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A b s t r a c t .  The composite material reinforced by aligned fibre is an important type of 
material because of its practical applications in many components of structures. This 
material is a tranversely isotropic medium having five independent elastic constants.
Many researchers are involved in determining these elastic constants. By using com
plex function method for solving the plane strain problem in elasticity theory, [4] 
has given a relatively precise method for determining the stiffnesses of transversely 
isotropic medium. [5] has introduced a method for defining the engineering constants 
of the composite material reinforced by fibre basing on physical experiments. In 
this paper, we would give a derivation method to determine the plane strain bulk 
modulus of the composite material reinforced by aligned fibre basing on a geomet
ric approximation of representative volume element. Our result is identical to some 
other authors’. This is a new method to obtain the plane strain bulk modulus of the 
composite material reinforced by aligned fibre.

1. T h e  p ro b le m

Assuming a cyclic structure of the composite material reinforced by aligned fibre, 

its representative volume element is in form of a rectangular parallelepiped containing 

a cylinder. By using a geometric approximation of outer rectangular parallelepiped, we 

obtain a new model for representative volume element called composite cylinders model. 

Specifically, The fibre phase is taken to compose of a number of long circular cylinders 

embedded by a continuous matrix phase. With each individual fibre of radius a, there is 

an association with an annulus of matrix material of radius b. Each individual cylinder

combination of this type is referred to a composite cylinder [6]. As a result, our problem 
can be posed as below.

Figure 1. The representative volume element of the composite material reinforced by fibre 
and composite cylinder model
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Let us consider a heterogeneous cylinder composed of two isotropic elastic materials. 

Inner solid cylinder (0 ■< r •< a) and outer cylindrical shell (a ■< r ■< b) made of elastic 

materials having properties (A1 , Hi) and (A2 , / 2̂)1 respectively. A heterogeneous cylinder is 

subjected to a hydrostatic stress p2 on its outer boundary r — b. Our objective is to obtain 

the plane strain bulk modulus of two phase composite as a function of elastic properties 

and volume concentrations of each phase.

2. G o vern ing  re la t io n sh ip s

By setting the above problem, the root of the problem is found in form of

Ur — ur(r) , Ug =  uz =  0. (1)

We have the equilibrium as follow

dr r

Taking Eq.(l) into Eq.(2) we have

dơrr _  ơớỡ) -  0. (2)

d2ur 1 dur 1 _
7 7  +  -  J  -  2 Ur =  °- ^ )dr2 r dr

The solution of Eq.(3) is given by

ur =  Ar  H---- . (4)
r

The solution Eq.(4) implies specific forms in the separate fibre and matrix phases.

3. Solving m e th o d

The problem is solved by applying elasticity theory for the plane strain case. Specif

ically, the problem about cylinderical shell is subjected to the hydrostatic stresses on

boundaries. We will consider the displacement and stress states in the separate fibre and

matrix phases of composite cylinder before examining equivalent homogeneous cylinder.

3.1. The m a tr ix  ph ase  o f  com posite  cy lin d er

In the area of the matrix phase, the displacement and stress states in forms

u r =  A l t  H---- —, (5)
r

— 2(Ả2 +  ^ 2)^2 ~  2^ 2 —2 • (®)
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In troducing  ơrV into the boundary and interface conditions
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r ( 2 )

"=6 =  P2 , p (7)

(where p is the interaction stress between the fiber and matrix phases), we define inte

gration constants as well as the displacement and stress fields in the matrix phase as 
follows.

u (2) =  Pa2 -P 2 b2 (p -  p2)a2b2 I
2(A2 + ^ 2 )(o2 -  b2) 2^2(o2 ~ b2) r ’

(2) _  pq2 -  P2b2 _  (p - P2)a2b2 J_
rr a 2 — 62 a2 — ỉ>2 r 2

(8)

(9)

3.2. The fibre  p hase  o f  the com posite  cy linder

In this part (0 •< r ■< a), the displacement and stress fields have forms

— A ự  , 

ơrr  ̂ =  2(Ai + ụ.\)A \.

( 10)

( 11)

By the continuity conditions of displacement and stress on interface r — a

Ơ. ( 1 )
r=a

; u (1)) ur =  u<2>

we obtain the following relations of and interaction stress p

p

U (1) =  ____
'  2(Ai + a*i ) ’

(Ai *f j ) (A2 +  2/i2)f2^2
(A2 +  //2 ) [(Ai +  Hi) +  ụ iịb 2 + [(Ai + fix) -  (A2 +  Ai2)]a2

( 12)

(13)

(14)

3.3. T he  equiva len t hom ogeneous cy linder

We consider equivalent homogeneous solid cylinder having radius r — b made of 

isotropic elastic material of properties The homogeneous cylinder is subjected to

the hydrostatic stress P2 on the boundary r — b.

It is clear that solved forms are similar to those of the fibre phase

r=a

r=a r=a

ur = A r , 

ơrr — 2(A +

(15)

(16)



By defining integration constant from boundary condition, we obtain as follow
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U r  —
P 2  -  (17)

2(A +  ỊÌ)

In fact, the displacements at the outer boundaries of the composite cylinder and the equiv

alent homogeneous cylinder are equated to provide the same average sta te  of dilatation 

within each of them
(18)4 2) =  U rr—b r=b

Introducting the relationships Eq.(8), Eq.(17) into Eq.(18) taking into account Eq.(14) 

gives us the following relationship.

N (A2 +  2 ^ 2 ) [ ( ^ 1  +  Hi) — ( ^ 2  +  ^ 2)]^
(A+ M) =  (A*+ m )  +  (Ai + ; i -  ; 2) -  [(Ai + m )  z  (As+ W )j •

Where £ =  a2/b2 is volume fraction of the fibre phase.
In fact K 23 = K + ụ ,/3 =  A+/J is plane-strain bulk modulus of transversely isotropic 

medium [7]. We carry out some transformations at Eq.(19) and obtain as follows.

r,  T,  . ,0 , (# 2  +  4/i2/ 3 ) [ K i  -  # 2  +  (/^1 - / ^ ) / 3 ] £  n

^ ^ + {Ki -  W 3 ) ;  (1 -  0  [ K  -  1 J

where K i  Hi  (i =  1,2) are the bulk and shear moduli of the fibre and matrix isotropic 

phases, respectively.
Expression Eq.(20) is a formula for determining the plane strain bulk modulus of the 

composite material reinforced by aligned fibre which is a transversely isotropic medium. 

It coincides with the relationship derived by Christensen [1].

4. C onclusions

By using a geometric approximation of the representative volume element of the 

composite material reinforced by aligned fibre, this paper presents an alternative derivation 

method in order to obtain the plane strain bulk modulus of this material. The governing 

ideas of this approach base on the composite cylinder model and applying elasticity theory 

for the plane strain problem. Our result is identical to Christensen’s [1]. We believe that 

this derivation method can be widenned to determine the remaining elastic moduli of the 

composite material reinforced by aligned fibre, which is a transversely isotropic medium.

The results of researching presented in this paper have been supported by the 

National Council for National Sciences.
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