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AssTrACT. In this paper we present some inequalities which are obtained from com-

paring with
n—2 a a
T T
S(a,B) = +—21 =
= @k + $k+2) (xn +21)8 (21 4 22)P
and

R(a,B) = Z R
={z

where a € RY,3 € R*,z; € Rt (i=T,n),Rt r € R|z > 0}.

I. Introduction

Some cyclic inequalities have presented under simple forms but they are really
difficult to prove. The Shapiro’s inequality is a very special inequality and it is suprising
that many mathematicians have spent time on it. When a — B = 1, we obtain the

Shapiro’s inequality
S(1,1) > R(1,1) (n > 3). (1.1)

This inequality is correct for odd intergers less than or equal to 23 and for even
intergers less than or equal to 12. For all other n, the inequality is false. Fora € R, €

R*, we will construct some inequalities between S(a,B) and R(a, B3).

II. Case a = 3 > 1

Theorem 1.1. Ifz; € Rt (i = 1,n),a > 1,n is an odd integer less than or equal to
23 and an even integer less than or equal to 12, then S(a, @) 2 R(a,a) (1.2).
Equality of (1.2) holds if and only if 1 =23 = --- = z,.
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Proof. Using the inequality
1 n n

=) af ( ) (a; >0,i=1,n),a>1
n

=1 1=

—

by (1.1) we have

S(a,a) 2 n(S(l’l))a > n(R(l’l))a = n(%)" = Rla, o)

III. Case o < 3

In this case we obtain result.
Theorem 1.2. Ifa€ RT, € R, a < 3 then

(i) The inequality S(a, 8) > R(a,3) is not true for every positive z; (i = 1,n)
(ii) The inequality S(o,3) < R(a,3) is not true for every positive z; (i = 1,n)

Proof. (i) Taking z; = 1,22 = 23 = ... = Tn = a > 0 we obtain
1 n-3 2a”
(a ﬁ) [ + ﬁ a]+(1+a)ﬁ1

RMﬂﬂ:EﬂL+m—1mmﬁy

Since 8 > a, it follows

lim_ (@) =0
1
Jim Rled) = 55

For large enough a in S(a,8) and R(a,(3), we have S(a, () < R(a,f). It follows that

S(a,B) 2 R(e, B) is wrong.
(i¢) Taking z; = a, 2 = 3 = ... = 2, = 1{a > 0) we obtain
a* n-—3 2
Sh =5+ * Trap

R(a, ) = 551a®~ + (n = 1)

Since 3 > a, it follows

lim S(a,p) =

a—-+00

aEToo R(C(, ﬁ) - 28

For large enough a in S(a,3) and R(a,(3), we have S(a,3) > R(a,3). It follows that
S{a,3) < R(a, 3) is wrong.

n-—1
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IV. Case a > 3

Theorem 1.3. Given z; (i = 1,n) are positive numbers , p,q are positive integer

numbers such that p > q. We obtain

P p $P P 1
M=% LT nol T 5 S (gP9 44 gP),
(z2 +23)7 (34 z4)9 (T + 1)1 (21 +x2)7 ~ 29

Proof. Lets consider the case g<p—¢q<+ 2¢<p.
Applying the AM - GM inequality we have

229 . z,P

EE (0 ) 1a 3 2]

Similarly, we have

2%z} -2 +1,.p—
————=— + (x3 + x4)%2h 7 > 29T 00
(3 + x4)9
2
2%9zP

e * (0 + e 2 L

Summing all above inequalities, we have

22N + :1:'1"2q(g:2 +x3)9 4+ 2P (3 +2)? > 29N (2P 4 2+ - 2BTY).

(1.2)

Moreover,
p—2q -1,p-2q9/,.9 q
) Y zo + 23)? < 297 2] Y (23 + 23).
We have
P—q P—q P—q P—q pP—q r—2q,_4q
O T R R T R e SR Rt )E2 e (1.3)
p—2q terms q terms
and
P—q P—q P—q P—q pP—q r—2q9,.9
I T S . B I ()L e (1.4)
p—2qTerms q t.e‘rrms

Taking sum of (1.3) and (1.4), we obtain

2(p — 29)x0 "I+ qz5" 1 + qz5 7 > (p — q)xP Y (2 + ).
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It follows that

q—1
P22y + z3)7 <

2(p — 2q)21™7 + gz} + gz

29‘1[_2@“:2_(])1-?;’“9 4 —g—x’{_q + _ﬁ_xg—q]
P—4q P—q p—q
Similarly, we obtain
2(p—2 _ _ _
2b 2 (x5 + 14)7 < 2q_1[—(p 2) R W o . 25 9,

qg—q ? p—q > " p-—gq

2(p — 2 _
[(p q)xﬁ'q+—2—:c’1’

2P 29(xy + x9)7 < 2771 —_—
q—q P—q p—q

Taking sum of inequalities, we have

2§72 (2g + 23)7 + 2§ (23 + 24) T+ - + 2B (@1 +22)7 <
2(p— 2 2
P—q pP—q
= xf"2q(xg +x3)0 4+ 2P () +22) < 2%}V + 2B+ + 2279, (1.5)

(27" ¥+ 25794+ - +2879)

Taking sum of (1.2) and (1.5) we obtain

229M > 292} T+ b P 4 2B
1 _ _ -
S M> ﬁ—(mf T+28794...+2F79)
*) For the case ¢ > p— ¢ < 29 > p.
Applying the AM - GM inequality, we have

g=ulp—q¢)+v,1<v<p—gq

?.z7 o
(T2 + :clg)q +(Z2+23)P+ o+ (22 + 23)PTIH2P TV (2 + 35) 2T

o
uw terms

2p—q— 2p—g—v

(u+2)277 g, 7

WV

2 (u+2)2P 9™

Similarly, we have

2Pt . _
(z +32: )4 tu(zq +23)P79 + 27797 (23 + )28 T 2 (u+ 2)2P7 92870
3 4
2PzP

T as T S wal T R BT w2 L
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Taking sum of inequalities we have

PM +ul(z2+23)P 7+ (23 4+ 24)P 0+ + (T + 21)P I+ (21 + z2)P7 9+

H2PTI LTI (@ + @3)V 4 -+ 2TV (2 + 24)Y)

2 (u+2)2P Yz 4 257+ . 4 2P79). (1.6)
We have
ul(Z2 +23)P7 4+ (21 22)P Y €
<u2P—Q[IIQJ—q tay ? xh 4 afe bt M}
= ) 2 2
<u2P(z] T+ 2T 4 4 2879, (1.7)
PTIVETI (my + 2g)Y -+ 2B (2 + )Y
< 2P—Q[‘E}’J '; 3 TPV 4y xﬁ—q—v_mf ; ‘7:5] (1.8)
oy el 2T el 2D > (p— )2,
p—q—uV terms v ;:erms
and

B B B B _ —q—v
I T i SR T i SR ()

~ B

P—q—v terms v terms

It follows that

_ Vo, v —q—v, T3 + T3
(P=g=v)ay *+ 525" + 52877 2 (p - )2l (H )
1LY + & P—q—vV ,_ = v _
& P 2 BS Ipq+_,_$pq+ P4
v ) p-¢ ' 2p-q)% " 2p-gq)°
Similarly, we obtain
p—gq—v T3 + T} < P79V pgq v p—q L P—q
ST p—q ° T2p—q) T 2p_q "t
. pP—q—v __ v . v _
p—q—v/~l 2 < pP—q P—q P q
I S e T S Trpys K

Taking sum of all above n inequalities we have

v v
Iy +IL'2

~g=ys e +TE
:qut( 2 3

P—g-v
; - ) <[ +

2 P—q =g
AR L R o ) (1.9)

) s gl J(zP T+ +2879)
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Since (1.8) and (1.9), it follows that

P[PV (zy + z3)V + -+ + 2h T V(21 + 22)"] < 2P~ (g7 4+ -+ 2P 7).

(1.10)

Taking sum of inequalities (1.6), (1.7), (1.10) we have

PM > [(u+2)2P" 0 —u2P " — 2779 (2} T+ ah T+ + 2R
& PM > 277Uz T+ b4+ 2h )
1 .
esM>2 (2 "+ 207+ +2879).

In order to consider the case a, 3 are posotive numbers, we review the necesary inequalities

1) Given a, b are positive numbers and a > 1, we have

aa;ba > (a;b)a. (1.11)
2) Given a, b are positive numbers and o + 3 = 1, we have
aa + b > a®bP. (1.12)
3) Given a,b, a1, ap are positive numbers and « > 1, a; + as = 1 we have
(a1a + azb)® < aja® + ad®. (1.13)

Theorem 1.4. Let z; € Rt (i=1,n),a€ RY,fe R with1 <[ < %, we have

P= i + 3 4+ 4 Ty > 1($“_ﬁ+ +z2P)
" (z2+x3)? (23 +x4)P (z1+x2)? 7 28 ' "
Proof. We have
228 3 P _
(z2 + :Els)ﬁ + (22 + z3)°x} a1l o
2%0zg B..a—28  of+1 a—p
m+($3+m4) z, = 2 T,
928y
& Ty B.a—20 5 of+1,a-f
(I1+$2)ﬁ+(x1+x2) == B P g,

Taking sum of all above n inequalities, we have

08P 4 7P (gy +25)P + -+ 23 P2y 4 22)P 2 2P (27T + g2 et 2B,
(1.14)
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Since 3 > 1, apply the inequality (1.11) we have

.l 2'G(:cg + 1‘3)/9 < 2ﬂ_1$f‘_2ﬂ(zg + :rg)

Since Z__Qﬂﬂ - - é 3 = 1, apply the inequality (1.12) we have
o 26 B Z—fg ;%
a—g" T a=p"
- 2,8 Jé] a—pf
) 2.3 3
! S ( a - ﬁ —_ ﬁmz)
Since 1 € B < % —+ 1 < < a— 3 and apply the inequality (1.13) we have
a— 2,8 B a8 o-20 B a-—
oo "gg(a 57 _ﬂ:rg) sa_ﬁm‘fﬁ—l——ﬂmﬁ

Similarly, we have

a— o—2 o—
T, 28 ﬁ = '61‘1 B+

oy o —

It follows that

26—1x§’—2ﬂ(x§+33) 28— 1[—-——( Zﬁ)z?_6+aﬁ o P 4 £ g ]

It follows that

2
T? 2ﬁ($2+$3)6<26 1[ (a ﬁ)xa B+ ﬂ

3 1 _ﬁmzﬁ-l-—

Similarly, we obtain

T 2B(mg+m4)’3<2ﬁ_l[-——(a B)x B4 s x§ﬁ+a€ T ﬁ]

a-pf a-p g
T2 2P () + 15)P < 2871 (a ZB) i +—afﬂxf—ﬁ+afﬁx§'-ﬁ].

Taking sum of all above inequalities, we obtain

—1,2(a — 20) 28 .. a i
<= —51(a! Pt +aah)
P € T ) (1.15)

Adding (1.14) and (1.15) we have

228p > (2PF — P) (2P P 22 P 4. 4 22 F)
1

P223(
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Theorem 1.5. Letz; € R™ (i=1,n),a € R",3 € R" satisfy conditions

(6+1)

I\Jll-—‘

a

>35>

and 3 = u(a — ) + v where u is positive integer and v > 1. We have
z$ " by Loin b - 1
(iEg + .’Eg)ﬁ (1133 + 334)5 (Il + :I:Q)ﬂ - 26

WV
5
m
+
+
8
i
=

P =

Proof. Applying AM - GM inequality, we have

201: — ) = v
T @) Tl @2 2g)? P 2T (wa  2g) e

u terms

A 2a—f—v

2 (u+ 2)2 7 uatl U = (u+ 2)2C’_’Gz?~’8.

Similarly, we have

2%z

s+ g T Uzt 24)*7 4+ 297P 7Y @y + 24) 23T > (u + 2)2° P2y P

g ~
(z1 + .’:2)3 + (w1 + x2)* 77 + 2270z + 22)"z5 7Y 2 (u + 2)2° Pz, 2P,

Taking sum of the above n inequalities we have

QQP + u[(l‘g =t 1133)&_'8 + e 4 (Cl?l + CEQ)Q—‘B] + 20_'8—1'![.'130—'8—1’(332 + Ig)v + -4

2P )] 2 (w2227 P (2 425 42t ). (116)

Since the assumption 5 > = ([3 +1)< a—F>1, we have

a—f . a—p3 a=p
a— a— -gx i :E & T
ul(za +23)* P 4 4 (21 + 22)27P) < w2oA 22 5 2 ... 4 5 e
- u2°_ﬁ(azi‘—6 + :13‘2’—ﬁ 4o 42278,
(1.17)
Since v > 1, we have
27 T @ b 3g) o+ 2T (@ 22))
v v v v

< 2(1_ﬁ{xa—_3——v:r2 + 3 +ovet ga—B-v Ty 1T % CEQ]_ (1.18)

Y ; o = 5
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Applying the inequality (1.12) and (1.13), we have
-3 = a—f3
oz—,B—v v < (a IB v v )

a—F-v , 4 VU 4B
& —— =i + :
S a-8 1 a—3 2

Similarly, we have

a—0F—-v_v o — 6_ UV a-p v a—p
& g + x .
1 3 = a—ﬁ 1 a—-ﬂ 3

Taking sum of 2 inequalities, it follows that

—B—dir o i 20@—B—-v) o ;N ¥
I, p ($2+$3)< Tﬁ—ﬂfl 'B+ _ﬁﬂ:z ﬁ‘+— _ﬂﬂf‘-} g
-8 a—fB-vTs + X a—0F—-v ,_ v _ v _
:>2a60ﬁ012 3<2cz—ﬁ a—f3 a—pB a—[3
Z 9 [ a—ﬁ T +2( _ﬁ):EZ +2(a_ )‘TB ]
Similarly, we have
2(1—61:&—#3—1)‘1:}5) + I‘Z < 2a—ﬁ[a__ /6 — UIO—;@ 4 v Z‘a_'B + L xa_f@]
: 2 S0 TemE ® T T a-p
> _ Y+ x¥ _ga—pB—-v __ _ _
Qaﬂaﬁ—v‘rl 2<2c1,8 a—f3 Iaﬁ-f- aﬂ‘
Tn 2 [ a—p n +2(a— T 2(a—,3)$2 ]
Taking sum of n inequalities and applying (1.18), we obtain
222 T (g 4 73) + -+ 25T (2 + 7))
A= ,8 == U () e a-f -
P+ gl e 42l )
< 2272y P 1 287P 4. 4 22 B), (1.19)
Since the inequality (1.16), (1.17), (1.19), it follows
2°P > [(u+2)2%7F — w2278 —207B) (58P 4 237 P 4 ... 4 g2 B)
> 2“"‘6(27‘1’_5 - a:g‘_'@ + 2P
1 _ -
& P> éﬁ(l‘? P4z Bp 2B,
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