag Yy Aas ~ 1]
k
_1 $ i Tr [G(p)/\“D(p + k),\bc(k)] (4.3)

Pk

+Gs %gj [ Dab(P) Da(k) + 3Aa5(p) Dsa(k)]

where 1
i = (U, ¥,;) = —iN,.T _ .
() ( i 1) V¢ T‘% ~k — M, (4 4)
and the propagators of boson and fermions are given by
1 -1
Dr(k) = = :
(k) k2 =M% —kZ + k2 + M2 (4.5)
Gr(k) = —— = L+ M) (46)

F-M -k} + X2+ M?
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Using the well - known results [17]

1

%Trln [k - 4% = ailn [—(mnT)? - k* — ¢?]
k

1T2T4 y2T2 yBT Cﬂy4

o _ 4.7
o0 T 12 B AT}
: 1

) :2; (7nT)? + k2 + y?
=32 1% - PR ) 48
y By [2Trl" G )] 2 4r ' 8x2? 4.5)

1. T2 1

Cq = 5[1’1? + 5 - ln(‘lﬂ') — YEuler (49)

where 7 is renormalization scale, Ygyier = 0,577 and as planned the (zero - temperature)
ultraviolet divergent contributions have been omitted, it is easily to evaluate the high -
temperature approximation of integrands in (4.3)

Tr[G;'C - 1] =Tr [(Gy! - G7) G] = (mf — M?) Q(M,) (4.10)
TrinGy'G = Trin vk — My + i (4.11)
vk — m; + Yoko
At chiral limit m; = 0 and po = 0, it is being
k2 -2 T? T Cq
TrIinG:16 = Trin———=~L = —9? — —m3 — — ! 4.12
i’ T 2% 6r % 16n2 " (513

where M? = (M; — yop)?.

Finally, the part dependent temperature of CJT effective potential is obtained in
one loop approximation as a function of quark and meson masses

Vi (¢, 1, My, Mg, M) =Gs (6% + ¢3 + ¢2) + 4G pdudads

2 T2
- %im,? 0 (M2 + M? —2m?)

T " 5 . ) (4.13)
+ﬂ; [im, —Mp —Ms - m (MP+M3—2m)]
+ -3—2% [} — M2 - M} —2m? (M2 + M? — 2m?)]

where M;, M, M; are the solution of the gap equations (3.14) - (3.16). Note that in (4.12)
all term linear in the effective masses have canceled out. The term involve square of quark
masses in proportional to 72/8. It is just the part dependent temperature of effective
quark masses in QCD at hard thermal one loop [18], [19]. Two last terms are higher

contributions of the CJT effective potential evaluated at the values of quark and meson
masses.

5. CONCLUSION AND DISCUSSION

In the preceding sections the CJT effective action was used to study systematically
SU(3) NJL model, where the condensate matter involve u, d and s quarks automatically
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concluded in this formalism. The gap equations are directly derived from the effective
potential, which is also evaluated at finite temperature. Note that all term linear in the
effective masses have canceled out. Due to the fact that our next paper is intended to
consider the quark condensate and mesons in this mechanism. For numerical computation
purpose the Hartree - Fock HF) approximation will be presented.

The authors would like to thank the Natural Scientific University for the hospitality

extended to us.
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