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STU D Y  OF EXAFS CUMULANTS OF FCC CRYSTALS 
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A BSTRACT. A n e w  p r o c e d u r e  fo r  d e s c r ip t io n  a n d  c a lc u l a t i o n  o f  t h e  EXAFS 
(Extended X-ray Absorption Fine Structure) cumulants for fee crystals 
containing an abitrary number n of dopant atoms have been developed. 
Analytical expressions for the l 8t, 2nd and 3rd cumulants have been derived.
They depend on the number of dopant atoms and approach those derived by 
anharmonic correlated Einstein model, if all dopant atoms are taken out or 
replacing all the host atoms. Numerical results for Cu doped by Ni atoms based 
on the Morse potential show significant dependence of thermodynamic 
parameters of the substance on the number of dopant atoms and a reasonable 
agreement with experiment .

1. In tro d u c tio n

Cumulant expansion approach has been developed [1, 2] to include 
anharmonic effects in the EXAFS procedure. These anharmonic effects are 
contained in the first cum ulant or net thermal expansion, the second cumulant or 
Debye-Waller factors, the third cumulant, and the therm al expansion expansion 
coefficient, which are investigated intensively in the EXAFS experiment and theory 
[1-14]. It is also very im portant to study thermodynamic properties of materials 
containing dopant atoms [10, 14, 16]. Some investigations for crystals containing 
one dopant atom have been performed [10, 14, 16]. But normally more than one 
atom can be doped into a crystal. This case can lead to developing procedures for 
studying thermodynamic properties of alloys with nano structure which are often 
semiconductors containing some components with different atomic sourses. The 
effective interatom ic potential and local force constant for fee crystals containing n 
dopant atomts have been studied [16].

The purpose of this work is following our previous one [16] to develop a new 
procedure for description and calculation of the EXAFS cumulants and other 
thermodynamic param eters of fee crystals containing some (n) dopant atoms, where 
one dopant atom [10, 14, 16] is only a special case of this theory. Our development 
IS derivation of the analytical expressions for the correlated Einstein frequencies 
and tem perature, for the 1st, 2nd and 3rd cumulants, where the host atom is denoted 
by the letter H  and the dopant atom by the letter D. All these expressions are 
different if the num ber of dopant atoms changes. The results in the case if all the 
dopant atoms are taken out or if all the host atoms are replaced by the dopant 
atoms are reduced to those derived by using the anharmonic correlated Einstein 
model [8] for the pure m aterials. Numerical calculations have been carried out for
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Cu doped by one or more Ni dopant atom s, and the  resu lts  a re  compared to those of 
the pure m ateria ls and  some to experim ent deducted from the m easured M orse 
potential pa ram eters [15].

2. Form alism

2.1. A n harm on ic  effective po ten t ia l ,  local  force constan t  and  der iva t ion  
of  corre la ted  Eins te in  frequency  a n d  tem pera tu re

Following [16] the  anharm onic correlated in teratom ic effective potential of a 
fee crystal doped by n atom s from ano ther source is given by

VEÌx) ~ ị kejrx2 +kìeffxĩ + (1)

as a function of the displacem ent x = r - r 0 for r  and r0 being the instan taneous and 
equilibrium  distances betw een absorber and backscatterer atoms.

Using the definitions [8] y  = X — a , a = (x) Eq. (1) is changed into

Kf f  GO = ~ k ejr y  2 + Vanh (y) . Vanh i y ) = w { y )  = k efftay + K y  3 , (2)

containing an effective local force constan t kejỵ
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and anharmonic effective factor k
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involving contributions of im m ediate  atomic neighbors, where 
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U sing the  anharm onic effective local force constan t Eq. (3) the  correlated 
E instein  frequency C0 %D and tem pera tu re  0j!D are  given by

where kB is the  Boltzm ann constant.

Morse po ten tia l param eters for the case w ith doping are obtained by an 
averaging calculation from those for the  host (H) and the  doping (D) crystals 
expanded to the  th ird  order around it equilibrium

Denoting the  equilibrium  bondlength of the  host atom  by r0H , of the doping 
atom by r0D and  betw een the  host and the doping atom  by r0HD and solving the

equation system  of averaging procedure, the  M orse potential 
param eter D hd characterizing  dissociation energy, the  M orse po ten tia l param eter

a HD characterizing  the  w idth of the potential, and the  equilibrium  bondlength 
between H and D atom s r0HD are  resulted  as

They will be used for calculation of therm odynam ic p a ram eters  of crystals in 
the doping case.

2.2. D er iva t ion  o f  a n a ly t ic a l  expressions for  EXAFS cu m u la n ts

M aking use of quan tum  sta tis tica l m ethods [19] the  physical quan tity  is 
determ ined by an  averaging procedure using canonical p a rtitio n  function z and 
sta tistica l density  m atrix  p  , e. g.,

Atomic v ib rations are  quantized in term s of phonon, and  anharm onicity  is the 
resu lt of phonon-phonon in teraction , th a t is why we e x p re s s ^ in  term s of phonon

annihilation  and  creation  operators, à and a +, respectively

(8)

V(x)  = DH m ( ẽ laH^  -  2 /"»™ *) .  Dm m ( - 1 + a ị m x ‘ - a ị m x3 + ...) . (9)
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k ,ầMD
y = cr0 ( à  +  ó + ), <7q =  ~~~  > ( 1 4 )

v '  2 k eff

satisfy ing  re la tions

[a ,a +] = l ,  a+ \ n > = J n  + l \ n  + l >  , a \ n > = yfn \ n - l >  , (15)

and use the  harm onic oscillator s ta te  I nj  as the  e ig en sta te  w ith the eigenvalue

E n = nhcủ£ D , ignoring  the zero-point energy for convenience.

U sing the  above resu lts  for correlated atom ic v ib ra tion  and the first-o rder 
therm odynam ic p e rtu rb a tio n  theory [19] considering th e  anharm onic  term  in  the 
po ten tia l Eq. (2) as a pe rtu rba tion  sv  due to the  w eak anharm onic ity  in  EXAFS. 
Based on the  procedure described by Eqs. (13-15) we derived  the  cum ulan ts

0=<y>= ^ T r ( p y )  »  -J-Tr(ỏpy ) ,  
z  Zq

(16)

ơ (2) =< y2 >= Ị -T r (p y 2) « -^ -T r (p 0y 2) , 
z  Zq

(17)

ơ (3) = <  y3 > =  ị T r ( p y 3) *  \ - T r i ô p y 3 ) , 
z  Z q

(18)

p  = p0 +Sp,  z  =  z 0 +sz, (19)

w here p0 , Z Q a re  unpertu rbed  quan tities and  <5p, s z  th e  p e rtu rb a tio n s  of the 
s ta tis tica l density  m atrix  and the canonical p a rtitio n  function, respectively.

The second cum uland or M ean Square R elative  D isplacem ent (MSRD) 
describing Debye-W aller factor (DWF) has been derived

Ơ 2 = <  y 2 >w  Ả- Tr {p ữy 2) = J ^ z n < n \ y 2 \ n > , z  = e e'E IT . (20)
Z q n

S u b s titu tin g  the calculated m atrix  elem ent, i. e.,

< n I y 2 I n>= (2n +  1)(702 (21)

into  Eq. (20) we obtained

z
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The odd m om ents < y  > and < _y3 > have been calcu lated  using  th e  general 

expression
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Since < y  > con ta ins < n ' \ y \ n >  which is different from zero only for n'= n + 1 
th a t is why from Eq. (22) we obtain

_ 1 V< y > = y L
^ 0  n

-hũ) 
e-pEn 

+--
hco

< n I sv  171 + 1  ><  1Ĩ + \\ y  \ n >

< n I sv  \ n - l x n - l \ y \ n >

(24)

C alculating the  m atrix  e lem ents

< n \ y \ n  + l>= ơ0(n + 1)1/2, < n I y 3 I n +1 >= 3<703(rt + 1)3/2

and satisfying the  condition Eq. (16) we obtained the 1st cum ulan t
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(26)
*eff eff

Since< y 3 > con ta ins < n.1 I Ai' >< n ' I ;y3 I n > which is d ifferent from zero only 
for n' = n±  1, ft’ = ft ± 3 so th a t  from Eq. (22) we obtained

„  e - P £n _
^ -------------------< n I 171 +1 >< ft + 1 1 y3 I n>

cr(3) =< y 3 >= —
z n

-hco 
e-P£n _ e'^n-1 

hco
< n I <5V I ft -1  >< n - 1 1 y 3 I n>

„  * - / f e »  _  p - / t e „ +3
+ ^ r---------- z------- < n I § y  I ft + 3 >< ft + 3 I ;y3 I n>

-3hco
e - P £n _  g - / te« -3

3hco
< n I J  V 171 -  3 >< 71 -  3 I y3 I rc >

(27)

We calcu lated  the  m atrix  elem ent

< n \ y 3 I n + 3 >= (cr0)3[(/i + l)(n  + 2)(rc + 3)]1/2

S u b stitu tin g  Eqs. (25, 28) in to  Eq. (27) we obtained the  3rd cu m u lan t as

(28)
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Note th a t  in  th e  above expressions , (To , ctq3̂ a re  zero-point con tribu tions 
to the 1st, 2nd, and  3rd cum ulan ts, respectively, and when the  doping atom s are 
taken from the host m ate ria l all the  above expressions will be reduced to those of 
the pure m ateria l [8, 20].
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T ab le  1: C alculated values of keff and k3eff of Cu doped by n = 0, 1, 4, 8, 10, 13 
atom s of Ni com pared to experim ent [15].

n 0 1 4 8 10 13
k e f f  (e V/Ẵ2), present 3.0905 3.4451 3.5188 3.5834 3.9221 4.0704
k e f f  (eV/Ẵ ), Expt.[ 15] 3.1423 3.4415 3.5030 3.5567 3.8379 3.9608
k ^ e f f  (e V/Ẵ ), present -1.0468 -1.2018 -1.2289 -1.2531 -1.3524 -1.4062
k3 ‘ff (e V/Ẩ3), Expt.[15] -1.0841 -1.2143 -1.2362 -1.2560 -1.3325 -1.3764

Now we apply expressions derived in the previous section to num erical 
calculation for Cu doped by n atoms of Ni. Morse potential param eters for Cu and Ni 
have been calculated by procedured presented in [17, 18]. They are used for calculation 
of Morse param eters for Cu doped by Ni. The results are presented in Table 1 
compared to experim ent extracted from the m easured Morse potential param eters. The 
case n = 0 corresponds to the pure Cu and the case n = 13 to the pure Ni because all Cu 
atoms are replaced by the Ni atoms. All they are found to be in good agreem ent with 
experiment extracted from m easured Morse param eters [15].

Figure 1 shows tem perature dependence of the 1st cum ulant or net therm al 
expansion cr^(r) of Cu doped by one Ni atom compared to experiment extracted from 
the m easured Morse potential param eters [15] (a) and by n =0, 1, 4, 13 Ni atoms (6). 
Figure 2 illustrates the temperature dependence o f the calculated 2nd cumulant ơ 2(t) or 
DWF o f Cu doped by n = 1 Ni atom compared to experiment extracted from the 
measured Morse potential parameters [15] (a) and by n = 0, 1, 4, 13 atoms o f Ni (b). 
Figure 3 shows the temperature dependence o f the calculated 3rd cumulant o f Cu doped 
by one Ni atom compared to experiment extracted from measured Morse potential 
parameters [15] (a ) and by n = 0, 1,4,  13 Ni atoms (6). All the above Figures contain 
zero-point contributions and satisfy all their fundamental properties, e. g., a t high- 
tem peratures the 1st and 2nd cum ulants are linearly proportional to the tem perature 
and the 3rd cum ulant to the square of tem perature. They provide a reasonable 
agreem ent with experim ent for the case n = 1 doping atom.

a) b)
Figure 1: C alculated 1st cum ulan t <x^(r) of Cu doped by n = l Ni atom  compared to 

experim ent [15] (a) and by n =0, 1, 4, 13 Ni atom s (b).
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a )  b)
Figure 2: calculated 2nd cum ulant ơ 2(t ) or DWF of Cu doped by n = 1 Ni atom 

com pared to experim ent [15] (a) and by n =0, 1, 4, 13 Ni atom s (b).

a) b)
Figure 3: C alculated 3rd cum ulant of Cu doped by n = l Ni atom  compared to 

experim ent [15] (a) and by n =0, 1, 4, 13 Ni atom s (b).

4. C onclussions

This work has developed a new procedure for description and calculation of 
the correlated E inste in  frequency and tem pera tu re , the  1st, 2nd, and 3rd cum ulants 
for a fee crystal doped by an a rb itra ry  num ber n of atom s from ano ther m aterial.

Derived expressions of the considered quan titie s approach those derived by 
using the  anharm onic  correlated E instein  model for the pure m ateria ls  which can 
be considered as a special case of p resen t procedure. They satisfy  all their 
fundam ental properties and provide a reasonable agreem ent w ith experim ent 
extracted from m easured Morse potential param eters.

This m ethod considered for sm all cluster can be generalized for the whole 
crystal so th a t  from the p resen t procedure one can develop a m ethod for description
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and calcu lation  of the therm odynam ic param eters of an  alloy consisting of different 
percentage of co n stitu en t elem ents.
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