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ON T H E  LO CAL DIM EN SIO N S OF F R A C T A L  M EASU RES

Le V an T h a n h , N guyen  Van Q u an g
D e p a r tm e n t o f  M a th em a tic s , U n iversity  o f  V in h , V ie tn a m

A b s t r a c t .  Let X o , X i , - - -  be a sequence o f independent, identically distributed 
random variables each taking values r o ,r j , • • • , r m with equal probability p  =
Lei Ị1 be the probability measure induced by s  =  Y ^ t o P lXi .  The aim of  this paper 
is to study some properties o f support o f ịi and the local dim ension o f ỊJL at elements 
s €  supp/u in the case: ro =  0 , 7*! <  7*2 <  • • • <  rrn and q are integers such that 

< q < m  + 1, rm- i | e i J  = {r0,r1, . . . , r ra); p -

1 . I n t r o d u c t i o n  a n d  n o ta t io n s

B y a probabilistic system  we m ean a sequence X q, X I , • • o f  independent, identically  
distributed  random  variables ca d i taking values ro, r \ , • • • , r m w ith  respective probabilit ies 
POiPi ) • • • .Pm- We say that the sy stem  is uniform ly d istributed  if  Pi =  For 0 <  p <  1, 
put

oo n

s  = £ > ■ * , Sn = Y > %
1=0 t=0

Let // and /in d en ote the probability d istributions o f 5  and S n) respectively. Then /i is 
called the fractal measure associated  w ith  the p r o b a b ilis t ic  system .

R ecall that for s Ç sup /I, the lower local dimension  a*(.s) o f ụ, at .s is  defined by

a * (s )  =  lim  i n f  ~ ~ ~ ~ ~ ——, w here J3(s, /i) =  [5 — h f s  +  h],
/1-+0+ log h

We sim ilarly difine the upper local dimension  using the upper lim it and  d enote it by a* (5). 
If the two lim its are equal, then the coriimon value is called the local dimension  of Ị1 at s 
and is d en oted  by a(s) .  Roughly speaking, if a(.s) ex its, then , h))  is approxim ately
proportional to  h a^  for sm all h. T hus /J. can be viewed as a probability  m easure of degree 
o f singularity a ( s ) .  In th is sense, the local dim ension m easiư es the degree o f  singularities 
of \x locally.

In [4], T . Hu considered the local dim ensions o f  fractal m easure /X in  the case 

m  =  1 ro =  0 , r\  =  1 and p ~ l =  (th is num ber is said  to  b e  th e golden num ber).
Ill [5], T . H u and N . N guyen stud ied  the problem  in  the case ro =  0, rj =  1 , • • * ,r m =  771, 
Po =  Pi =  . . .  =  p m =  —Ị^ì p =  “ » 2 <  q <  m , q is  an  integer. I t  is  v e ry  d ifficu lt

to study the above problem  in the case that the d istances betw een  n ,  7*2, • • • ,  T r a  are not 
equal. In [6] on lv considered the problem  in special case: 771 =  2, ro =  0 ,r i  =  1,T2 =  3; 

Po — P\ — P2 — 3 and  p =  ị  =  ỵ.

' t y p e s e t  b y
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T h e aim  o f  th is  paper is to  stu d y  som e properties o f supp /i and th e local dim ension  
o f  /2 at e lem en ts s G supp/i in  m ore general case. T h e m ain resu lts o f th is paper are the 
theorems 2.7 and 3.1. Our results here extent some results in [5] and [6 ] (see proposition 2.4 
in  [5], proposition 2.1 and M ain Theorem in  [6]).

A ll n o ta tion s and d efin itions o f  th is paper w e refer to [2], [4] and [5]

2 . Som e p ro p e r t ie s  o f f ra c ta l  m e a su re

T hroughout o f th is  paper th e follow ing assu m p tion s are made: r 0 =  0 , 1"! <  r -2 <
• • <  r m are in tegers such th at ^  <  9 <  771 +  1, r m -  g €  D  =  { r o ,r i ,  • • • , r m } and  

p =  T h e follow ing p roposition  w as proved in [5].

P r o p o s i t io n s  2 .1 .  Let sn (0) <  sn ( l )  <  • • • <  s n(kn ) denote the set o f all distinct values 
of suppfin. Then we have

1 . s n (0) =  0 and  s n+ i(fcn + i) =  sn(kn ) + m q ~ n~ 1 for every  n  €  N
2 The distiince between two consecutive points in su p  Ị1  is a t  least q~n 
3. suppfXn c  suppfj.n+ 1 and suppụ, =  U^L0su PP^n-

P ro p o s itio n  2.2. Let

n
<c sn > =  I  (.To, J ■ } •Eji) ^ ^   ̂9 ,5n

i =0

Then we have
ụ-n(Sn) =  #  <  Sn >  (m  +  l ) - " ” 1 , 

where #  <  5n >  denotes the cardinality o f  sn .

Proof. For x (n )  =  (æ o ,£ i, • • • >x n)  £ <  5n > ,  put

n
Ạr(r.) =  p |{ w  : X i ( u )  = X, }.

1=1

It is easy  to  see  th at if x( n ) ,  y (n)  € <  sn > ,  x (n )  Ỷ  y (n ) then  / l x(n) n  ^ly(n) =  0 and

n
Mn(lSn) “  : *5(o;) =  sn } =  P {iJ  : g =  5n

i =0
n

= p{u> : Xi(uj) = Xi Vi =  0 ,n ;  y  q~ix i =  sn } }
i= i

= i > (  u  ^ w ) =  E  ^ . w ) =  £  i ’ ( r > : * < ( " ) = * < )
i(n )€< s„>  x(n)€<sn> :r(n)€<arl> »=1

=  E  ( n ^ :
x(n )£< sn > 1 = 1

=  L  i m + V - 1  = # < S n > . ( m  +  l ) - n - 1
x(n)€<s(n)>
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D e f in it io n  2 .3 . Let $n €  su pp /i, Sn+1 €  supp/zn+ i ,  w e say th a t «n + i is  represented 
through sn if there exists xn+\ € Dm such that $n+i =  sn 4- ợ- 11"*1 .Xn+1 .

I t  is easy to  see th a t  if s n r i is rep resen ted  th ro u g h  5n , th en

#  <  «n >  <  #  <  Sf» + 1 >  .

L e m m a  2 .4 . I f  .svi-t-1 €  suppfip+1 then there is s n e  \ in such th a t  5n + i is represented
through sn and  0 <  .Sn +1 — s n <  2q~n .

Proof. I f  Sn + 1  €  supPM n - 1  th e n  th ere e x is ts  x (n  +  1 ) =  (xo,  X \ , • • • , x n+ i )  G D n 4 *2 

such that
n-M

Sn + 1 =  'Sj T q ~ i x i = Y j  =  0 )ng ~ ’z , + 7 - n - l a;„ +1 =  .s„ + 7 _n_1
izcO (

and

0 <  Sn+J -  Sn =  9 _ n _ 1 ^n+i <  9~ n -1 r m < q ~n~ l2q =  2q~n .

L e m m a  2 .5 . I f  s n+\ € suppUn-*. 1 then there arc at m ost two po in ts  sn and s'n in suppfxn
such that Sn+1 is represented through them . In this case s n > s'n are two consecutive points  
in supp/in .

Proof. Suppose th a t there  a re  th ree  po in ts  t n < l'n < t ” in  su p p fx an d  th ree  e lem ents 
Xrx5 x'n) x'n in Dm  such th a t

~  9 ®n-M

Sn+l = t ’n + ig_n_l< +l
s n+ l =  c  +  9 " 1 a'n+ 1 •

T hen
$n+l ^  in in +  n .

T hus

8n+l  - c >  2g“ n ,

w h ich  is im p o s ib le  (b y  Le m m a  2.4 ) a n d  the first p a rt  o f the le m m a  is  p ro ved .

N ow , su p p o se  th a t Sn + 1  is  re p re se n te d  th ro u g h  s n a n d  5^, .sn <  s'n) we have

q~n < |Sfi -  *nl < 5n-t-l -  «n < 2ợ“n

w hich follows th at Is n -  5^1 =  q~n and 5n, s'n are tw o con secu tive  p o in ts in  support-

L e m m a  2 .6 . I f  Sn + 1  € suppfJin + 1 is  represented through Sn £  suppfin  a n d  £n €  suppfjin 
such that sn <  tn <  Sn+ 1  then tn =  5 n +  <7 - n .

Proof. W e have
2 ç “ n >  Sn+1 -  sn > t n -  sn >  0.

T his implies

‘̂ 71 =  Q Ĩ

which com pletes th e  proof.
T he  m ain  resu lt of th is  sec tion  is following theorem .



T h eo rem  2.7. If  sn)$'n are two consecutive points in $uppfjLn then
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Mn(«n)
<  n  +  1

Proof. We prove the inequality by induction. Clearly the inequality  holds for n  =  0. 
Suppose th at it is true for Ti < k. Let Sk-f i >  s'k^ l be two arbitrary con secu tative  poin ts  
in supp/ifc+i

s - k  + l  = sk + q~k~ l x k+ ! 

s'  -  k  +  1 =  Sk +  q~k~ l x'k+i,

w here Sfc, s'k e  supp^fci xfc+ 1 )x'fc+1 €  D m .

T hen

4  <  4 + 1  <  ® f c + i -

Wo consider three case:
a. If s'k > Sfc then >  s'k >  Sk' Using lemma 2.6 we get

Sfc =  Sfc +  9-fc

My lem m a 2.5, Sfc+ 1  has at m ost two representations through Sk  and s'k . It follows that,

#  <  Sfc+l > <  #  <  Sfe >  + #  <  Sfc >  •

Thus

W c + i j s k + i )  _  #  <  Sk+I >  <  #  <  Sfc >  + #  <  4  >

Mfc+IK+I) ~~ # 4 + 1  # < s k >

=  1 +  =  1 +  <  1 +  (*  +  1) =  fc +  2 .
#  <  4  >  AifcVfc)

b. If.s'k =  Sjfc then by lem m a 2.5, there ex ists at m ost one p o in t tfc €  supp/ifc, Ể/c 7  ̂ Sfc 
su ch  that  .Sfc+ 1  is  represented th ro u g h  tịc (s/fc a n d  are two co n se cu tiv e  p o in ts ). It follow s 

that
#  <  Sjb+1 >  <  #  <  >  + #  <  4  >  .

Thus

Ị i k + [ ( S k  + l) _  #  < Sfc+1 > < #  < Sfc > + #  < £fc > _  
Mfc+l ( 5fc-fl ) MJc+l(5fc4-i) $  <  t k  >

=  1 +  <  1 +  (fc +  1) =  * +  2 .

c. If Sfc <  5it then we consider tw o cases.
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C\. If there e x ists  t'k €  supp fik such th at s'k < L'k < Sk then  from the inequality

s'k + l ~~ s 'k < -  sk -  s'kf

we have

4 + 1  <  sk < 8k+1-

O n the o th er hand, since Sk+\ and Sk are tw o consecutive po in ts, w e have Sfc+\ =  .Sit

SfcH-1 =  ^  4  +  2(7 >  s'k +  q k 1 >

,SK-f 1 =  s /c +  (i 1

4 + 1  > £ •

U sing lem m a 2 .6  we get +  ợ*”*.
T h is  im plies

4-1 =  4  + < r f c _ l 7 ' m =  ifc -  <7_fe + < / _ f c _ 1r m  =  ifc + g - fc- ' ( r m  -  7) .

Since r m — r/ €  Dm y we have is rep resen ted  th rough  £'fc. I t follows th a t

# < 4 + 1  > > # < i f c > .

We now prove tha t ^  and 5/e are consecutive points in s u p p /Z f c .

Suppose th a t there ex ists  €  supp/Zfc such th at <  Sky then  sjp+j >
(because s'k J and Sfc+1 are two consecutive poin ts in supp/ijfc+i). It follow s that

J  t V* lit J  \  «/ , — / _  o  —ik
Sfc+1 *“ ^  îc -  5fc >  +  9 — 2ọ .

It  is im p o s ib le  (b y  L e m m a  2.4). H e n ce ^  an d  SA: are two co n se cu tive  p o in ts.

B y lem m a 2.5, Sk+i(= Sk) has at m ost two representations through Sk and s'k .It 
follows that.

#  <  S k+1 > <  #  <  s k  > + #  < t ’k  >

and

S k  >Mfc±i(ffc±il <  #  <  >  <  ^  >  =  1 4- #  <  f*
Mfc+i(5fc+i) #  <  ^  < L'k

< l  +  fc +  l =  f c + 2 . 
>

C2. If does not e x is ts  ^  G supp/Zfc such that s* <  <  Sjfc, then  Sfc and Sjfc are two
consecutive p o in ts  in fik- By lem m a 2.5, Sfc+ 1  has at m ost tw o representations through Sk 

and Sfc. It follow s that

#  <  Sfc+1 > <  #  <  Sfc >  #  <  4  >

and

<  jfc +  2
l ( 5fc+l)

T be theorem  is  proved.
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<  (n  +  1)‘ .

Proof. L et s'n =  ÍQ <  11 <  • • • <  £jfc =  be k + 1  con secu tive p o in ts  in  supp /in 
T hen  by P rop osition  2.1 w e have k < c and

_ /^n(^Ảr) _ i^n{^k) Unfak—l )  /^n(^l)
Mn(^o) — l)  H'Txi't'k—2) 0)

<  ( n  +  l ) ( n  +  1 ) • • • ( n  +  1 ) <  ( n  +  l ) c .

3 . L o c a l d im e n s io n s  o f  fr a c ta l

T h e follow ing theorem  is an ex ten sion  o f  P rop osition  2.1 in [6]. 

T h e o r e m  3 .1 .  For .S’ €  suppn , we have

log /z„(an)
a ( . s )  =  l i m

n lo g g

provided that  the limit, exists. O therwise, by taking the upper and lower lim its , respec­
tively, we get the formulas for a*(s)  and  a * (s ) .

Proof. S u p p ose th a t there e x is ts  the lim it

at.) = .lim.
AI-ÍÕ+ log /l

w here /i) =  [ 5  — ft, .s 4* h].
For /1 >  0. take II such  that

n —1 < h < q

Then

Since

w e havr

j i (H{s .q  n ' ) )  <  n( B( s ,  h)) < ị.i(B(s, q n )) 
lo  gq~n ~~ log h  ~  log q~ n~ 1

s  -  8n\ <
i= n + l

o o  *—71
V -  , r nợ 
> q r n =  ■■

0 — 1

f i ( B ( s , q - n )) < ftn (B(s,  cq~n )) < ụ ( B ( S>2cq-n )),

where c =  - +  1 is a constant, depending only on IĨ1 and q. Similarly, we have

n { B { s , q ~ n )) > f in { B ( s , c ' q ~ n )).



Thus

ụ n(B (s,c 'q- n) ) < ị i { B { s,q - n)) <  fj.n(B(s, cq~n)).

Tliis implies

" /" " ))  < log ỊJ.(B(s,q~n )) < lo g ịin { f í ( s , c ' q - n ))
- n lo g < /  "  - n l o g ç  “  - n  lo g  q

For t €  B ( s } cq) n  supp/j, w e have

I in  -  sn \ <  2 cq~n .

By corollary 2.8, we have

Mn(tn) <  ( n +  l ) 2c//n(Sn).

T h is  im plies

Hn(B(s ,cq~n )) < (2c + l)(n + l)2c/in(sn),

and
lim  j g j O f W f l g l Z ) ) )  >  lim  i g g M f n )  =  lirn  | l o g ^ n ( * n ) |

n-4oo — n  lo g  q n->oo —71 lo g  <7 n-+oo —n l o g r /

Similarly, we have

lim  <  lim  l lo g M n (a" ) l
n-i<x> —n  log q n-4-oo — n log q

This completes the proof.
T h e  following corollaries can  be  proved by th e  sam e techn ique  as those  in  [6] (by 

using theorema 3.1 and proposition 2.2).

C o r o l la r y  3 .2 . For s  =  € SUPPM> we ftave

lo g (m  +  1) log  # < * • „ >
q (,s) =  —  -----+  lim  ------- ' — — ,

log  q n-»oo n l o g ọ

provided tha t the lim it exists. Otherwise, by taking the upper and  lower lim its respectively  
wc get the formulas for a* (s) and  a * (s ) .
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C o ro lla ry  3.3

log q, 

where
a =  sup{a(â) : s € supp/i} a* =  sup{a*(.s) : s € s u p p f . i } .



C o r o l la r y  3 .4 . (see [6] M a in  T heorem ). For m  =  2, ro =  0, r j  =  1 , 7"2 =  3, q  =  rn  +  1 =
3, we have

ã  =  a *  =  1 .
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