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Characterized rings by pseudo - injective modules
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A b stra c t: II is shown that:

(Ĩ) Let R  be a simple riglil Noelhcriaii ring, then the following conditions are equi\alent:

(i) R  is a riglit SI ring:

(ii) I-'vcw cyclic singular right R - module is pseudo - injective.

(2) Let H be a right artiniaa ring such that cvcty finite generated right R - module is a direct 

sum o f a projcclivc module and a pseudo - injcclivc module. 'I'hcn:

(i) R /S 'oc{R u)  is a scinisiinplc arlinian ring;

(ii) J{R)  c  S oc{Rr );
(iii) J ' \ R )  -  0.

(3) Let R  be a ring with condilion (*), then evcw  singular riglil R  - module is isomorphic with 

a dircct sum o f pseudo - injcctivc iiKxluIcs.

1. In tro d u c tio n

Throuehout this note, all rings arc associative w ith identity, and all m odules arc unital r id it 
modules. The soclc and the Jacobson radical o f M  arc denoted by  Soc{h4)  and J ( M ) .  G iven tw o R
- modules M  and N ,  N  is callcd M  - injcctive if  for every subm odule A o f M , any hom om orphism  
a ' : Á — > N  can be extended to a homom orphism 0  : M  — > N.  A  m odule/v is called injective if  it is 
M  - injcctivc for ever)' R - m odule A/. On the other hand, N  is callcd quasi - injcctivc if  N  is N  - 
injective. For basic properties o f injective modules we refer to [1-4],

Wc say N  is M  - pseudo - injective (or pseudo - injective relative to M ) if  for ever)^ subm odule 
X  o f  M , any m onom orphism  a  : A  —  ̂ N  can be extended to a hom om orphism  /? : M  —  ̂ N . N  is 
callcd pseudo - injective if  yV is N  - pseudo - injectivc. We have the follow ing implications:

Injcctivc quasi - injcctivc ^  pseudo - injcctivc.
We refer to  [5-8J for background on pseudo - injcctive modules.
Let A4 be a module. A  module Z { M)  is called singular subm odule o f  M  if  Z { M )  = {x  M  \ x l  ----- 0 

for some essential right ideal o f R}.  I f  Z{ M)  =  M  then M  is called singular module, w hile if  Z{A)  =  0
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then  A  is called nonsingular module. A  ring R  is called a right (left) SI ring if  every singular right /?,
- m odule is injective. For basic  properties o f singular (nonsingular) m odules and SI rings we refer to
3] and [9 .

For a ring R  consider the following conditions:
(*) Every cyclic right R  - module is a direct sum o f a projective module and a pseudo - injectivc 

module.
(**) The direct sum o f every fam ily of pseudo - injective right R - m odules is also pseudo - injectivc.
(***) Every singular right R  - module is a pseudo - injective module.
In [10, Theorem  1], it w as shown that a simple ring R  is riaht SI iff  cver>' cyclic singular riiiht 

f ì-m o d u le  is quasi- continuous. In this paper, we give characteristics o f  SI rings by  class modules 
pseudo - injective. We prove that a simple ring R is riglit SI iff every cyclic singular right R - modulti IS 
pseudo - injective. Note that, every quasi - injective m odules is quasi- continuous and pseudo - injectivc 
m odule; bu t pseudo - injective module is not quasi- continuous and quasi - continuous module is not 
pseudo - injective. We give also characteristics of artinian rings by  class m odules pseudo - injcctive

2. T he resu lts

T heo rem  2.1. Lei R  be a sim ple right Noetherian ring, then the fo llo w in g  conditions' are equivalent:
(i) R  is a right S I  ring:
(a) Every cyclic singu lar right R  - m odule is pseudo injective.

Proof, (i) = >  (a) is clear.
(a) = >  (j). Let /? be a  sim ple right N oetherian ring w hose cyclic singular right R -  modules are 

pseudo injective. We show  tha t /Ỉ  is a right SI ring. I f  S oc{Rr ) ỷ  0, then  S ocÌ R r ) =  R, and hcnce 
R  is a. sim ple artinian ring. We are done. N ext consider the case Soc{Rii) =  0. We prove that any 
artinian right R  - m odule A  is sem isim ple.

A ssum e that ^  7̂  0, w e im ply A  = F /K  w ith  F  is a free m odule. We show tha t K  is an essential 
subm odule o f F. A ssum e K  is not essential in F, there is a subm odule T  o f  F  such that K  n T  = 0,
i.e., K  ® T  is a subm odule o f  F. N ote that A = F / K  D {K  0  T ) / K  =  T.  Since is a artinian
module, thus Soc{T) Ỷ  0- Hence Soc{F) Ỷ  0- But F  — © ig //ỉj w ith Ri  =  Rji  for any i e  I.  We
im ply Soc{F) = ®ì^ ị S oc{R ì ) =  0, a contradiction. Therefore K  is an essential subm odule o f  F,  i.e., 
/1 is a singular module. Let X  be a cyclic submodule o f  A.  We have S o c ( x )  Ỷ  0' ^
noetherian, and X  is a finitely generated module, we im ply Soc{X)  = Xk  where each Xi
is sim ple module. By [11, Lem m a 3.1], w e can show that X  ® X i  is cyclic. By induction, we have 
X  ® S oc { X )  is cyclic. H ence X  ® Soc{X)  is pseudo injective. By [7, Theorem  2.2] or [5, Corollar)' 
5], thus Soc{X)  is X  - injective. Therefore Soc{X)  is a d irect sum m and o f  X.  Since X  is a artinian
module, we im ply X  = Soc{X)  c  Soc{A). This shows th a t A  is sem isim ple.

Now, we prove that every singular cyclic module over R  is sem isim ple, or equivalently, for each 
essential right ideal c  o f  R , R /C  is semisimple. By the above claim , it suffices to  that show R /C  is 
artinian. Hence is a SI ring.

A ssum e on the contrary that there is an essential right ideal A o f R  such that R /A  is not artinian. 
Since R  is right noetherian, there exists an essential right ideal L o f  R  w hich is m axim al w ith respect 
to the condition th a t M  = R /L  is not artinian. We show that M  is uniform  and Soc{M) = 0. A ssum e 
M  is not uniform , there are tw o subm odules P i, P2 o f  R r  such tha t L c  Pi,  P2 c  R r ,  L ^  Pi,  
L Ỷ  P2 and PịCì P2 = L. Let /  be a hom om orphism  R  — > R / Pi ® R / P2, f ( r )  = (r + P i , 7' + P2)
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then, /v e r /  Pi n  ỉ \  -  L. We have M  Í l / L  R / K t r f  ^  ỉ m f  C R / p ,  © R /ỉ- \ .  N ote that. R / p ,  
and /í’//^2 artinian, thus R I L  is also artinian, a contradiction, ricncc M  is unifom'i. By M  i.s not 
a simple m odule, w c im ply Soc{M)  =  0. Moreover, for any nonzero subm odule N  o f M , \vc have 

::::: / L w ith L c  iVj and L Ni .  By M / N  = R / L / N ] / L  = R / N ị ,  thus M / N  is a artinian module.
Therefore M / N  is II scniisim ple module. Let Ư and V  be subm odules o f M w ith 0 Ơ c  c  M  
and Í/ 7  ̂ K ^  AÍ. Then Ì//Ơ  is a submodule o f scm isim ple artinian module M / Ư .  H ence V / Ư  is 
scm isim plc artinian m odalc. Wc imply v / u  5] 0 . . .  @St,  w here each Sj  is simple module. Consider 
the m odule Q = M 0  V.  Sincc M  is cyclic and Q /(O 0  Ơ) =  M  © {V/Ư)  =  A/ 0  (^I 0 ... 0  5i). By [11, 
Lem ma 3.1], we can show that M 0 Si is cyclic. By induction, w e have M 0 ( 5 i  0 ...© Si) is cyclic, i.e., 
Q /(O 0 f/) is cyclic. By [10], we can choose X e  Q such that [xf^ +  (O0 i/) |/(O 0 f/) --- Q/{0(BƯ)  and x R  
contains M  0  0. Note that x R  is not uniform. By m odularity x R  =  x R  n  Q = x R  n  {M V)  M  ^  w  
w here (0, W)  ~  x R O  (0, V) Ỷ  (0:0). By M  is a singular m odule, thus Q is also a singular module. 
Elencc xR- is a sintĩular cyclic module. Since x R  is a pseudo - injcctive module, i.e., A/ 0  w  is pseudo
- injective. By [7, Theorem  2.2], w  is M -  injcctivc. Therefore w  is a direct summand o f M ,  a 
contradiction. Ilence R / C  is  artinian for evety essential rish t ideal c  o f R. Thus R / C  is a sem isim ple 
m odule, i.e., R  is a right SI ring.
T heo rem  2.2. Let R  be a right ariinian ring such ihat every fm iie  generated right R - m odule is a 
d ire c t s u m  o f  a p r o je c t iv e  m o d u le  a n d  a  p s e u d o  - in je c iiv e  m o d u le . 7h en :

(i) R / S oc{ R r ) is  a  s e m is im p le  a r tin ia n  ring;

(n ) J { R )  c  S oc{ R r ):

(Hi) P { R )  =  0.
Proof, (i) Set A = R / S oc{R r ). By R  is a right artinian ring, thus A is a singular right R - module. 
Set M >l0  5'oc(^), then  M  is a singular module. Since M  is a finite generated right R  - module, we 
im ply M  =  A' 0  y  w here X  is a pseudo - injectivc m odule and y  is a projective module. Note that Y  
is a singular m odule, w c have Y  ^  F / K  w ith K  is an essential subm odule o f F.  By F  is a projective 
m odule, wc im ply K  is a dircct summand o f F.  Ilcncc K  ^  F,  i.e., y  =  0. Therefore M  ^  A ( B S oc{A) 
is a pseudo - injcctivc m odule. By [7, Theorem 2.2], Soc{A) is M -  injective. By A  is artinian, thus 
A  is scm isim plo artinian ring, proving (i).

(li) and (iii). By properties (i).
T heo rem  2.3. Lei R  be a ring  with condition  (*), ihen every singular right R - module is isom orphic  
with a direct sum  o f  pseudo  - injective modules.
Proof. Let R  be a ring w ith  condition (*). Lot X  be a cyclic singular right R  - module, then by 
condition (*) w e have X  ~  p  (B A  w ith p  is a projcctive and A  is a pseudo - injectivc. Since p  is 
singular m odule, thus p  ^  Ư /V  w ith  V  is an essential subm odule o f Ư. By p  is a projective module, 
wc im ply K is a direct sum m and o f Ư. Hence Ư i.e., p  =  0. Therefore X is a pseudo - injective 
m odule.

Finally, if  M  is a singular right R- module, then M  ~  F /K  w ith  F  is a free module and K  is an 
essential subm odule o f  F. N ote that F ~  w ith  Ri “  R n , w e have M  ^  F /K  =  {(BielRi ) / ỉ< -

+  K ) / K .  By {R^ -Ị- K ) / K  is a cyclic singular m odule, thus it is a pseudo - injcctivc module. 
Therefore, M  is isom orphic w ith a direct sum of pseudo - injective modules.
C o ro lla ry  2.4. Let R  be a ring  satisfies' condiiions (*) and  (**), then R  satisfies condiiion {***). 
Proof. B y coiidition {**) and Theorem  2.3.
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3. E xam p les

1) ( [8 , page 364]) Let F  =  Z2 where z  is the ring o f integer num bers and A  ^  Fl-'i'l- Then 
A / ( x )  is a ( A / (x )  -  A /(x ^ ))-b im o d u le  in the natural way, and

R  = {(̂  ̂ ị u,v e A/(x),w e A/(x^)}

is a ring w ith  usual binary operdtions. Let M  be the right ideal

^  w )  I ^  w £ A / ( x ^ ) } .

Then M r  is pseudo - injective but not quasi - injectivc.
2) C onsider the following ring

c
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where R  and c  are the fields o f real and com plex num bers, respectively. By [12, page 152], ever>' 
ri^ht / ỉ-m o d u le s  is a direct sum o f a projective module and a quasi - injectivc module. Mence R  
satifics conditions (*) and (***).

3) C onsider the follow ing ring

'* “ (^0 c j

where R  and c  arc the fields o f  real and coniplcx num bers, rcspcctivcly. By [12, page 151], every 
ri"ht /? -m o d u les  is a dircct sum o f a projective module and a quasi - injectivc module. Flcnce R 
satifics conditions (♦) and (♦*♦). By [12, page 151], R  is right SJ  ring.

4) Consider the follow ing ring

^ ^ = 1,0 r )

where R  is the field o f  real num bers. By [13, Remark 3.4 (page 464)], 7? is a C 5 -sem is im p lc  ring. 
Hence R  is a right and left A rtinian ring (see [11, Theorem  1.1]). Let A4i,Vi e  /  be pseudo - injcctivc 
right i? -n iodu les, then Mi is C 5 -m o d u le  where each i e  I. Hence M i is quasi - injective ( sec [5, 
Theorem 5]). By [4], M  =  ®ieiMi  is a quasi - injectivc module. Hence M is a pseudo - injectivc 
module, i.e., R  satifies conditions (**).
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