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A bstract. In this paper w c consider the upper (lower) - stabiliw o f I.yapiinov exponents of 

linear differential cqiialions in IV'-. Sufficient conditions for the upper - slahililv o f maximal 

exponent o f linear systems under linear peilurbalions are given. The obtained results are 

extended to the system  w ith nonlinear perturbations.
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1. In tro d u c tio n

Let us consider a linear system of differential equations

X -  A{L)x\ t > t o > 0 . ( 1)

where A{t )  is a real n x n  - m atrix ftinction, continuous and bounded on [io; 1 oc). It is well known that 
the above assum ption íĩuaraiitecs the boundesness o f the Lyapunov exponents o f system (1). Denote 
by

Ai; À2; A.J, (A] <  A2 <  ... <  A^) 

the Lyapunov exponents o f  system (1).
D efin ition  1. 71ie m axim al exponent o f  system  (1) is sa id  to be upper - stable i f  fo r  any given 
e >  0 there exists Ỏ — ỗ{c) >  0 such that fo r  any continuous on |io; + 00) n  X n  - m atrix B{t ) ,  
s a t is fy in g  | | i3 ( í ) | |  <  Ỏ, th e  m a x im a l ex p o n en t ịiri o f  p e r iu r b e d  sy s te m

[/1(0 -\ B{i)\x, (2)

satisfies the inequality

Mn <  H" (3)

//'||_ /3(i)|| <  Ỗ im plies ịX\ > \ \  ~  t, we say that the m inim al exponent Ả| o f  system  ( 1) is lower - 
sta b le .

In general, the m axim al (minimal) exponent o f system (1) is not always upper (lower) - stable 
1]. However, if  system  (1) is redusiblc (in the Lyapunov sense) then its m axim al (minimal) exponent 

is upper (lower) - stable. In particular, if  system ( \ )  is periodic then  it has th is property [2,3]. A 
problem  arises: In w hat conditions the maximal (m inim al) exponent o f  nonreducible systems is upper 
(lower) - stable? The aim  o f this paper is to show ã class o f  nonreducible system s, havin" this property.
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2. P re lim in a ry  lem m as

L em m a 1. Let system  (1) be regular in the Lyapim ov sense. The m axim al exponent is upper -
s ta b le  i f  o n ly  i f  th e  m in im a l e x p o n e n t o f  th e  a d jo in t sy s te m  to  (1 ) is  lo w e r  - s ta b le .

Proof. We denote by

a i ;  t t2; a , ,  (a ]  >  Q'2 >  ... >  a ^ )  

the Lyapunov exponents o f the adjoint system to (1):

- A \ t ) y .  (4)

A ccording to the Perron theorem , w e have

A i + a i - - 0, + av, = 0. (5)

I f  the maxima] exponent o f system (1) is upper - stable then the minima] exponent o f system
(4) is low er - stable. In fact, denoting by

p \ ] p 2 ] W l  f h >  >  Pu)  

the Lyapunov exponents o f adjoint system to (2), we have

P\  Ml “  0 ; 0 . (G)

-M n  > -  e -  a,, -  f i f  ||/i*(i)|| < Ổ. (7)

Conversely, suppose that the minimal exponent is lower - stable, then if  (7) is satisfied \YC have

f ị i  >  <y-n -  e.

Then

/̂ 71 ~  pri 4"̂ c “  -\- c.

W hich proves the lemma.

C onsider now  a nonlinear system o f the form

X ~ A{t)x + / ( i,  x). (8)

L em m a 2. (Principle o f  linear inclusion) [1] Lei  x{ t )  be an any nontriva ia l solution o f  system  (8).
There exists a m a trix  F{ t )  such that x{ t )  is a solution o f  the linear system

ý  =  l^ ( í )  +  p '{ t)\y .

Moreover, i f  f { t ,  x )  sa tisfies the condition

\ f{ i -  2̂ )11 <  ổ ( í) lk ll ;  Ví >  to] \/x  € 

then m atrix F{t )  sa tisfies the inequality

1^(011 <  ỡ(i) ; Ví >  to.

The p ro o f o f Lem m a 2 is given in [1],
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3. Main results

3.1. Stability o f  system  with the linear perturbations

In this section w e consider systems o f two linear differential equations in

X  =  A { t ) x  (9)

± = A { t ) x  +  B { t ) x .  (10)

Wc denote by fi\] fJ-2 and Ai; À2 (/ii <  /i2; Ai <  A2) the exponents o f systems (9) and (10) respec­

tively. Lxt:

^  W i t )  b22{t)J
- tli'it A(i\ R(ỷ\ n-ỉl msìtrÌY f'.nntiniin\Wc suppose that A{t ) ,  B{ t )  arc real m atrix functions, continuous on [ioi + 00) and supi>jg \ \A{t)  

M  < + 00 .
T heo rem  1. Let system  (9) be regular and there exists a constant c  >  0 m ch  that

f ' / [ 022(0 “  +  ['̂ 21 (^0 +  “12(01^ dt < c  < + 00 ,
J to

then the m axim al exponent À2 o f  system  (9) is upper  - stable. 
Proof. Let

W{t) \ / |a 22(i) — an (OP +  [“2i (0 +
A ccording to the Peưon theorem  [1,4] there exists an orthogonal m atrix function U{t)  (i.e. u * { t )  =  
Ư ' ( i) , Vi >  to) such that by  the following transfom iation

x  =  ư{ t ) ĩ j  ( 11)

the system  X  ^  A { t ) x  is reduccd to

ý =  P{t)y  (^2)

w here P{t )  is a m atrix  o f the triangle fonn:

p ( ị ] ^ Í P n { t )  P^2 { t ) \
V 0 P 2 2 { t ) ;  ■

The m atrix  p{t) is defined as p{t) -  u ~ ^  { t )A{ t )U{ t )  -
N ow  w e show  that if  m atrix A{t )  is bounded on [io; + 00), then  m atrix  P ( i)  is also bounded

on this interval, i. e. exists a constant M l >  0 such that | |p ( i ) |l  <  M \ ,  VL > to. Indeed, let:

Ă{t) = iẫi,{t)) =  u ^ \ t ) A { t ) u { t ỵ  V{t) =  K ( i ) )  -  u~Ht)ửi t ) .

It is easy  to show  tha t v * { t )  =  - V { t ) .  This im plies Vii{t) =  0, Vi =  1 ,2 . Thus, w e get

i f  i < j  

V i j { t ) = ị o  i f  i  =  j

if 2 > j.-

Since A{ t ) ,  u{t), u~ \ t )  are bounded, matrix p{t) is also bounded on [ io ;+ o o ). Let | |P ( i ) | |  <  
M l, Vi >  to- Taking the sam e Perron transform ation to system (10), w e obtain

X =  ứ { t ) y  + U{ t ) ỳ  =  A { t ) x  +  B { t ) x
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ư { í ) ỳ  =  A { t ) x  B { i ) x  — ử { t ) y  

o  ư { t ) ỷ  A { t ) U { t ) y  f  B { i ) U { t ) y  -  u { t ) y  

^  ý  -  \ ư - ^ { í ) A ự ) U { t )  -  ư ^ - \ t ) i ĩ { i ) \ y  +  l J - \ i ) B { t ) U { i ) y .  

D enoting Q{i)  =  { t ) B{ i ) U{ i ) ,  the last equation is in the fomi

ỳ =  Pit)y  +  Q{t)y-
W riting triangle m atrix  p { t )  as follows;

PV2 { i ) \  _ f  Pu { i )  0 \  . f oP{ t )  = ^  / P i n t ;  1 J / ^
P 2 2 ( i )  y  V 0 P 2 2 ( i ) y  Vo 0

V Q(i )  -  ỡ ( í )  4 (  ̂ P i 2 ( 0 \
V 0 P 2 2 { i ) ) '  H o  0 7 ’

0 V 22{t)
/

and putting  p { t )  ~ 

w c hfi.vc

?ý ỉ \ ^ ) y  -I Q (í)ỉ/-
Taking the linear transfom iation y  =  S z  w ith

0 Mj
<5 /

from (14) we ge t the follovvins equivalent equation

i  -  S - ^ P { t ) S z  -f S'^ ^Q{L)Sz  P { t ) z  +  S - ^ Q { t ) S z .  

D enoting by Q ( r )  the sim ilar m atrix o f m atrix Q{r) ,  wc have

-1 / 0  P i2( r )
0 0

5,

w hich eives

Q ( r ) | | < | | 5 -  'Q ( r ) 5 ’|| +  | | 5 ' - ' ( °  s

The solutions o f  the  hom ogeneous system i  =  p { t ) z  is defined as follows

V Ì9. / V O  p,9lự 2 j P22{t) \ Z 2) Z 2 { t )  -

Therefore
‘0 0

g/tg P22{s)ds-Jl^ P22(s)<i'i

(13)

(M

(15)

( 16)

0 gjio -̂ ỈQ

is the C auchy m atrix  o f th is system.
The solution satisfied the initial condition z{to) = zq o f  nonhom ogeneous system (15) is given

b y  [5]

z{ t )  = ^ { t , t o ) z o  + Ị ^ { t , T ) S ~ ^ Q { T ) S z { T ) d T ,
h o

w hich  is th e  sam e  as (i, io)-z(i) = z o +  ^ ' ~ \ t , t o ) ^ { t , T ) S ~ ^ Q { T ) S z ( T ) d T
Jto

o r  to)z{ t )  =  z o +  f  H k ,  r ) S - ^ Q { r ) S ^ r ,  ( r ,  i o ) z { T ) d T .
Jto
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Then

iiy^\L.to)z{t)\\ < llzoll-I- /  ’̂ Q ( t ) 5 (I>(t,ío)II||fl> ( 17)
Jto

( i > T , . s > i o )
Dcnotioiz by the elem ents o f m atrix Q{t)  and let

I) - c t ( io ,r ) S  ’Q (r)5 'cD (r,io )

wc have

D S' ' M r )  ?,2(r)\
'v92i ( t ) <722(t )

5

f

\Q2

Qu {t )
<722 ( r )  J

Wc can vcrif\' that

—

\  / ^ 0 0 y

Since
I1Q(^)II -  \ \ ư - \ t ) B { t ) ư { t ) \ \  < | |ơ  ' (T) | | | | / 3 (r) | | | l [ / (r ) | |  <  1.ỎM -  Ổ, 

dciiotine m ax{ 1 t 1 +  \/Ã?ĩ^} ^ 2  and chosing Ỏ sm all enough such that 0 <  () <  1, w e have

/  , . , . r r \  —  .—

^ m a x { J ( l  +  y ^ ) ; 0' ( l + y ^ }5 - ‘Q ( r )5
Qwi^)  

V92 i(r)
^n{r)\Ịw,

Q22{t )J

— m ax. { V ỗÌ ^ / ỏ -I ỗ \ \Íỗ {V ô  +  \ / Ã ^ }  <  V ỏ  m a x { l +  \ 1 +  Ự Ã ĩ i }  '/SM 'Z-
V Aj 1 V 1

C onsequently, applying the above inequalities to (16), \vc have | |Q ( r ) | |  <  2 M 2 ' /ỗ .
Now, w e estab lish  the nom i o f  m atrix D  as follows:
It is known tha t in R'̂  orthogonal m atrix u{t)  has ju s t one o f  tw o the follow ing fomis:

f  c o s ệ ự )  s \ n ệ { t )   ̂
"  y s ì n ậ i t )  -  cos 4>{t)

cos — s i n ậ { t ) \
; b) U { i ) =  . , f s  I -

yoiiiv-v‘'/ ...... \  s \nộ[ t )  cosệ{ t )  J
W ithout loss o f  the generality  vve suppose that m atrix  u{ t )  has the form a). In this case, we have

u - \ t )  =

Since in P cư on  transfom iation X  = u{ t ) y ,  where u ( t )  is a orthogonal m atrix , the diagonal elem ents 
o f m atrix  p { t )  and m atrix  u ~ ^  {t)A{t)U{t) are the same P \ \ { t )  and P 22( i ) ' Therefore w e obtain that

P2 2Ự) - P i i ( 0  =  [«22(01 -  a i i ( i ) l  cos2ợí)(í) -  \a2 i{t) +  a i 2(i)] sin2ự)(í).

It is easy  to see that, there is a function '4>{t) such that

P 2 2 ( i)  - P l l ( i )  =  ^ /[« 2 2 (0 1  -  +  [ « 2 i( i)  + a \ 2 { i ) V  cos[2ự)(í) +  V '(i)

=  W { t ) c o s \ 24>{t) .
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Since \\qij{t) I <  \\Q{t) < 2 M 2 ' /ô ,  we have

/
D

Q22{t )

< 2 M 2 ' / ỏ \2 +  g /i;ip iiW -P 22(̂ «)M.s

=  2 M 2 V ^ [ 2  +  ^  W ụ ) c o s \ 2 ệ { s ) + ^ { s ) ~ n \ d s

From the assum ptions w{t)dt < c <  + 00, we have

\D\\ < 2 M 2 v"ỏ{2 +  2 e^ ) =  M 3 VỎ w here M 3 :=  2^ 2(2 +  2 e ^ ) . 

A pplyine the last inequality to  (17)_, we get

| | $ " H í , í o ) z ( í ) | |  <  P 0 I I +  i  M3^0\\<^-^{T, to)z{T)\\dT.
Jto

{ t > T , S >  to)
A ccording to the G ronw all - Belm an inequality [1, 4, 5], we have

(18)

$  ’ (Í) ^o)-2(i) || <  Iko ÍQ

Í <  p ^ ụ M s V s n - t o )

<  |zo |eA Í3^(í-ío ) ^

Zl{t)  <  ||zo ||e"3N /ổ(í-ío)e/4Pn(r)<ir

Z 2 { ^ <

U sing properties of Lyapunov exponents, w c get

x i^ il <  x \\\zo \\e ^^ ^ ^^ -^ °^ \ +  ^  _|_ \  / / ^ P i ] ( r ) d r

x [ z 2 \ < -=-. M ^ ự ỏ  +  lirni_,+oo \  J l p 22ÌT)dT.

It is clear tha t in Peưon transform ations the Lyapunov exponents are unchanecd [1,4]. Thus, for an> 
small enough given e >  0, chosing 0 <  Ỏ' <  we obtain that

x[aJi] =  x l^ i] <  Ai +  e 

xla32] =  x [^2 <  A 2 +  e
or Â l ^  -̂ 1 +  £ 

M2 -^2 +  £•

The same result is proved for the case, w hen m atrix u(t) has form b).
The p ro o f o f  theorem  is com pleted.

C o ro lla ry  1. Suppose that a ll assum ptions o f  Theorem I hold. Then the m in im al exponent o f  system  
(9) is low er - stable.

Proof. From  Lem m a 1 it follows that m inim al exponent o f system  (9) is low er - stable i f  the m axim al 
exponent o f  adjoint system X  = - A * { t ) x  to  this system is upper - stable. A ccording to Theorem  1 
the last requirem ent w ill be satisfied if  the following inequality holds

00

to

4=> / V [(̂ 22(0 “  ^ ll(^ )   ̂ +  [ĉ 2l (0  ^ I2(0 p  dt < c  < -foe.
to
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This proves the corollary.

3.2. Stahiliiy o f  svsỉem s with nonlinear periurbations

Wc consider the follow ing linear system w ith nonlinear pertuA ation in

x  = A { t ) x  + (19)

Since the system  (19) is nonlinear, it is dificult to study its spcctrum  [5], H owever under the suitable 
conditions w c can obtain some results on it, for exam ple, to study suprem um  o f its all exponents. Let 
us denote this suprcm um  by /isup-

D efin ition  2. The m axim al exponent Xn o f  hom ogeneous system  X  =  A { t ) x  is said to be upper - 
stable under the nonlinear perturbation f { t ,  x )  i f  fo r  any given  Ễ >  0 there exists Ở =  ổ(ễ) >  0 such  
that iffoU ow ing  inequality  holds  | | / ( i ,  a:)|i <  ở'||x||, then

/^sup <  £•

We consider now the system  (9) and (19) in R^. For this space the following result is obtained: 
T heorem  2. Suppose that:

i) System  (9) is regular and there exists a constant c  >  0 such that
•oo

\ / Ị “22(0 — 1 (OP +  1̂ 121 (i) +Ol2(^')l dt < c  < +00.
k)

ii) Function f ( i , x )  is continuous on [io; + o c ) and there exists a function  g{t)  > 0 ,  Vi >  to, 
sa tisfy ing the condition:

\\ f{f' ,x)\\ < g{t)\\x\\ ,  y t > t o

Then m axim al exponent Ằ2 o f  system  (9) under perturbation f { t , x )  ÌS' upper - stable.
Proof. We denote by  Xữự)  =  x{ t o , xo ,  t) the solution o f system  (19), w hich satisfies initial condition 
Xữ{tữ) =  xq.  D enote b y  Fxo(i) the function m atrix coưesponding to this solution in the sense of 
Lem m a 2 i.e. for th is solution there exists a function m atrix Fxo(t) such that Xũit)  is a solution o f 
the follow ing linear system

X  =  A { t ) x  +  { x o e R ^ ) ,  (21)

w here ||F 3:o(i)ll <  g{t ) ,  Vi >  to- We denote by < /^2° elem ents o f spectrum o f nonlinear 
system  (19). A ccording to Theom rem  1, for every given e >  0 there exists Ổ >  0 such that

^xo(i)ll <  ^  im plies ^ 2° <  ^2 +  Va;o e  .

From F ^ A t ) \ < g { i ) < 0 ,  we have

Therefore, w e obtain that

The p roo f is therefore com pleted.
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C oro lla ry  2. Suppose that conditions Ỉ) and ỈỈ) o f  Theorem 2 ho ld  and  the func tion  g{i )  in condition  
i t )  s a tis fie s  th e  co n d iiio n

lirn q{t)  =  0 .

Then m axim al exponent À2 o f  system  (9) under perturba tion  f { t ,  x )  is upper - stable.
Proof. For every given e >  0 there exists (5 >  0 such tliat

|^xo(i)il <  ^ im plies /Ì2° <  A2 +  ̂ ,  V.-ro G R~■

Since liĩĩií^+oo ỡ (í)  =  0, for ố >  0 there exists T  =  T (ổ )  >  to such that 0 <  g{ t )  < Ỏ, \ / t  > T.
Thus, if  Í >  T  then ||F 2:o(i)|| <  g{t)  < Ỗ. Taking to lim it as Ế ̂  +CX3, w e have

M2" ^  ^2 +  ^

Taking to suprem um  over all iCo G vve have

xoeR'^
The proof is therefore completed. 

E xam ple. Consider the system
1

2 ,
X2 =  +  (1 +  ^ ) X 2

Í  >  1.

(22)

It is easy to see that this system  is nonrcdusible and nonperiodic. Wc can show that for this system:

Ai — Ao “  1 an d  lirn - S ' pA { s ) d s  ----- 2.
f  00 t  J  X

Therefore, system  (22) is regular. We can see also for this system ;

Therefore, w e get

J  W { s ) d s  =  2 -  -  <  2 , Vi >  1 .

Thus, system (22) satisfies all conditions o f Theorem  1. Its m axim al exponent is upper - stable.
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