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Characterized rings by pseudo - injective modules
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Abstract: It is shown that:
(1) Let R be a simple night Noctherian ring, then the following conditions are equivalent:
(1) R 1s a right ST ring:
(i1) Every cyclic singular right R - module 1s pscudo - injective.
(2) Let R be a right artintan ring such that every finite generated right R - module is a direct
sum of a projective module and a pscudo - injective module. Then:
(1) R/Soc(Rp) 1s a semisimple artinian ring;
(1) J(R) C Soc(Rg);
(iti) J*(R) = 0.
(3) Let 1 be a ring with condition (*), then every singular right R - module 1s isomorphic with

a direct sum of pseudo - injective modules.

1. Introduction

Throughout this note, all rings are associative with identity, and all modules are unital right
modules. The socle and the Jacobson radical of M arc denoted by Soc(M) and J(M). Given two R
- modules M and N, N is called M - injective if for every submodule A of M, any homomorphism
a: A — N can be extended to a homomorphism 5: M — N. A moduleN 1s called injective 1f it is
M - injective for every R - module M. On the other hand, N is called quast - injective if NV is NV -
injective. For basic properties of injective modules we refer to [1-4].

We say N 1s M - pseudo - injective (or pseudo - injective relative to M) if for every submodule
X of M, any monomorphism « : A — N can be extended to a homomorphism 3: M — N. N is
called pseudo - injective 1f N is N - pseudo - injective. We have the following implications:

Injective = quasi - injective = pseudo - injective.

We refer to [5-8] for background on pseudo - injective modules.

Let M be a module. A module Z(M) is called singular submodule of M if Z(M) = {zx e M |zl =0
for some essential right ideal of R}. If Z(M) = M then M is called singular module, while if Z(A) =0
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then A is called nonsingular module. A ring R is called a right (left) SI ring if every singular right R
- module is injective. For basic properties of singular (nonsingular) modules and SI rings we refer to
[3] and [9].

For a ring R consider the following conditions:

(*) Every cyclic right R - module 1s a direct sum of a projective module and a pseudo - mnjective
module.

(**) The direct sum of every family of pseudo - injective right R - modules is also pseudo - injective.

(***) Every singular right R - module is a pseudo - injective module.

In [10, Theorem 1], it was shown that a simple ring R 1s right SI iff cvery cyclic singular right
R—module is quasi- continuous. In this paper, we give characteristics of SI rings by class modules
pseudo - injective. We prove that a simple ring R is right SI iff every cyclic singular right R - module is
pseudo - injective. Note that, every quasi - injective modules is quasi- continuous and pscudo - injective
module; but pseudo - injective module is not quasi- continuous and quasi - continuous module is not
pseudo - injective. We give also characteristics of artinian rings by class modules pseudo - injective

2. The results

Theorem 2.1. Let R be a simple right Noetherian ring, then the following conditions are equivalent:

(i) R is a right SI ring;

(i) Every cyclic singular right R - module is pseudo injective.

Proof. (1) = (i) 1s clear.

(1) = (i). Let R be a simple right Noetherian ring whose cyclic singular right #— modules are
pseudo injective. We show that R is a right SI ring. If Soc(Rg) # 0, then Soc(Rg) = R, and hence
R is a simple artinian ring. We are done. Next consider the case Soc(Rr) = 0. We prove that any
artinian right R - module A is semisimple.

Assume that A4 # 0, we imply A = F/K with F is a free module. We show that K 1s an essential

le, K® T is a submodule of . Note that A = F/K D (K@ T)/K = 1. Since A is a artinian
module, thus Soc(T) # 0. Hence Soc(F) # 0. But F = @;c;R; with R; = Rp for any i € 1. We
imply Soc(F) = @;crSoc(R;) = 0, a contradiction. Therefore K is an essential submodule of I, i¢.,
A is a singular module. Let X be a cyclic submodule of A. We have Soc(X) # 0. By R is right
noetherian, and X is a finitely generated module, we imply Soc(X) = X; @ ... @ X, where cach X,
is simple module. By [11, Lemma 3.1], we can show that X & X, is cyclic. By induction, we have
X @ Soc(X) is cyclic. Hence X @ Soc(X) is pseudo injective. By [7, Theorem 2.2] or [S, Corollary
5], thus Soc(X) is X - injective. Therefore Soc(X) is a direct summand of X. Since X is a artinian
module, we imply X = Soc(X) C Soc(A). This shows that A is semisimple.

Now, we prove that every singular cyclic module over R is semisimple, or equivalently, for each
essential right ideal C of R, R/C is semisimple. By the above claim, it suffices to that show R/C 1s
artinian. Hence R is a SI ring.

Assume on the contrary that there is an essential right ideal A of R such that R/A is not artinian.
Since R is right noctherian, there exists an essential right ideal L of R which is maximal with respect
to the condition that M = R/L is not artinian. We show that M is uniform and Soc(M) = 0. Assume
M is not uniform, there are two submodules P, P, of Rp such that L C P, P, C Rg, L # Py,
L#Py,and PPN P, = L. Let f be a homomorphism R — R/P, ® R/Py, f(r) = (r + P17 + P2)
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then, Kerf = PN Py, =L We have M = R/L = R/Kerf = Imf C R/P, © R/P,. Note that, R/P,
and R/P, arc artinian, thus R/L is also artinian, a contradiction. Hence M is uniform. By M is not
a simple module, we mmply Soc(M) = 0. Morcover, for any nonzero submodule NV of M, we have
N =N /Lwith L CNyand L # N,. By M/N =R/L/N,/L = R/N,, thus M/N is a artinian module.
Theretore M/N 1s o semisimple module. Let U and V be submodules of M with 0 4 U CcV ¢ M
and U # V # M. Then V/U is a submodule of semisimple artinian module M/U. Hence V/U is
semisimple artinian module. We mmply V/U = S; @ ... & S;, where each S; 1s simple module. Consider
the module @ = M @ V. Since M is cyclic and Q/(0aU) 2 Ma (V/U)= M & (S, ®...5 S). By [11,
Lemma 3.1], we can show that M & S 1s cyclic. By induction, we have M & (S, ... S;) 1s cyclic, 1.¢.,
Q/(0eU) 1s cyclic. By [10], we can choose z € @ such that [zR+ (05 U)]/(06U) = Q/(05U) and =R
contains M & 0. Note that xR is not uniform. By modularity ztR =azRN @ =cRN(MaV)=Ma W
where (0, W) = xRN (0,V) # (0,0). By M is a singular module, thus @ is also a singular module.
Hence « R 1s a singular cyclic module. Since xR 1s a pseudo - injective module, 1.e., M & W is pseudo
- injective. By [7, Theorem 2.2], W is M- injective. Therefore W is a direct summand of M, a
contradiction. Hence R/C 4s artinian for every essential right ideal C' of R. Thus R/C is a semisimple
module, 1.¢., R 1s a right SI ring.

Theorem 2.2. Let R be a right artinian ring such that every finite generated right R - module is a
direct sum of a projective module and a pseudo - injective module. Then:

(i) R/Soc(Rp) is a semisimple artinian ring;

(ii) J(R) C Soc(RRr);

(iif) J>(R) = 0.

Proof. (i) Set A = R/Soc(Rp). By R is a right artinian ring, thus A is a singular rizht R - module.
Sct M = A® Soc(A), then M is a singular module. Since M is a finite generated right R - module, we
imply M = X @V where X 1s a pseudo - injective module and Y 1s a projective module. Note that Y
1s a singular module, we have Y =~ F/K with K 1s an essential submodule of F. By Y is a projective
module, we imply K 1s a direet summand of F. Hence K = F, 16, Y = 0. Therefore M = A@ Soc(A)
15 a pscudo - injective module. By [7, Theorem 2.2], Soc(A) is M — injective. By A 1s artinian, thus
A 1s semisimple artinian ring, proving (1).

(1) and (i11). By properties (1).

Theorem 2.3. Let R be a ring with condition (*), then every singular right R - module is isomorphic
with a direct sum of pseudo - injective modules.

Proof. Let R be a ring with condition (*). Let X be a cyclic singular right R - module, then by
condition (*) we have X = P @ A with P is a projective and A is a pseudo - injective. Since P 1s
singular module, thus P = U/V with V is an essential submodule of U. By P is a projective module,
we imply V is a direct summand of U. Hence U =V, 1., P = 0. Therefore X is a pseudo - injective
module.

Finally, if M 1s a singular right R- module, then M = F/K with F is a free module and K is an
essential submodule of F. Note that I = @,y R; with R; & R, we have M = F/K = (e Ri)/ K =
Bicr (R + K)/K. By (R; + K)/K 1s a cyclic singular module, thus it is a pseudo - injective module.
Therefore, M 1s isomorphic with a dizect sum of pseudo - injective modules.

Corollary 2.4. Let R be a ring satisfies conditions (*) and (**), then R satisfies condition (***).
Proof. By condition (**) and Theorem 2.3.
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3. Examples

1) ([8, page 364]) Let F = Z, where Z is the ring of integer numbers and A = F[X]. Then
A/(z) is a (A/(x) — A/(z*))—bimodule in the natural way, and

R:{(’;j 3) |uyw € A/@), w € A/(?)

is a ring with usual binary operations. Let M be the right idcal

M= {(2 3)) v e Af(z),w € A/ ().

Then Mg is pseudo - injective but not quasi - injective.
2) Consider the following ring
c C
- (5 9

where R and C are the fields of rcal and complex numbers, respectively. By [12, page 152], every
right R—modules is a direct sum of a projective module and a quasi - injective module. Hence R
satifics conditions (*) and (***).
R C
(5 O)

3) Consider the following ring
where R and C are the fields of real and complex numbers, respectively. By [12, page 151], every
right R—modules is a direct sum of a projective module and a quasi - injective module. Hence R
satifies conditions (*) and (***). By [12, page 151], R is right SI ring.
4) Consider the following ring
(59
‘ 0 R

where R is the field of real numbers. By [13, Remark 3.4 (page 464)], R is a CS—semisimple ring.
Hence R is a right and left Artinian ring (sec [11, Theorem 1.1]). Let M;, Vi € I be pseudo - injective
right R—modules, then M; is CS—module where each @ € I. Hence M; is quasi - injective ( sce |3,
Theorem 5]). By [4], M = @;c; M; is a quasi - injective module. Hence M 1s a pseudo - injective
module, i.e., R satifics conditions (**).
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