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SHARPENING MEAN-FORM AND CYCLIC INEQUALITY

Nguyen Vu Luong

Dcpartment of Mathematics - Mechanics - Informatics, College of Science, VNU

ABSTRACT. In this paper, we construct some sharpening forms of the mean form and
sharpening some types of cyclic inequalities.

1. Introduction

In the international conference 1996, Zivojin Mijakovic and Milan Mijakovic pre-
sented a method to sharpen AM-GM inequality in their paper. Starting with the AM-GM

inequality
k=n

Gn(a) = (H )l/n Zak-—

k=1

where a; (i = 1, n) are positive numbers, they created some stronger inequalities
Gn(a) € G(a,a) < A, (a),

where
k=n 1/n
a)=(H(ak+a)) -a
k=1

is a non-decreasing monotonic function. By virtur of the results, they created many
infinitely symmetric expressions, that depend on parameter «, between G, (a) and Ap(a)

. In this paper, we will sharpen some types of the inequalities.

(%zn:a) Zak with r > 1,ax > 0(k =1, n)

k k 1

=1
and (;i ) %iak with0 <r< 1,(k=1,n)

2) For p>g>1, wehave

1 .
af)'  with ax > 0k =T,n)

1

G >

,,.
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3) ”2':‘ % + % o ly ith a > 0(k = T, n)
= QA 1 A al— -
ak +0k41  Gnt+ar 2 koo WILL Gk T
k=1 k=1
n—2 2 2 5
Z a a .
4 k + n—1 + n > i
) = akp1 + Bakys  antPar a1+ fPar g 1+ﬁkz=1 '

(where ax >0,k=1,n and B3>0 Iisgiven).

2. Sharpening mean-form inequality

We denote ‘
B, (a,p,q, ) [(%Z%WLQ%) _ ]q,

where ax >0 (k=1,n);p> 0;¢> 0;a > 0.

We have

Bn(a,p,1,a) = (%i(%%—a )%_

k=

—

B a8 1, 0)

B,(a,1,1,0) =

Let us consider the inequality

Bn(a,r,1,0) > By(a,1,1,0), wherer > 1
and
B, (a,7,1,0) < By(a,1,1,0)whered < r < 1.
Lemma 1.1. By(a,r,1,a) is a non - increasing monotonic function (with variable a).

Proof. We have

B'(a'rla)—[— lkffa + a)” 1(lkwnr(a P 1)1_1
n\% iy 4 = i k -n k « | 2

—
=
I
—

Therefore

5 Y r—1
4
Bl (a,r, 1,a)= Ek 1(ax +0) —— — 1.

(IS Han+a)7) ™




Sharpening mean-form and cyclic inequality

Denote Ax = (ax + @)™~ ! and

Bl(ar1,a)= k=t
(n k=1 k)

If 7> 1, then ¢ > 1 and if 0 < r < 1, then q < 0. It yield
k=n k=n
1 l/q 1
Lol - = A,

Therefore, By,(a,r,1,a) < 0 and B,(a,r,1,q) is non-increasing.

Lemma 1.2. (i) Bn(a,,1,0) 2 By(a,r,1,a) > Ba(a, 1, 1,0) where r > 1
(i) Bn(a,r,1,0) < Bn(a,r,1,a) < By(a, 1, 1,0) where 0 < r < 1.

Proof. Let us consider r > 1. By inequality of Minkowski, we have

B.(a,r,1,0) = By(a,r, L, a)

T ox
I
S -

a—

(ak+a) tr _ Zak+a)

<=>( (ak + @) ) %i

For 0 < r < 1, the proof is similar.
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For p > ¢ > 1, we have
Bn(a,p,1,0) > Bu(a,g,1,0).

Theorem 1.1. Givenp > q>1,a 2 0,ax >0, (k=T1,n). Then
( i) Ba(a,p,1,0) = Bn(a,p,q,a) > Ba(a,q,1,0).

( ii) Bn(a, p, g, @) is a non-increasing monotonic function (in variable o).
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Proof.

(i) Denote Ay = aj , the required inequality is equivalent to

k=n k=n k=n
1 p/q 1/p 1 /p 1/q 1 1/q
)" [ S -5 G E
k=1 k=1 k=1
Taking the q power of both sides and set 7 = p/q > 1, we obtain
k=n k=n k=n
1 SN LE 1 l/r 1
(HZAk) HZ (Ax +a)" >~ Ay
k=1 k=1 k=1

Applying the lemma(1.2) deduces that the inequality is true (ii) Let af = Ak, 7 =
p > 1, then the function
q

>
Il

n

(e +a) " —a]"”

S|

By (a,p,q,a) = [(

>
Il
—

is a non-increasing monotonic (Lemma 1.1).

3. Sharpening some types of the cyclic inequalities

We denote
k=n—1 2 2
an + «
Gn(a,a) = (ax +) + (@n ) — na.
=1 Ok+1 + a a +a
It follows
k=n—1 (12 (1,2
Gila, 0) = Ry
( ) kz;l Q41 a

We will strengthen a simpler inequality

k=n
P Z ag = Snla)
k=1

where a; > 0,1 = 1,n. We obtain the following result.

Theorem 1.2.

( i) Gn(a, ) is a non-increasing monotonic function.
( ii) Gn(a,0) = Gn(a,a) > Su(a).
Proof.



Sharpening mean-form and cyclic inequality

We have
(ak + 0)2 _ (a + k41 +ag — ak+1)2
ak+1 + a ak+1 +
(ak —Cllc+1)2
=a+a 2(ax — a + — .
k+1 + 2(ak — Qg41) s s
Therefore,
ot 3 (@ mak)? | (- ar)?
Gnla,a) = a + 2= .
n(a ) ; Kkt Z T + @ 2 + o
=1 k=1
We have )
611)2 - (afc - ak+1)2
G(a,0) = - Gn =) 3~ (@—an)®
n(@ @) = (a+a1)? kgl (a+aks1)?

Hence G, (a, a) is a non-increasing monotonic function.

Since a > 0, we get
Gn(a,a) < Gu(a,0).

We have . : .
—  (ax + a)? an + a)? =
o taf | ntaf KT
e i1+ a; +« |
Then
k=n k=n
a) > Z(ak+a) —na = Zak
k=1 k=1
(Theorem is proved).
We denote
k=n—1 2
Z (ar + ) (an + @) _na
ar +ary1+2a  an+a;+2a 2’

k=1
where a > 0.

It follows that

k=n-—1 2 2

Dofs,0)= ¥, — =% 1

k=1

We will sharpen an inequality

Dn(a1 O) >

where a; > 0,7 = 1,n. We obtain the following result.
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Theorem 1.3. (i) D,(a, ) is a non-increasing function.
(ii) Dp(a,0) > Dn(a, @) 2 %Sn(a).

Proof. We have
(ak + a)? o? + 2axo + aj
ar + ak+1 + 2¢ 20 + ak + Q41
a  3ak — Qk41 (LGL_Z‘ﬂﬂ)2

2 4 2a + ak + ak41
It follows that
k=n k=n—1
1 1 (ak = ak+1)2 1 (an = a1)2
D ) = = . - - :
n(e,0) =3 ;a” 4 Z:_l S By ey 3 Der e+ 81
k=n—1 2 2
== 1 (a —al)
D! (a,q) (0 = ak+1) - = - <0
n( Z 2a+ar +ar+1)? 2 (Qatan+ ay)?

Hence D,(a,a) is a non-increasing monotonic function. Since a > 0, Dn(a, ) is a non-

increasing monotonic function. Therefore
D,(a,a) € Dy(a,0)

1
To complete the proof., we will show that  Dy(a,a) 2 §Sn(a).

We have
k=n-—1 2 2
D(a,a) = Z (ax + o) (Gnta)” _na >
7 Gkt Gkt +2a  ap+a; + 2 2
k=n k=n
1 no 1
>3 (ata)-F =50 a

>
Il
—
>
Il
—

Theorem is proved.

We denote
n—2
(ak + a)? (an_1 +a)?
F.la.a)= - +
(,0) ; ak+1 + Bakt2 + (1+ B)a  an+Par + (14 B)a
(an + a)? no

a1+ﬂa2+(1+ﬁ)a_ 148
(where variables a > 0 and > 0 is given )

It follows that
n—2 2

2 2
Fu(a,0)= Y ——* §—BL g o

— gt Bakryz an+Bar a1+ Paz

We will sharpen the inequality
1

2.—
Fn(aao) 1+6

Sala).

We obtain the following result



Sharpening mean-form and cyclic inequality

Theorem 1.4.
(i) Fn(a,a) is a non-increasing function

s 1
(ii) Fr(a,0) 2> Fy(a,a) > mSn(a).

Proof.
We have

(ar + a)? a® + 2axa + a}
ak41 + Barye + (1 + 5)0 (1 + B)a+ arq1 + Bakiz

(aks1 + Bary2)®  2ak(aksr + Bakya) |

e 2ar  aky1 + Pagy (1+ B)2 (1+0) %
1408 1+p (1+ B)2 (14 B)a+ aks1 + Bakyo
(ak-H + Bakis ak)z
o« 20k agy1+ Bagyo 1+
148" 148 (14 B)2 (1+ B)a+ary1 + Bakya’

Similary, we have

Gn + 2
. ﬁal —— 1)
(an—1 + @) .« 2an-1 an+ »80'1 1+ 16

tntBa+(1+B)a 1+8 1+8 (1102 (1t Aarta. fa
1

a; + Ba, )2
/ 2 — Qpn
(an + (Y) (04 pi a + ﬁa2 L+ .B

a1+ﬁag+(1+ﬁ)?§ 1+ﬂ+1+ﬁ_(1+ﬁ)2 (14 B)a + ay, + Bas

It follows that

(M _ an_ly (u@ _ an)z

1+6 1+,6
Fn(v ﬂzl 1+ﬂ)a+an+,@a1 (1+5)a+a1+ﬂa2
( 1+ﬁak+2_a)2
1+ )

Z (1+ B)a+ akyr + Bakyo

() (il

(1 + B)a+an+Bas]2  [(1+B)a+ ar + fas)?

B (ak+1 + Bak42 _ ak)z
1+

Zzz [(1+ B)a + aki1 + Bagyo)? <0

(1+B)F,(a,a) = -

Hence, F,(a, a) is a non-increasing monotonic function .

Since a > 0, we have

F.(a,a) < F,(a,0)
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To complete the proof, we will show that

1

Frn(a,a) 2
(@) > 155

Bala).

Indeed

1 2 no L =
F.(a,00) 2 —— * ar + ) — = a
() 1+ 06 kZ=1(k ) 1+ 3 1+ﬁk2=1'°

Theorem is proved.
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