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I. Introduction

In this paper we shall work in the variety W of algebra’s over an associative and
commutative ring A" which unity element. For a given subclass R of the variety W cach
algebra A © R is called R - algebra. and an ideal I of an algebra A is called R- ideal if 1
is an R-algebra.

Radical classes are meant in the sense of Kurosh [11] and Amitsur [1] and for details
of radical theory we refer to [18] and [19]. It is well known that a non-empty subclass R
is a radical class in W if and only if the following conditions are satistied.

(1) I is homomorphically closed.

(ii) The sum R(A) of all R-ideals of an algebra A is an R-ideal.

(111) K 1s closed under extensions, that is, if both I and A/I are R- algebra’s. then
A is also R- algebra.

In ring theory much so - called regularity appear. The oldest one scems to be the
von Nenmann regularity. In 1936 Von Neumann [14] defined a ring A (with identity) to
be regular if and only if for any element a of A there exists an element & of A such that
a = are. In 1950 Brown and Mccoy [6] generalized to rings without identity. and they
snceeeded in proving that it is a radical property. In the meantime (1942) Perlis [15] had
introduced the concept of quasi-regularity for algebra with identity. He defined an algebra
A with identity to be quasi-regular if and only if for any element x of A there cxist an
element y of A such that x +y +xy = 0. In 1945 Jacobson [10] generalized this concept to
arbitrary ring without identity, and he showed that it is a radical property. called later on
the Jacobson radical. In 1948 Brown and Mccoy [5] attempted for define a general concept
of regularity for rings. That is the Brown-McCoy radical. At that time their theory was
general enough. All regularities introduced up to then were regularities in the sense of it.
However, in 1971 a wide class of regularities was introduced by Goulding and Ortiz [8].
‘eKnight and Musser [12], Musser [13], namely the so-called (p,q) - regularities. They
1ad showed that the (p.g) - regularities are radical properties. In 1975 Roos [16] gave
a general definition of regularity for rings is terminology of the class of mappings {74 }.
where F'y mapps each ring A into the set of all subgroups of the additive group (A.t) of
the ring A. The regularity in this sense satisfies the conditions of radical property. In
1981 Hue and Szasa [9] gave the definition of regularity of associative rings in the common
terminology of polynomials and formal power series and showed the radical characteristic
of regularities in this sense.

The aim of this paper is to-give the general definition of regularity for arbitrary
algebra, which includes all regularities known up till now, and to show the radical charac-
teristic of regularities in this sense. We hope that we are going to get a diagram to define
correct radical classes of W,
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On the radical characteristic of regularities 1
IT. S-regularities

1. Definitions

S - requlanrty

Let there be assigned to cach an algebra A belonging to Woa mapping Sy which
mapps the direct stun A = A A . into the algebra A, The class S consisting of all
mappings Sy will be ealled a regularity for algebra of Wif the following condition is
satisfied.

For every A. B« W and f € Homy (A, B). we have the commutative diagram

A* ———5 A
f l l ! (a)
g ¢—:— B

where f™~ = (f, f,..e).
S - regular algebra

An element a of the algebra A is called S-regular if a € 3 — §,1. An algebra A is
said to be S-regular if 354 = A. An ideal T of an algebra A is called S-regular if 1 is an
S-regular algebra.

2. Properties

We obviously have the following,
Proposition 1. If the class S s a regularity then S4((0.0,...)) = 0 for every algebra A
of the class W,

Proposition 2. The class of the S-reqular algebras is homomorphically closed.

Proof. Let B be an image of an S-regular algebra A under the homomorphism
f- Now let b be an arbitrary element of B. Then there exists an element a of A such
that b = f(a). Since A is an S-regular algebra there is an element = of A™ such that
S A(r) = a. By the commutative diagram (a) we have:

) b= fla) = f(Sa(x)) = Sp(f~(x))3S)-B - .

Therefore the algebra B is S-regnlar.

Theorem 3. If the c¢loss S = {S4 : A™ — A} cw s a regularity then the class of all
S-reqular algebra s a radical class in W af and only of the follounng condition s satisfied.

If I'is an S-regular ideal of the algebra A and for cvery element a of A there caists
an element v of A™ such that S4(e) —a =0 mod I, then A is a regular algebra.

Proof. Assume that the class R of all S-regular algebras is a radical class. Now
suppose that [ is an S-regular ideal of an algebra and for every a of A there exists an
element & of A™ such that Sq(z) —a = 0 mod I. We have to show that the algebra
A is S-regular. Let us consider the factor algebra A/I. Take any element @ of A/I. By
hypothesis there exists an element x of A such that S_A(z) —a = 0 mod I. So in
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the factor algebra A/1 the equality @ = S,4(r) holds. For the natural homomorphism
p: A A/l we have the commutative diagram

A* 15 A

S .

(A/T)® «—— AJI

-‘;A /1

We have @ = Su(x) = p(Sa(x)) = Say(p™(x)). Therefore the element @ is S-
regular. This implies the S-regularity of the algebra A/I. Since radical classes are closed
under extensions, the algebra A is S-regular.

Conversely, assume that the S-regularity satisfies the condition of the theorem. We
shall show that the class R of all S-regular algebras is a radical class. Clearly. the class R
is not empty.

By proposition 2 the class R is homomorphically closed. The condition (i) of the
radical property is satisfied.

Now suppose that for an ideal of an algebra A, both I and A/I are R-algebra.
Since the algebra A/[ is S-regular therefore for every element a of A there exists an
clement T of (A/I)™* such that S,,,;(F) = @. By the commutative diagram (b) we have
a = Sa/(T) = Say (@@ (@) = p(Sa(x)) = Sa(x). This implies S4(x) —a =0 mod /.
By the condition of theorem the algebra A is S-regular. Hence the class R is closed under
extensions. The condition (iii) of the radical property is satisfied.

By the proposition 1 the zero ideal of an algebra A is an S-regular ideal. Hence the
set of the R-ideals of algebra A is not empty. Suppose both [, and [, be R-ideals of the
algebra A. By the second isomorphism theorem we have.

I+ I, i I,

I, — LInl

Since the class R is homomorphically closed and closed under extensions, the above iso-
morphism implies that I; + I is an R-algebra. By a simple induction we can prove that
the sum of any finite number of R-ideals of the algebra A is again an R-ideal. Finally,
we have to show that the sum R(A) of all R-ideals of the algebra A is an S-regular ideal.
Take any element a of R(A). Then there are the R, -ideals I,,...,I,, such that the ideal
J =371 | Iy contains the element a. Sine J is an S-regular ideal there is an element
of J™ such that S;(x) = a. For the embedding i; : J — R(A) we have the commutative
diagram.

R(A)™ «—— R(A)

Snia)
We have
g=d = ((l) = ?}(S](I‘)) = Sn(,\)('é...]m (I‘))

Therefor the ideal R(A) i$ S-regular. This completes the proof of the theorem.
As the radical criterions of S-regularities we have the following assertions.
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Proposition 4. The class of all S-reqular algebras s a radical class of the followy con-
ditron 1s satisfied.

For arbitrary elements a e an algebra A, and & of A™ if the element S (@) — a us
S-requtar then the clement o is also S-reqular.

Proof. We are going to show that the condition of theorem 3 is valid. Let T be
can S-regular ideal of an algebra A with the following property: For every clement a of A
there exists an clement . of A such that Sy(r) — a =0 mod [. Therefore the element
Slr) — a belongs to the ideal /. Since [ is an S-regular ideal so the element Sy(r) — «
is S-regular. By hivpothesis the element a is S-regular. Thus the algebra A is S-regular.
T he condition of Theorem 3 is satisfied. The proposition is proved.

Proposition 5. The class of all S-reqular algebras s a radical class iof the following
conditton class of the following condition is satisfied.

Lot T be can S-reqular odeal of an algebra A, If the element @ of the factor alyebra
A s S-reqular, then the clement a s S-reqular i the algebra A.

Proof. Assune that 1 s an S-regular ideal of an algebra A, and for every element
a of A there exists an clement 2 of A™ such that S (r) —a = 0 mod I. Hence in
the factor algebra A/1 we have S4(r) = a. By the commutative diagram (b) we have
i =Salr)=p(SA)) = Sy (p™(r)).

Therefore @ is an S-regular element of the algebra A/7. By hypothesis the element a
is S-regular in the algebra . Thus the algebra A is S-regular. The condition of Theorem
3 is valid. The proposition is proved.

I11. Examples of S-regularities

In this section we shall list the S-regularities which are known to us. One had proved
that these regularities are the radical properties in the sense of Kurosh and Amitsur, i.c.
these well-known regularities are the S-regularities satisfying the condition of Theorem
3. Suppose that W is the variety of associative algebra. For arbitrary subsets X and Y
of an algebra A we denote XY = {37 awy : a0 € X,y € Y'}. Let us consider some
following regularities §% = {85+ 4> = A} 4oy,

1. S“((ll;.lig....)) = (yaaily.

An clement a of an algebra A is said to be regular in the sense of Neumann [14] if
a € aAa. Clearly. S'-regular coincides with the regularity in the sense of Neumann.

2. S4((ay,az,...)) = —(a1 + a1ay).

The right quasi-regularity had been defined by Pelis [15] and later studied by Baer
[3] and Jacobson [10]. An eclement a of an algebra A is said to be right quasi-regular if
a + b+ ab = 0 for some element b of A. Hence S*-regularity is right - quasi regularity.

3. Sh((ay.az....)) = az +azay + 3 i = 1@, 4 1G0341) + U204 10020, 4 1)

Brown and Mccoy [5] have introduced the notion of G-regularity. An element a of
an algebra A is said to be G-regular if the element a is in G(a), where
Gla) = A(l +a) + A(l +a)A

It is clear to see that S*-regularity is G-regularity.
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4. .5"1(((1,.03. sl ) 1= u'fn:

The notion of strongly regular algebra had been introduced by Arens and Kaplansky
21 and was later studied by others. An algebra A is strongly regular if a ¢ a*A for every
a = A, It is clear that S'-regularity is the same as strong regularity.

- g X
. .5_.‘“”].”-_3‘ )) = \_" l(l'_),(l](l'_g,, 1

De La Rose [17] has introdnced the notion of A-regularity.  An element a of an
algebra A is A-regular if a € AaA. Clearly, S”-regularity is A-regularity.

6. S'ﬁ((u..ng. ) = —ap(ay + u"f)

Divinsky [7] has introduced left pseudo-regularity. An element a of an algebra A
is left psendo-regular if a + ba + ba? = 0 for some element b of A. It is casy to sce that
St-regularity coincides with left pseudo-regularity.

7. S5((ay.a9...)) = Zx P @3y Q3,003

)=

Blair [4] introdueed the notion of f-regularity. which was later studied by others.
An element a of an algebra A is said to be f-regular if a € (a?), where (a) denotes the
principal ideal of A generated by a. Blair has shown that an element a in an algebra A is f-
regular if and only if there exist elements v —i. v, and w, in A such as a = 3__::'7_, U, Qu,auw,.
Hence. S7-regularity is the same as f-regularity in the sense of Blair.

8. .‘*R({n,.uv_.. ) = pla Dasg(a,), where p(x) and g(.) are in the polynomial ring R[],

The (p,g)-regularity was introduced by Mcknight and Musser [12]. An algebra A
is (p.q) - vegular if the inclusion a € pla)Aqg(a) holds for every element a of A, where
plr).q(r) are in Kz]. It is easy to see that S®-regularity is (p. ¢)- regularity in the sense
of Keknight and Musser.

The open problems
Problem 1. Find a necessary and sufficient condition for the S-reqularity is hereditary.

Problem 2. Establish some diagrams to define concret radical classes by S-reqularities.
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TAP CHI KHOA HOC DHQGHN. Todn - Ly, t XVIII, a1 - 2002

VE DAC TRUNG CAN CUA CAC TINH CHAT CHINH QUY

Tran Trong Hue
Khoa Todan - Co - Tin hoe
Dai hoo Khoa hoc Tu nhién - DHQG Ha Noi

Xét W la da tap cde dai so6 (khong nhat thi¢t két hop) trén vanh KA giao hodn ¢o
don vi. V6i moi dai s6 A thuoe W ky hiéu A™ 1a tong truc 1iép A, plusAg,.... Moi laop
cac anh xa § = {SA: A™ —» A}, goi 1a mot tinh chdt S - chinh quy néu diéu kién
sau duoe thoa man: '

boi voi moi A, B thuoc W va f thudc homy(A. 13) ta ¢6 hé thic giao hodn
f.Sy = Sp.f~.wong do f>~ = (f. f....). Phdn tr a cta dai so .1 goi 1a S- chinh quy néu
a o 385, Pai 6 A goi la S-chinh quy néu 35, = A. Idéan J cua dai s6 A goi la S-
chinh quy néu 7 la mot dai s6 S- chinh quy.

Trong bai bio nay ching 101 da ching minh duoc rang tinh chat S - chinh quy la
mot tinh chat can theo nghia Kurosh va Amitsur khi va chi khi dicu kién sau duge thoa
man:

Néu 7 la mot idéan S - chinh quy cua dai s6 A va do6i vdi moi a € A 16n tai phin
W A™ sao cho S4(r) —a =0 mod I thi A la mot dai s6 S- chinh quy.

Tir dac trung niy ta chimg minh duoc hai diéu kién di dé mot tinh chét S - chinh
quy la tinh chat can.

Trong truong hop W la da tap cdc dai s6 két hop thi khdi niém S- chinh quy va
cdc két qua cua bai bdo nay 1 su tong qudt hod cdc tinh chat chinh quy cda cic tic gia
Von Neumann, Perlis (can Jacobson) Brown - McCoy, Kaplansky, De la Rose, Divinsky,
Blair, Maknigh - Musser, v.v...



