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A bstract. Thermal expansion property of tlưec-phase fiber composite material rciiiforced by 
sphcrical particlcs is one of important properties of this material. In ÚÚS paper, we would like to 
propose a way in order to detcraiiiie ứieraial expansion cocfficicnts of llưee-phase composite 
rciiifcrccd by fibres aiid sphcrical particlcs.
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1. In tro d u c tio n

CoiTĩposite m aterial is com m only Lised in m odern structures by m ore advanced advantages than 
other types of co n p o s ite  n iaterial [1]. One o f investigated m ateria ls is tliree-phase fiber com posite 
m aterial reinforced by spherical particles. In it, the fibre phase  is taken to com pose o f a num ber o f 
long circular cylinders em bedded into a continous m atrix  phase. T he th ird  phase  is the particle phase 
w hich is assum ed by  m eans o f  isotropic hom ogeneous elastic spheres o f  equal rad ii and em bedded 
into the m atrix phase o f this co irposite  material.

For three-phase com posite m aterial reinforced by  fibres and spherical particles, there are many 
relative problem s necessary  to solve. A lgorithm  determ ining techn ique m odulus o f  three-phase fiber 
com posite m aterial re inforced  by spherical particles is p resen ted  by  [2]. A uthors in [3] have brought 
out the expression determ ining Y oung m odulus o f  tliree-phase com posite  niatcrial o f  aligned 
fibres and spherical particles. In the paper, we only force to investigate  the therm al expansion 
behaviour o f  com posite because it is one o f  very im portant specificity  necessary  to consider when 
investigating every m aterial. A ssum ption is that phases o f tliree-phase com posite m aterial reinforced 
by fibres and spherical particles consist o f the fibre, mafrix, partic le  phase  having  elastic specificities

E  ,v . ,a .  as well as volum e fractions ệị for / == 1,3 , respectively.

Problem  set up is determ ining therm al expansion coefficients o f  th ree-phase fiber com posite 
iTiaterial reinforced by  spherical particles through technique param eters  o f constituent irateria ls, or

bringing  out the expression o f as a function o f  elastic specificities Eị.V ị, constituent

thennal expansion coefficients a . , constituent volum e fractions o f  the fibre and  partic le  phase .
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M ain idea for solving the three-phase problem  is that we convert it in to  tw o tw o - phase 
problem s, then com bine them  in order to give final results. Firstly, we com bine original m aừ ix  phase 
w ith particle phase in  order to creat a new  m atrix phase, called effective m atrix  phase. In fact, this 
effective m atrix  phase is assum ed as a spherical particle - reinforced com posite m aterial. A fter that, 
w e seek the solution for case w here this m aterial is m ade o f the effective m atrix  phase and fibre phase 
em bedded into that.

2. D e te rm in in g  th e rm a l ex p an sio n  coefficients o f th re e -p h a se  f ib e r  com posite  m a te ria l 
re in fo rc e d  by sp h e rica l p a rtic le s

2.7. Therm al expansion coeffic ient o f  the effective m atrix phase

By com posite sphere m odel, using theory o f  therm oelasticity [4] and  m ethod o f  volum e 
approxim ation [5], authors in [6] have brought out the expression determ ining therm al expansion 
coefficient o f  com posite m aterial o f  spherical particles as the follow ing

«2 = +(«3 - « 2)—  ̂ ' 2) 3— -̂-----
 ̂  ̂  ̂ K , { ĩ K , + A G , )  + A { K , - K , ) G , ệ ,

(1)

w here: a ^ , a ^ \  elastic therm al expansion coefficients o f  m atrix and partic le  phase.

K ^ , K ^ : bulk m oduli o f  m atrix and particle phase.

Ơ2 = /^2 • shear m odulus o f  m atrix phase. 

ệ-ị: volum e fraction o f  particle phase.

a j  : therm al expansion coefficient o f  the effective m atrix phase.

2.2. Therm al expansion coefficients o f  two -  phase  com posite m ateria l rein forced  by fib re s

C ontinuing the way in section 2.1 bu t applying co n p o s ite  cylinder m odel, authors in [7] have 
brought out expressions determ ining therm al expansion coefficients o f  this type o f  material. 
Specifically, they have been  brought out as the following

« _  «2 (^ -  ^ 1) ̂ 2  (^1 + /^2 ) + (^2 + /^2) #1 K  (2)

^ ' ” 3V /

° [K -k )E :  (!-#,)(*.-*, + ( * , + )  t,

(A  -  ^ J / ^ 2]  +  cc,ệ,K , [ Ầ , k ,  +  (3)

w here:
a j , a 2 • elastic therm al expansion coefficients o f  fibre and m atrix phase.

: plane strain  bulk m oduli o f  fibre and m atri/. phase.

Â p : bulk  m oduli o f  fibre and m atrix phase.
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/I,, A j: L am e’s ratio o f fibre and m atrix phase.

/ ,̂ ,/^2 ■ shear m oduli o f fibre and m aừix phase.

Uj, u , ; Poisson’s ratio o f  fibre and m atrix phase.
Ir* • T-\lariA c fr 'j in  Kiillr m nH nliic  rvf r*ntTmncitP n

Poisson’s ratio o f  fibre and m atrix phase.

p lane sfrain bulk m odulus o f com posite m aterial o f  aligned fibres, 

shear modulus o f  com posite m aterial o f  aligned fibres.

Y o u n g ’s modulus o f  com posite m aterial o f aligned fibres, 

volum e fraction o f fibre phase.

transverse linear therm al expansion coefficient o f  two - phase com posite m aterial 

reinforced fibres.
axial linear therm al expansion coefficient o f tw o - phase com posite m aterial

reinforced fibres.
M oreover, according to [8], we have

k , = K , + j U : / 3  = Ậ + M : ( i = ĩ ĩ . )
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+
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(V)

K , + /̂ 1
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2.3. Thermal expansion coefficients o f  three-phase fib e r  com posite m ateria l reinforced by spherica l 
partic les

By com bining tw o problem s above, w e’d like to propose a  w ay in order to bring  out 
expressions o f transverse and axial therm al expansion coefficients o f tliree-phase fiber com posite 
m aterial re inforced  by  spherical particles. In it, we note the variance o f  elastic specificities o f  the 
effective m atrix  phase rep lacing  the old m atrix phase in expressions (2) and  (3). Expressions o f

franverse a ,  and axial tta therm al expansion coefficients o f  this type o f  m aterial are determ ined as 
the follow ing

A «2 (1 (^1 /^2 ) ( ^ 2  ■*■/̂ 2)^1 k '
'<=— / 7-  , — v;— 7—

' 3
\  /
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+̂/̂2 +il “4)/̂2 I (9)
In expressions (8) and  (9), elastic specificities o f  the effective m aừix  phase (w e consider it as a

coinposite m aterial o f  spherical particles) w ere given by Hasin and C hristensen in [8] as the following
/  ^  \  1

G, = G, 1-

1_.?3

2 y
a

A ccording to  [6 ], w e have

“2 =«2 +(“3 - « 2)

In the other hand
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(15)

where

: axial therm al expansion coefficient o f three-phase fiber com posite m aterial reinforced by 
spherical particles.

a t : transverse theriTial expansion coefficient o f three-phase fiber co n p o site  n-iaterial 
re inforced  by  spherical particles.

Like this, (8) and (9) are expressions which determ ine therm al expansion coefficients o f tlưee- 
phase fiber c o n p o s ite  m aterial reinforced by spherical particles necessary to seek, in which therm al 
expansion coefficients o f  this m aterial are functions o f elastic specificities o f constituents, therm al 
expansion coefficients o f  constituents, volum e fractions o f fibre and particle constituent.
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3. N u m erica l exam ple

For illustration, we give an exam ple to calculate. Let com posite m aterial have elastic 
specificities deriving from  [1,7] as the following

The glass fibre: £■, = 72.38G Pa ; u, = 0.2 ; ctj = 5 X10 * r c

The q jo x y  resin mafrix: = 2.15GPa  ^2 = 0 .3 5 ; a ,  = 54 X10 / ° c

The glass particle; =140GPcr, v ^ = 0 . 2 \ ;  a ,  = 5.6 X  10 / ° c

C ase 1: Let sum  o f volum e fractions o f the fibre and particle phase be constant and equal to 0.6,

or 0.6 . Then, transverse a,  and axial a ,  therm al expansion coefficients o f  th ree-phase fiber

com posite m aterial re inforced  bv spherical particles are calculated according to expressions (8j and 
(9). So, we have data presented in table 1 as the following

Tabic 1. The variance of thermal expansion coefficients of three-phase composite material belonging to volume
fractions of constituents

0.05 0.1 0.2 0.3 0.4 0.5 0.55

0.55 0.5 0.4 0.3 0.2 0.1 0.05

a , (10“̂ )
2.206 2.303 2.447 2.520 2.518 2.438 2.366

^^.(10-̂ ’)
5.183 4.260 3.280 2.718 2.314 1.979 1.825

A

Fig. 1. Graph presentmg the dependence o f transverse lliermal expansion coefficient at  on volume fractions of
constituents.
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Fig. 2. Graph presenting ứic dcpcndence o f axial tlicrnial expansion coefficient a.
constituents.

on volume fractions of

T hrough the detailed calculation and graphs in case 1, three-phase co n p o site  inaterial 
reinforced by fibres and spherical particles is more preem inent than tw o “ phase fiber com posite 
m aterial by  meaiiS o f  reducing therm al expansion coefficients o f  three-phase com posite material m ore 
than that o f  tw o - phase  com posite m aterial in [7]. So, em bedding spherical inclusions into continous 
m atrix phase o f  tw o - phase fiber co n p o site  irateria l is necessary and m eaningful in fact. Besides, we 
can realize that for every given elastic specificity o f constituents, we need to calculate volum e 

fractions and in order to be suitable for requirem ent and purpose in fact o f this t>pe o f 

com posite m aterial.

Case 2: Let volum e fraction o f  the fibre phase increase from  0 to 0.6, volum e fraction o f

the partic le  phase (̂ 3 be constant and equal to 0.1. Similarly, w e have data presented in table 2 as the 

following

Tabic 2. The variance o fth am al expansion cociTicients of three-phase composite material belonging to volume
fraction of ứic fibre phase

0.05 0.1 0.2 0.3 0.4 0,5 0.55
0.1 0.1 0.1 0.1 0.1 0.1 0.1

4 ( 1 0 " ) 4.483 4.238 3.763 3.306 2.864 2.438 2.230

0.803 0.553 0.356 0.272 0.226 0.198 0.188
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Fig. 3. Graph prcsentúig ứie dcpaidaicc o f ữaiisvcrse Oicmial expansion coefficient a  I on volume fraction of 

tìic fibre phase when volume fraction of the particlc phase ^3 is constant.

xio

Fig. 4. Graph presenting ứie dcpondence of axial ứiermal expmsion coefficient a  a on volume fraction o f the 

fibre phase when volume fraction of ữie parúcle phase 1̂ 3 is constant.



Case 3: Let volum e fraction o f  the particle phase ^3 increase from  0 to 0.6, volum e fraction o f the 

fibre phase be constant and eqiial to 0. 1. Similarly, we have data presented in table 3 as the following

Table 3, The variance of thermal expansion coefficients ofứưcc-phase composite material belonging to volume
fraction of tlie particle phase
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Cl 0.1 0.1 0,1 0.1 0.1 0.1 0.1
0.05 0.1 0.2 0.3 0.4 0.5 0.55

« ,(10-*) 4.528 4.238 3.695 3.195 2.732 2,303 2.100

«»(10-^) 5.542 5.535 5.390 5.108 4.724 4.266 4.016

VclufTie fraclion Df particle phase kxi3

Fig. 5. Graph presenting the dcpaidavce o f transverse Ulcnual expansion coefficient a,  on volume fraction of 
Oie particle phase ^3 wlien volume fraction of the íĩbrc phase is constant.

® 56%
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Fig. 6. Graph presenting ứie dependence of axial tliermal expansion coefficient a  a on volume fraction o f ứie 

particle phase 4  wheii volume fraction of the fibre phase is constant.
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In case 2, letting volum e fraction o f the particle phase be constant and increasing Stq3 by step 
volum e fraction o f  the fibre phase will reduce therTTial expansion coefficients o f three-phase conposite  
material. This resem bles case 3 w hen letting volum e fraction o f  the fibre phase be constant and 
increasing Stq3 by step  volum e fraction o f the particle phase. W hen com paring these tw o cases, we 
realize that the result o f  case 3 is better. It means that the m ore volum e fraction o f  the particle phase 
we increase, tlie m ore therm al expansion coefficients o f tliree-phase com posite m aterial reduce.

4. C onclusions

Based on the idea solving the problem  o f tliree-phase com posite m aterial tlirough problems o f 
know n tw o - phase com posite m aterial, this paper has brought out a way in order to determine 
expressions o f theriTuil expansion coefficients o f tliree-phase fiber coinposite iTiaterial reinforced by 
spherical particles as functions o f  elastic specificities o f  constituents, therm al expansion coefficients o f  
constituents, volum e fractions o f  fibre and particle constituent.

For com posite m aterial o f  epoxy resin m atrix and glass fibre, three-phase com posite is more 
heatp roof than tw o - phase com posite. C alculated results o f this m aterial also indicate that when 
increasing volum e fraction o f  glass particle phase, three-phasỡ com posite is m ore heatproof than itself 
w hen increasing volum e fraction o f  glass fibre phase. This is m eaningful in m anufacturing materials 
iinpervious to heat and reducing the prices o f  products (because the cost o f particles is cheaper than 
that o f  fibres...)-
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