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CALCULATIONS OF THE ABSORPTION CO EFFICIEN T OF A

DOPING SUPERLATTICES BY THE KUBO-M ORI METHOD

A b str a c t:  Analytic expressions fo r  the hiqh’fn q u en v y  conductivity tensor and flit 
ubsorplitm rot nl of a weak electromagnetic wave ( E M  W) by f r r r  e a rn ers  ja r  the cast 
of electron-optical plỉoììũ ìì .sniftering Ỉ7Ì doping siLperl at tiers a n  calculai cd by thi Kabo- 
M o ri Method m two cast s: - The absence o f a if ia q n rfir  field. - Thi' prr.st-va o f  a niiujnrlit  
field applied p( rp< ndì< ulỉir  to its burners. A différent dependena of the liiyh-frequency 
conductivity tensor and the absorption cocfficu Ills on tin (iex'trtniiuqm tic wart frequency 
uj, the t< riifn ratur< T  of the system, the cyclotron frequency Í2 ( when a tiinqn.itic f ii Id is 
present) and characteristic parameters o f  (I dopintj supttĩiuUict: in comparison ii'tih normal 
semiconductors is obtained. The analytic expiassions arc num erically t iUilitaii d. plotted 
and discussal fo r  a specific (lopiny aupcrlattiœ n -G a A s /  jhG aA s.

1. Introduction

Rrc/tmt ly. thero have been considerable interest ill the behaviour of low dimensional 
system, ill particular, of two dimensional system , such as sem iconductor superlat-tiecîh. 
quantum wells and doping suprrlattict's. The confinement oi electrons in low dimensional 
system s considerably enhances the electron mobility and loads to their unusual behaviours 
under ex tm ia l stimuli. Many papers have appeared dealing with these behaviours, for 
<‘Xiiinpl(\s: (‘lectron-phonon interaction and scattering rates.(1 - 3] dc electrical conductivity  
[-4-5]. Tlio problems of absorption coefficient of a weak electrom agnetic wave (EM W ) ill 
semiconductor suporlattiees lG-7] and in quantum wells [8| have been investigated.

In th is  paper we study the high-frequency conductivity tensor and the absorption 
coefficient of a woak EMW by free carriers confined in a doping superlattice in the cases of 
t lie abseiKV oi’a m agnetic field and the presence of a m agnetic field applied perpendicular to 
its barriers. The electron-optical phonon scattering mechanism is assumed to 1)0dominant. 
We shall assume that the weak EMW  is plane-polarized and has high frequency ill the 
ranger UJT 1 (r  is characteristic momentum relaxation time and LÜ is the frequency of 
the weak EMW  E { t )  =  £()COs(u;£)).

It starts from K ubo’s formula for the conductivity tensor [9]:

where ,Jfi is the // - com ponent o f the current density operator (// =  x . y . z )  and is 
the operator Jf, in Heisenberg picture =  e x ụ ( - i H t / h ) J f i e x ọ ( iH t / h .  The quantity
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(Ï is infinitesimal and appears by the assum ption of adiabatic interaction of ail external 
rli'ctroma&netic wave. The time correlation function used in (1) is defined by the formula:

( A . B )
-  ư  ./()

D )d \ . (2)

whore i =  \ Ị k f í T  (A'ỊỈ is the Boltzm ann constant, T  is the tem perature o f system ), the 
symbol • >  means I lie averaging of operators with Hamiltonian H  o f the system.

In ref. 10. Mori pointed out that the Laplace’s transformation o f the tim e cor
relation function (2) could be represented in the form of an infinite continued fraction. 
One of advantages of this representation is that the function will converge faster than 
représentation ill a powor series.

Using Mori's m ethod in the second order approxim ation of interaction, we obtain  
tilt' following formula for the com ponents o f the conductivity tensor [7. 11. 12]:

 ̂ — i.(aJ -f if) 4" jujt At (It

(■•5)

wit II

hri= (4)

here G\„/ is the operator G  in the interaction picture Gint =  e x \ ) ( - ' i H t / h ) G e x p ( i H  1/h): 
I-4, z?j =  A I3  - B A :  u  is the energy of electron-phonon interaction. T he averaging of 
operators ill eqs. (3) and (4) is implemented with non-interaction Ham iltonian H{) o f the 
electron-phonon system .

The structure of (loping superlattices also modifies the dispersion relation of opt ical 
phonons. which leads to interface m odes and confined m odes [1 However, the calculation  
oil electron scattering rates [2] which showed that for large thickness of the layer of doping 
superlattices. the contribution from these two m odes can he well approxim ated by calcula
tions with bulk phonons. So in this paper, we will deal with bulk (3 dim ensional) phonoiis 
and consider a com pensated doping superlattice w ith equal thickness dn =  dv =  (lt of 
the //-(loping and p-rfoping layer, equal an constant eloping consentration r ip  =  71a ill the 
respective layers and zero thickness dj  — 0 of the undoped layers.

2. The Absorption Coefficient in the Case of the Absence of a Magnetic Field

It is W(‘ l l  k n o w n  th a t  th e  m o t io n  o f  an  e le c tro n  is c o n f in e d  i l l  each la y e r  o f  ( lo p in g  

supiTlattiers and its energy spectrum  is quantized into discrete levels. We assume that (he 
quantization direction is the z direction. The Ham iltonian of the electron-optical phonou 
system  in doping superlattices in the second quantization representation can be written



C a l c u l a t i o n s  o f  t h e  a b s o r p t i o n  c o e f f i c i e n t  o f  a  w e a k .

I I  -  //(, + (/, (5)

//„ =  2 ^  ( ị  " ( i l  (Ik- 4- }  hnjj)btl)(f, (G)
k- „ V

I — c tịC. UJ. na£. rrr i Ị). (7)
A .if.n.fi'

whrre // ( 1<'1 lotC’S quant ization of (lie energy spectrum  ill the z direction (/H =  1. 2 ....) , (A- ; ,, )
and (A- 4- 7 . - It') arr electron states before and after scattering, is the ill-plane
(./*.//> wave vector of electron (phonon); a* and (In (b*. and bfj) are the creation and
annihilation operators of ('led roll (phonon). respectively. (/ =  (q± , f/c ): liuĩo is the energy of
optical phonon. Till' electron ('liergy takes the sim ple form [13]:

, f l " c ’ i i i )  \ 1/2 (  1 \  I r  (  I \
( >■ — — -A’ ! 4- // ( - I ( / / - + - ]  =  — - k  ị f  cv ( ?i. -f -  ) (<s)'• •• 2 ,1, J V \„//v* y V 2 7  2m x V 2/

l i ( * r c  •///■* a n d  e  a n *  t h e  c f t r c t i v r  m a s s  a n d  c h a r g e »  o f  e l e c t r o n ,  r e s p e c t i v e l y :  / / / )  i s  M d o p i n g  

c o n c r n t  r a t  i n n :  f ' , /  i s  ;i c o n s t a n t ,  i n  t Ilf * Crt . se o f  r l r e t r o l l - o p t i c a l  p h e m o n  i n t í T a c t i o n  it i s

O f f  =  V' 12 - r - h ^ i c i i  +  f/7) - 1 ( V J  -  Vo 1 ) (9)

with I is the normalization volume: \<) and Yoc an* the static and high-frequency dielectric 
constant. respectively:

/'A'I í/
c „ ,„  =  >  /  -  f<l)ct,hS0 „ { z  -  M )d z ,  ( 10)

h(T(‘ c>„ (>) is (ho ('itfonfuiKt.iou for a single potential well [16]: (I =  2d, and A | is the 
number of* period of (loping superlattice.

The interaction of the system  (5)-(7) w ith a weak EMW  E ( t )  — J? COS cư/ is eter- 
inined by Hamiltonian:

//,' =  - , V ( , - „ .  £ )  cos <5 -> + 0  ( i n

wlirre r„ is the radius - vector of u tli electron;
I.’m ii#  th e  K u b o - M o r i  m o t h o d . wo o b ta in  th e  fo llo w in g  fo rm u la  fo r  th e  tra n s v e rs e  

component of the high-frcqmmcy conductivity tensor <T>r%/.(u;):

< 7 „ M  =  r x H u> +  F M ] - '  (12)

w ith  r  i  =  and

FU) = lin» ( ý Ỵ r , 1 r  ( [ U . J r \ . [ U . J r \ in l ) d L
rf-H-0 \ h  J  Vo

(13)
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Knowing tlu» high-frequency conductivity tensor, the absorption coefficient can bo 
tumid by the common relation:

here .V' IS the refraction index; c is the light velocity.
Since the weak EMW has a high-frequency, using formulae (3)-(14), ill the special 

ease1 (N \d /< )\ )  c  1 and q2 d  l \ 0c\ =  h ( m a ) ~ l /'2% we obtain:

with Nq is the equilibrium distribution of optical phonon; // is the chemical potential: r (./•) 
is the Camilla function; K \ { x )  is the modified Bessel functions of the second kind. The 
signs ( ± )  in the superscript of the mass operator G*(lj) and in the lower-script of the 
function A} correspond to the sign (± )  ill the Eqs. (18) and (19). The upper sign (4-) 
corresponds to a phouon absorption and the lower sign (-) to a phonon emission il the 
absorption process.

From <*qs.(12) aii(i (15) we can easily see that G(uj) plays the role of the well ki.own 
mass operator of electron in the Born approxim ation in the case of the absence of a 
magnetic field.

3. The Absorption Coefficient in the Case of the Presence of a Magnetic Field

We consider (loping superlattices with a m agnetic field B  applied perpendicular to 
its harriers (c direction). The Hamiltonian of the electron-optical phonon system  hi the 
second quantization representation can be w ritten as [1, 5. 13, 14]:

(14)

when*

(16)

G(uj) =/fcF'(u/) =  G + M  *4* G  M , (17)

(18)

a n d

=  a { Ti- ~  n ) — ±  hu)o), (19)

/ /  =  Ho  +  Ư

n

C t f C n '. » ( 9 i ) C . \ ' . x { u ) a * a n '( b \  - +  btf), (22)
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whore A is the Landau li'vol index ( N  =  0. 1.2. ...):n  =  ( N , i i , k x ) and o  =  (.V . n
=r. h, -‘r (Ịr  an' I lie set of quantum numbers characterizing electron’s st.il t OS before 

and ai’tiT scattering: a* and an are t ilt’ creation and annihilation operators of electron, 
respectively, and f 11 is tlio of electron in (loping superlattiers in the presence of
magnetic field applied in z direction:

( 'f / Hihl (  ) iiro defined by eqs. (9) and (10). respectively. and C \ ’\ A\ ( t i )  takes the
lorm

(2 -1 )

wIhtc / is rlic position of electron and ttc is the radius of the orbit ill the (.T\y) plane: 
I lf  == ch/< B :  ti — /2: ty/v(:r) represents harmonic oscillator wave' filetions: S2 is the
cyclotron fn.'cpiency (ỈỈ =  r . D / r m ) .

The* interaction of the system  (20)-(22) with a weak EMVV Ẽ ( t )  =  E c o  suit is 
<l('t mniiK'il by Hcimilt-onian (11)

When a magnetic Held is present , for using Kubo-Mori m ethod [7. 8. 12 instead of 
and we use operators ./+ and J  w ith J± — J j  ±  i j y .  The transverse component*» 

of conductivity tonsor are (k'fiiK'd by the formula:

= lint -
A H I) 4

tujt - />/ ( J - , J + {t) )dt +  Ị e ,wf ( J + . J _ ( t ) )rf/ Ị
’ rS ill /

Instead of Eqs. (.‘Ỉ )-(•!). in the second order approximation of interaction we obtain:

f  f iUụ  =■■
./«

(./ , ./4 )

f

Ã /(w -  fi) +

* '( . v  J  .(/•))'// =

e iuỉl --/if { [ U . J  Ị, [ C / , ] i „ i ) d t
(26)

/  . V 2  TC

ỗ - / ( u ;  +  í ỉ ) +  J  e ^ - A ,( [ U , J + l [ U , J - } i „ , ) d t
(27)

From Eq.s. (20)-(27) \v<* obtain the following expression for transverse components 
of the  hi^li-lreCỊUonry conductivity tensor:

ơ . r r U ' A ì )  =  <T7f/(u ;.<2) = +
4 I —i(u j — f2) +  4.(ÍĨ) — i(u  4" ÍỈ)  ■+•

(•28)
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with

F  ,(Í2) =  ma ( j )  ụ  ' ç  e iu>ị- St{ \ U , J  ], [ t / . (29)

r , \  - V,
F ,  ( i î ) =  l i in  f i )  ( . / , . . / )  1 /  c ‘“"  a , ( Ị Ơ . [ Ỉ 7 . J  ] , „ , ) < / / .  ( 3 0 )

«<-* + 0 \  h )  ./()

Knowing the high- frequency conductivity tensor, the absorption coefficient can be
found by eq. (14). The transverse com ponents o f the absorption coefficient of a weak
EMW in doping .superlattices ill the presence o f a m agnetic field take form:

cr,AưJ, U )  -  f iV. G?(ü,ii2) + (u, _ íỉ)2 +  C;2,

where

J +)6’i(u;, í ỉ) ụ + , J  )G2ụ . í ì )
Gj(u)y Í 2 ) +  (w -  Í Ĩ ) 2  ' 6 *2 (0 ;, Í 2 ) +  (w +  Í 2 ) 2

(31)

Cm(uj M )  =  /? fF _ + (íì)  =  g ; (w ,Q ) +  6 7 (c j .i2 ) , (32)

_  I _  ....c ‘lm t3el*l‘ Q'l tiu>0 ,
------ <** - * «  ) fc j

(./ ,.7+ ) 1 ^  .HhUN+nn)

?—0 N,N' /1,7».'

V «, r ( 2 i + 1 ) /  V «. /

X [/V +  /V' +  1] ( V r + i ĩ i j  <5(Af -  /fcj ±  /íw„). (33)

6 ’2 ( u J , í ì )  =  R e f V - M G i  ( « ; , « )  +  G . J ( a / , Q ) ,  ( 3 4 )

2ir2A3 U i  \0 ) /ỉW «

e-0(M2yV+an) x

Í=s0 /V,N' u,n#

f w  +  2 , l + 1  / Ị M \ ai+‘ 2( * í ) ’
V ft, r ( 2 ?: + 1 ) ;  V « I /

Ị/V2 +  (.V' +  l ) 2] ^V <r +  i  T 0  ổ (A f -  hư ±  hưo)

( Ế ũ í | í í í ( i  _  2 ả ^ MỈ+"> V í  V +
2tt/>2 

n̂ , N
ụ  f ( 1 -2 i rt(Mỉfn,y ( .V  + l)r -

n , • V

( J + . 7 _ )  =  < Ế Í ^ Í ( ^  _  1 ) c - è « 3 M I + - )  J - ( i V +  1 ) e - <J ( « ĩ / V + a , . ) )

:Ỉ5)

36)

2nh2 ZFỉ  37)

A (  =  ( N  -  N ' ) f ì ỉ ì  +  a ( n  -  n ' ) ,  38)
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will» ft is the choiniral potential: S(.r) is the Dirac-Deltii function: The sign (± ) in the 
SI I pel'script of thí* 1UỈI.VS opérai ors Gj* (vüAÏ)  and G ỉ ị u ỉ . í l )  corresponds tu îh(* sign ( i  ) ill 
lilt* Ecịs. :.‘W) and (.‘{I). T lì<’ upỊXT sign (4*) corresponds to a phonon absorption and I hr 
lower si&]] (-) to il plionoii emission ill the absorption process.

From 0(|S.(25) and (28) YV(> can easily see that and F  ị. (Í2) play t.lio role of
the well known mass operators of electron in till? Born approximation ill the case of till’ 
presence of a magnetic field.

4. N um erical C alculation and Discussions

In ol'tliT to clarify thr different behaviour of quasi-two-i.lmKMisioiia] electron gas 
confined ill a (loping .superlattice with respect to hulk electron gits, in this section. \V(* 
numerically evaluate the analytic formulae (14)-(19) and (31)-(39) lor a spmiic (loping 
suporlatt uv ij-GaAs/p-GaAs. Oharactrristic jmnunetcrs of GaAs layer of 111 is doping 
Miperlatt k*c* arc \ x =10.9. \ <1 —12.0. I l l )  — 1017crn~ :i: d  = 2d 1t =  2dp =  (SO??///.// = 
().0iiiU‘V. iff* — 0.067m,,./ju,fo “  36.1 nw.v (ĩìi{) is the mass of free electron). The system is 
assumed at room lomprTatun* (T —293(1K).

4.1* I n  th e  c a s e  o f  a b s e n c e  o f  a m a g n e t i c  f i e l d

Plotted ill Fig. I is the operator G(u>) as a function of uNthe frequency of the 
('liH’tromagnet ic wave and (lit' number of period of doping superlattice N \  for the case of 
I/ 11; n ! - 1 1 .  From this graph, we can see that the absorption spectrum of the operator 
(f'(sd) to depend strongly oil the number of period N \  ill the region of values N I <  30 and 
resonant regions of the absorption spectrum are from N \  =  5 to N I =  20 on the number 
of perio< 1-axis. Another remark is that for all values u; and 1 <  N \  <  30, G (u ỉ)  is different 
;U1(1 great in comparison with the bulk GaAs and the quantum well GaAs [8]. That is 
because. tlir confinement of electrons in discrete levels and the influence of the doping 
concentration loads to more collisions in the system. Consequently, the life-time of an 
oh'ctron is shorter, or ill other words. (7(ú;) is greater.

F i g . l : The dependence of the operator r ( u ; ) ( . s  *) OI1  the UĨ- frequency of EMW 
and the number of period N \  in the case of n  =  11; v !  = 1 1 .

Plotted ill Fig.2 is the absorption coefficient as a function of lư-the frequency 
of the electromagnetic wave and the number of period N \  for tlie cases: n  — 11:7// =  11. 
From this graph, we can see resonant regions in absorption spectra of the absorption
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coefficient a  (tự). That is different in comparison with that of normal semiconductors and 
quantum wells.

F ig . 2: The "dependence of the absorption coefficient of EM W  (cm l )
0 1 1  the u/- frequency of EMW and the number of period N \  in the case of 77 =  11: 1)' — 11

4 . 2  I I I  t h e  c a s e  o f  p r e s e n c e  o f  a  m a g n e t i c  f i e l d

Plotted ill Fig.3 is the absorption coefficient of a weak EM W  a ( x j jA i)  as a function 
of a; - t hí' frequency of a weak EM W  with the condition (39). Based on the above-obt ained 
tvsults W(' give tlu* following remarks:

ũ á

Ì5
? Mo-
i£ o 1

• I \yt>

111 illlil Jiiii uII11 II I
10 JO 30tftiKrnjÿ «>f E-MW {niH*V)

AO

F ig . i i :  The influence of the magnetic field oil the absorption 
coefficient of a weak EM W  ( cm 1 ) in the doping superlattice 1 1 -GaAs/p- GaAs.

The graph is plotted for the case N  =  7: N '  =  7 ,n  =  5, n f =  5 
The Dirac denta function in the expressions (33). (35) makes define the index of 

Landau-suh-bands N f which electrons can move to after absorption and the values of 
Í Ì -  the cyclotron frequency which can influent to the absorption process. They satisfy 
concHt ion

( N  — N ' ) ỉ ĩ ũ  - f  a ( n  -  n )  — huỉ ±  huJ() =  0 (39)

We can see t licit the index N '  and the cyclotron frequency Í2 depend on the frequency 
of the EM W  aj. the limit frequency of optical phonon u;o and characteristic parameters 
of doping siiperlattices. And the dependence of the absorption coefficient a ( u ) Ạ ĩ )  oil the 
frequency UĨ with the condition (39) is not continuous. It is of line-form.
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5. C o n c lu s io n

1 1 1  this paper, wo have given out t.lie analytic formulae for th<‘ transverse compo
nents of absorption corfficient of a weak electromagnetic wave by lret? carriers in doping 
su|>t*rlau ices for t lu* case of t'iectron-optical phonon scattering mechanism ill two casrs: 
tlir al)M'!)C(' of a magnetic Held (lo )-(li)) and the presence of a magnetic Held applied 
ỊiorpoiNÌicular to its barriers (31)-(38). Tho numerical evaluation of these formulae for 

spi'rific doping supcrlatticc* (n-GaAs/p- GaAs) show that the confinement of electrons 
111 the (loping MipiTlat tiees not. only leads to different dependence on the electromagnetic 
Wine frequency u) and the* temperature of system T  ill comparison with normal semicon
ductors and quantum wells hut also croates many significant differences ill tlio absorption 
(Drffick'iit.

Ill t Ilf cast’ of ỉ 1K' absence of a magnetic fit'll Ỉ. the resonant region oil two side of main 
rrsoiiaut |>(‘;ik in till* absorption spectra of the operator G (u ĩ)  at N \  =  15 (oil the number 
ol a (loping laver-iixis) is obtained. Tho results show that the lifetime of ail electron to 1 ) 0  

Miialln ill comparison with semiconductor superllattices [7] and quantum vvrlls [8].
Ill thr case of the* pivst'ucc of a magnetic field applied perpendicular to the barriers. 

tli(' analytic expressions indicate* a complicated, different dependence of the high-frequency 
conductivity tensor rind the  absorption coefficient oil the characteristic parameters of dop
ing su])<‘i’lattiers, till' frequency of a weak EMW u). the temperature of system T  and 
tho cyclotron frequency i l  ill comparison with normal semiconductors! If). 16] and quantum 
wells [8] in the presence of a magnetic field. The absorption spectra of a weak EMW 
in (loping supcrllatices depends strongly cil tho condition (39) and the index of Landau 
sub-band which electrons can move to after absorption is defined by this condition.
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TÍNH TOÁN HỆ SO HAP THỤ SÓNG ĐIỆN T Ừ Y Ê U  

BỚÍ ĐIỆN T Ử T ự D O  TRONG SIÊU HẠNG PHA TẠP 

BẰNG PHUONG PHÁP KUBO-MORI

Nguyễn Vũ Nhân, Nguvẻn Quang Báu
Khoa Lý, DH Khoa học Tự nhiên, ĐHQGHN

Tính toán biêu thức giải tích cho tensor độ dẫn cao tán và hệ sô hấp thụ sóng điện 
từ (SDT) yếu bới điện tử tự do trong siêu mạng pha tạp với cơ  chế tán xạ điện tứ - phonon 
quang trong hai tlường hợp:

- Khỏníỉ có mặt từ trường;
- Có mặt từ trường hướng vuông góc với trục siêu mạng.
Thu nhận sư phụ thuộc khác hiệt so với bán dẫn thông thường cua tensor độ dẫn 

cao tấn và hệ số hấp thụ sóng điện từ (SDT) yếu vào tần số sóng điện từ yếu U \  nhiệt 
độ cua hộ T.  tẳn so cyclotron (khi có mạt lừ trường) và các tham sô' đặc trưng cho siêu 
mạng pha tạp. Thực hiện lính sô các biểu thức giải tích thu được, vẽ đổ thị và hán hạc 
các kết quá cho trườn a hựp cụ ihể - bán dẫn phap tạp n-GaAs/p-GaAs.


