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INFRARED SINGULARITIES OF FERMION
GREEN’'S FUNCTION AND THE WILSON LOOP

Nguyen Suan Han
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Abstract: Gauge-immvariant and path-dependent objects berng infrared asymptotics
of a gauge-invariant spmor Green function in the QED have studied. It is proved
that the infrared singularities of fermion Green's function can be factorizéd as the
Wilson loop that contains the primary Path and the straight-line contour and accu-
mulates all the dependence on the form of the path of the mnitial Green function.

The present report is devoted to the study of infrared asymptotics of the gauge-
invariant spinor Green function. The interest in this problem comes from the hope the
problem of ¢quark confinement in the framework of QCD can be solved in this way [1-
4], Usnally the standard fermion propagator < 0/T¥(x)¥(y)l0 > is studied that. as it
is well known is a gauge-dependent quantity. At the same time it is known that the
infrared behavior of the complete fermion propagator essentially depends on the gaunge
choice/ 1.5/, Thus. for example, in the Abelian case in the class of covariant a-gauges the
fermion propagator hias a branch point at p* = m* which only at a— = 3 leads to a pole
singularity of the propagator [4]. That is why one can conclude that a consistent study
of the gange-theories should be done on the basis of the gange-independent gquantitics. In
particular. instead of the standard spinor propagator one can consider a gauge-invariant
Green function [6)

"1
G'""(xr,y|lC)= - < 0T {‘P(.I')Pexp I:~é('/ (IZ,,A,,(:)} \i/(y)} 0 >. (1)

In contradistinction with the standard propagator the Green function (1) contains
the exponential with the path integral taken over the gauge field along an arbitrary path
C" that connects the points @ and y. Our aim consists in studying the infrared behavior
of the path-dependent gauge-invariant propagator (1), Let us use the representation (1)
in a form of the functional integral over the spinor and vector fields

) § . [ y
G(r, ylC) = - /D\IID‘IID.»‘ld{f(:l)}llf(.r)l-’cxp l_*li(,‘ / (1:,,.4“(:)] Wiy). (2)
Here. the integration measure over the gauge field DA includes some gauge condition
DA = DAS[f(A)]. (3)

the explicit form of which due to the gauge independence of (1) is not essential. Performing
in (2) the integration over the fermionic fields we get (with f(A) = d,A,(x))

det{y,D, — m] . L ;

expl—So(A)G(z,y|A) exp|-—ic dz,A,(z)

(l(‘t['),,(’)l, B m] I[ 0( )J ( JI ) Pl 1 I :(, )

(4)

G(z.y|C) = / DA3(D,A,).
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where Sy is the Enclidean action of the free electromagnetic field S, 4 = ]:/' f I-",‘," (a).
D, =, +icA, e is covariant derivative, and G, y|A) if the Green function of the

clectron moan external field 4,0 which satisfies the equation

;_‘:'ltl)fl ) ’“}C’Y('{:'.{/;‘A) — (')(‘I - .‘/)

In what follows we shall represent the field in accordance with as a smn of slowly and
rapidly varving components A" and A™. For the Green function of fermion in an

electromagnetic field A, we use the approximate formula |7

=
Glo, yl A" + .4”'»‘)exp(ie/ dz, A (2)), (H)

Ja

that is valid in an infrared limit. The integration in (5) is performed along the picce of
the straight line IT that connects the points x and y:

IT 2 = Ty +os{y — ) () €< 1. (()
With account of formula (5) and the approximate relation

detly,D,, —m] _ detly,(d, +ieA,) —m]
det[y,,0,, — m] B det[y,0, — m]

= dt?t{l + i'f‘“f,,:ql,j 2% L,

Y0y — m

that holds for the infrared limit. it is not difficult to show that propagator (4) can be
represented as a product of two factors

(v””“(.l'.y{ 1) — Jl—'\'.Jlli" (7)

Here the first JUY (/V-ultraviolet) is the quantum Green function obtained only with
account of the rapidity varying field Af,”. The second factor J/* (I R-infrared) is obtained
with account of slowly varying component Af,m only. It reflects the interaction with the
soft photon and thus contains the infrared singularities. This factor has the form

JH = / DAY exp {mil“ % (13,:-43.“)} ) (8)
; JL
(0)

where. ¢, dz, A} (z) is the integral over the closed path L = C'+IT of the form L = C+11 =
X X x

. i =

y y ¥

It is not difficult to see that expression (8) is nothing but the Wilson loop J'" =

W(L) where.
W(L) =< 0|T exp [—ie j{ dz“Af‘”)(:)] 0> . (9)
JL
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Thus. we have arrived to an interesting conclusion that all the properties of the
mfrared behavior of the gauge-invariant propagator (1) are accumulated in the Wilson
loop (9).

Let us consider, as an example, a particular choice of the path C and the price of
the straight line from the point @ up to the point y. With such a choice of the path the

propagator (1) takes the form.

I
Gz ylC =H) = = < 0|T"¥(x) exp {ie / do(y — ), Au(xz + aly — )| Y(y)l0 >.
Jo
(10)
where the integration in the exponential is performed along the piece of the straight line

(" =11,, of form (6). It is clear that in this case

. "y
%»d:,,A,,(:) = / iz, A, {z) =1, (11)

Jr ’

so JH — 1. Thus. additional infrared singularities (like a branch point) that appear due
to the interaction with the “soft™ photons do not appear here. and Fourier transformation
of the propagator in the infrared limit has a simple pole G (p|C = II) = (1/p + m).
This result exactly agrees with that of the calculation of the infrared asymptotics of the
propagator (1) done in [6].
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TAP CHI KHOA HOC DHQGHN, Toan - Ly, t XVIIl, n"1 - 2002

CAC KY DI HONG NGOAI CUA HAM GREEN FECMION
VA CHU TUYEN WILSON
Nguyeén Xuan Han

Khoa Ly, DH Khoa hoc Tw nhién, DPHQGHN

Cic doi tugng bat bién chuan va phu thudce vao quy dao la cic tiém cin hong
ngoai cua ham Green spinor bt bién chuan trong dién dong luc hoc luong tr (QED) da
duoc nghién ciru, Da chiing minh rang: cdce ky di hong ngoai cia ham Green fecmion ¢6
th¢ duge giai thita hod nhu la chu tuyén Wilson, ma né chia quy dao ban diu va duong
thing vién quanh va @p trung moi su phu thudc vao dang quy dao cua ham Green ban
diu.



