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A bstrac t .  Within the framework o f  the Walecka model (QIID-I)[1] the renormalized effective 

Dirac equation and the kinetic equation for fermion are presented. In fact, the fermion propa

gator in the medium is dramatically different from that in the vacuum. The main feature is the 

treating o f  the fermion distribution in non equilibrium, which depends on the interaction rate 

involving temperature.
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1. Introduction

At present the theoretical study of quantum fields at finite temperature and density turns out
to be more and more important for description of wide variety of physical effects in medium: in
condensed matter [2,3], in stellar astrophysics [3,4], in a QED or QCD plasma [5,6]. The effective 
real-time Dirac equation in medium and the kinetic equation not only m?,y provide an approximation 
beyond two-loop calculations, but also can be treated the correlation efTects- those that are extremely 
important for physical processes near equilibrium [8].

In this paper we focus on the QHD-I model of non-zero density. We investigate in detail the fermion
propagator and its relaxation and thermalization through the interaction with scalar and neutral vector 
mesons in the matter. Furthermore, the kinetic equation for fermion in the real time is shown the 
relation between the fermion distribution and the interaction rate.

The paper is organized as follows. In Sec. II the QHD-I and the real time formalism are presented. Sec. 
Ill is devoted to considering the renormalized effective Dirac equation. In Sec. IV we carry out the 
quantum kinetic equation for fermion in the QHD-I. The discussion and conclusion are given in Sec. V.
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2. Form alism

2 J . The Quantum Hadrondynamics (QHD-Ĩ)
We start with the Laíỉrangian density

L„ ='1' -  M o  -  ^

+  i  ' * ‘ ’

where and are the field operators of fe rmion,  scalar and vcctor meson, respectively, and
p/i// _ 3  Qi-^Y^ _

In the medium of finite density (the nuclear matter), the symmctiy o f the ground slate |/-’) viclds

( F | ^ | F ) = 0 ; ( F | ^ | F ) - 0 ,

= (F ịV JF )

where V  and uJ are the independent o f space -  lime coordinate owing to tlie homoucneity of nuclear 
matter.

Adding to (2.1) a term, for example

Lq —* L = z>0 +

which leads to an explicit chiral symmetry breaking.

By shifting the scalar and vector fields $  and Y ị, respectively

V/, (3)

the Lagrangian density (1) in ihe presence of external sources now takes the form

£  -  M n  -  ^

r 1
~  ~  +  v^) -  — +  r  ‘)

J 4
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1

^  2

+  7/Ỹ  +  ^ r ;  +  +  c{v +  $ ) ,

(4 )

where

A/at =  Mo +  gv] n í ị  =  ĩĩìị +  sx^v'^ (5)

are the masses of nucleons and scalar meson in the medium. The ỌHD - I is a renormalizable model. 
In the exact chiral limit, the parameter c =  0 .

Now, we write the bare fields and sources in terms o f the renormalized quantities (referred to a subscript 
r by introducing the wave function renormalization constants Zộ, z^., the vertex renormalization 
Zg^ Zguj. Z \  and the mass counter-terms ỐTl/, ốm, ôm \v)  as follows
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the ex te rn a l  so u rc e s

V = z ^  r]r,
(7)

the coupling constants

g r 9Í

\ ĩ  = X ^ Z l /Z x , r = c 7 } l '^Cr — CZ/0 ,

(8)

and the masses

A/yv =  ( M  +  Ô M ) / Z ị , ,  m ị  =  ( m ^  +  5m ^) /Zộ ,  m ị  {mlỵ  +  Ỗm ị ỵ ) / Z u j ,  (9)

where A/, rn^ and m l,  are the renormalized masses.

With the above definitions, the Lagrangian (4) can be rewritten as (we have suppressed the subscript 
r for notational simplicity)

where

£ l  -  (AÍ +  -  g Z g ^]  ^

T?7.ỊV +  ô m l
+  2W ^ 'W .)

(10)

(11)

(12)

1
+  -  [ Z ộ { d ị ,^ Ỷ  -  {vnĩ +  + ĩp-)

Li

-  +  v^) -  +  c ( ^  +  v)

£.o«rce + ^ V +  J ậ ^  + (13)

or, equivalently

-CQ//D-/ =  ^  - M ) < Ị ^ + ị  [ { d ^ ^ ý  -

-  g ^ ^ < Ị f  +  -  ịmỊyÌLU^ +  W / j 2

+  ^  [ ỏ ^ d ^ ^ Ý  -  ỗrn^^^] +  Ý  ^

-  +  v^) -

-  + w ^ ) '

+  Ti’i '  +  ^  +  J ộ ^  +  J ^ W f ,  +  c ( $  +  v),

(14)
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where and A are the renormalized Yukawa couplings, and the terms

ô-ộ Ziị) 1 , ỗộ — Zộ  1, — Z ịjj 1 ,

5 M  =  -  M , ỗ m ĩ  =  Z ộ m ị  -  =  Z jm l j  -  m ịỵ ,

~  ~  ^9^ ~  “ 1) ỏ \ — Z \  -  1,

z -1+ 1 + ) —  1 +
m

The renormalization conditions for the self - energies

E(fc) =Ẽ(fc) +  ÔM -  -  1) =  Ẽ(Ả:) +  ỖM -  ô^.k,

n { k )  = n { k )  + ỗm^ -  -  1) -  Ẽ(^') +

ĩ^ịj,i^{k) =ĩlf^iy{k) — gnụỗrríịự — {kf^ku — k^gi_w){z,^ — 1)

= n^^(/c) -  g ị , J m ị ^  -  ỗ^{kf,k^ -

where Ẽ, fì, are ’’unrenormalized” self-energies the (spinor) fermion, scalar meson 
meson, respectively, and in (18) we introduced

The renormalization conditions are imposed on the self - energies as follows

ỠE
E (^  — ụ-N) —0 , 

l i{k^  =  Ịlị)  = 0 ,

=  ụ l )  = 0 ,

{ậ =  ụ.:^) = 0 ,

Ok 
ô n

here Ịj,pf, /iự, and are the renormalization points.

The set of Dyson equations for propagators take the form

s  =So +  5oE5, 

G =Go +  GoUG,

where

(15)

(IG)

(17)

(18)

(19)

(20) 

(2 1 )

and vector

(22 )

(23)

(24)

(25)

m^y  +  ỗrnịy 

=  -  k^ỗ m ịr ,  k , ,W ^ { k )  =  0

(26)

(27)

(28)

(29)

(30)

2.2. The equation o f  motion fo r  scalar and vector mesons 
From the Lagrangian (1), one gets

~  +  { m l  +  ỏml) ]  J ^ ^ j -  i S ộ , (31)
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where

and

where

iSộ

ỗ£

Ô^CT
=  C,

:—  — Z ^ n  - f  (m ^  -Ị- —  J ịỉ)  ~  jỉv

ỗu

£  = W I ' ( m \ ,  + i r n ị . )  =

Eqs.(31) and (34) determine ’’unrenormalized” source Jộ and J;íí. The conditions

( F | $ | F )  = 0 , { F W ^ \ F )  - 0

imply

or, equivalently

- J Ị ^  =  W ^ { ; m ' ị y  + ỏ m ị , )  -  =  0,

where =  (p, j/?) is the baryon current in the medium

+  ỗmỊy) ^ rnl  ^

2.3. The free  real-time G reen’s functions in momentum space
I. Scalar propagators in the real-time form alism  are defined as

G++(k, Í, t ' )  =G>(k, Í, t ' ) 9 { t  -  t ' )  + G<(k, t ,  t ' ) 9 ự  -  t ) ,

G - -  {K  t, t') = G > (k , Í, t ' ) e ự  -  0  +  G < (k , t, t ')e{t -  i ') , 

G „ + ( k ' i , 0  = G > ( k , i , 0 ,

G + - ( k , i , 0  = G < (k , i ,0 ,

C > ( k , i , t 0  J

2u>k ^

G < { k , t , t ' )  1  d3xe-“̂ "($(0,i>D(x,i))

=  ̂  {nB(a; fc)e— +  [1 +  ns(u;,.)] 

where cjfc =  \ / k 2 +  m ĩ ,  and n s  (^ )  -  -  is the Bose - Einstein distribution.

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)
(44)

(45)

(46)



2. Fermion propagators (zero fermion chemical potential) are defined by

5++(k, t, t') =5>(k, Í, t')e{t -  t') + 5<(k, t, t')dự -  f), (47 )
5 - - (k ,  Í, t') ^S>{k, t, t')eự - t )  + s<{k, t, t')e{t - 1'), (48)

5 - + ( k , i , 0 = 5 > ( k , i , 0 ,  (49)

5 + - ( k , i , 0 = 5 < ( k , i , 0 ,  (50)

5>(k, (i'ix, t)^{0, t'))

=  -  (7°w/c -  7 k +  AÍ) [1 -  (51)

+  (7°tữfc + 7 k -

5 < ( k , i , 0  =z I

= ̂ {  +  7 k  -  M )  (52)

+  (7 °õ)fc +  7 k  -  M )  [1 -  TiF{ữk)]

150 P.M. L ien  /  VNU Journa l o f  Science. M athem atics - Physics 24 (2008) Ỉ4 5 -Ỉ5 4

where (jJk =  \/k ^  +  and np{oj) — is the Fermi - Dirac distribution.

These free propagators given in Eqs.(45), (46) and (51), (52) are thermal because the initial stale in 
chosen to be in thermal equilibrium and the interaction in assumed to be turned on adiabatically.

3. The renormalized effective diracequation

We aim our effort at the relaxation o f inhomogeneous fermion mean field ̂ ( x ,  t) =  t))
induced by external source that is adiabatically switched on at Ể =  —oc. At usually, the fermion field
is shifted by

Ỹ ^(x .,í)  :r^7 /;(x ,í)± V 7 ^(x ,í), (53)

with (v?^(x, t)) =  0 .
3.J. The Initial Value Problem  The efiFective real time Dirac equation for the mean field o f moincntum 
k  reads

(Ì7°ổí -  7k -  M ) +  <5̂  -  7k) -  Ốm] i '(k ,  i)

r*- . . Í54Ì

J - 0 0

where dt = ậị, S (k , t  — t') is the retarded fermion self - energy and

Ỹ ( k , í )  =  J  (Õ5)

The source is taken to be switched on adiabatically from t =  - o o  and switched off at Í =  0 to pr3vide 
the initial condition

<Ị / (k , í  =  0)  =  Ỹ ( k , 0 ) ;  í ' ( k , í < 0 )  =  0.  (56)
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Introducing an auxiliary quantity \ ( k ,  t — t ' )  defined as

E ( k . í - t O  =  ô r x ( k , / - - í O ,  (57)

and imposini: //(k, / >  0 ) “  0 , we obtain the following equation o f motion for Í >  0

(27°ỡi -  7 k  -  M ) +5^, -  7 k) -  x (k , 0) -  5m

+  /  d t 'xk{ t  -  =  0 .

This equation o f motion can be solved by Laplace transform as befits an initial value problem. The
Laplace transformed equation o f motion is given by

;Ì7°S -  7k  -  M  +  -  7k) -  (5a/ -  x(k, 0) +  sx (s , k)] Ỹ (s ,k )

Ì 7 °  +  zò '^ 7 ° +  x ( s ,  k ) ]  ' p ( k ,  0 ) ,

where

(59)

(60)

(61)

'l'(s,k)EE f  dte  ^''Ị'(k, Í); x (5, k ) =  f  d t e  i),
Jo Jo

w ith  R e s  >  0.

We can write \ '(k , t -  t/) as

x(k, t -  t') = t -  /') + t -  t') + t - f ' ) .
A straightforward calculation leads to the ultraviolet divergences

where (i =  0, 1,2) are the Laplace transform of {k, t ) , A is an ultraviolet momentum
cutoff, ÎL is an arbitrary renormalization scale.

From Eq.(59), one gets

Ì7°s -  7 k  -  M + ỗ ị , i Y s  -  (5ự,7 k -  ỗM -  7 k - ^ ' n -  -  + sỵ{s ,  k)l ị (s, k)
L lOTT-^ 07T^ / J  J

=  [27° +  z<5v,7° +  x (s ,k )]^ (k ,0 ) .

The countcr-terms and ỏM are chosen as

(63)

9
~  167t2^'V

h i ---- 1- fin ite . ~  - —TTỈn---- h finite^
8tt̂  u

(64)

(65)

and the components o f the self-energy are rendered finite

x (k , 0 ) +  j k ỗ ^  + ỏM = finite,

x (s , k) +  =finite.

3.2. Renormalized effective Dirac equation
Hence, vve obtain the renormalized effective Dirac equation in the medium and the corresponding 

initial value problem for the fermion mean field

Z7 ° s  -  7 k  -  M  -  Ẽ ( s ,  k ) |  Ỹ ( s ,  k )  =  [ l Y  +  x{s,  k) ]  ^ ( k ,  0 ) .  ( 6 6 )

Compare with (59), it is easy to derive the form of Ẽ (s, k)

Ẽ (s, k) =  x (k , 0) -  sx (s , k ), (67)
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This is the Laplace transform of the renormalized retarded fermion self-energy , which can be vvri itlcn 
in its most general form

Ề(5, k) =  k) +  k) +  k).

The solution of Eq. (66) is given by

^ ( s ,k )  =  - | l  +  5 ( s ,k )  [7k +  M  +  S ( 0, k ) ] | ^ ( k , 0),

where S (s , k ) is the fermion propagator in terms o f the Laplace variable s

S(s, k) =  [i7°s -  7k -  M  -  Ẽ(s, k)l

Ì7°5 { l  -  k) ~  7k [l +  k)] +  M  [1 +  k ) ] }

((68)

(69)

((70)

1 —ẽ(°)(s ,k )  + /ĉ  l  +  £(^)(.s,k) +  A/'-̂  [1 +  k)

The square o f the denominator in eq.(70) is being

det i-f^s -  7k -  M  -  Ẽ(s, k) (Ơ1)

The real-time evolution o f ^ ( k ,  Í) is obtained by performing this inverse Laplace transform in the 
complex s-plane along contour parallel to the imaginary axis.

The denominator can be rewritten in the form (ùj^ ~  ^ k ~  ^^(^1 ^ ) ) ’ where

P {lo, k) =  -  2 k) +  k) +  k)

=  - T r  [(7°w -  7k +  M )  E(w, k)' .
((72)

It is just the lowest order term o f effective self-energy imaginary part of P (u ;,k )  evaluated on. the 
fermion mass shell.

4. Quantum kinetic equation for ferniion in QHD - I

Let us denote the distribution function for fermion o f momentum k  and spin .s by 7Ỉ.S A'(0- Siince 
for a fixed spin component the matrix elements for transition probabilities are rather cumbersome., \vc 
study the spin - averaged fermion distribution function as nk{t) ~  ^ /c(0 -

For a small departure from thermal equilibrium, one can approximate and ( w ^ )  by their thcrrmal 
equilibrium values

( =  V  ( /  7 ề ề : T < i ^ k ) .{2TT)^U!k

To two - loop order, the Feynman diagrams that contribute to the kinetic equation is shown in Fiịiỉ.

((73)

((74)
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The kinctic cquatioii can be derived directly basing on [6

d . 
=  irg-

ci^q -  kq -  M ‘
dt ^  J  (27t)3 2cZ;,c:-,a;p V .  • .  py

I [7i/i(cjp) (1 -  ũk{t)) (1 -  n,j{t)) -  (1 + nj3{^p)) nk{t)riq{t)

-f- ỗị̂ ịiyĩl̂ l̂  (cjp) (1 — ũk{f))  (1 — ^y;(0 ) “  (^p)) | i

where p — k +  q.

/

t ” V t

-W - jI

t ” k 

- i g i v Y

V

F-ig. 1. The Feynman diagrams contribute to the kinetic equation for fermion’s interaction 
up to two loop order. The bold solid line is the fermion propagator s, 

the only solid line is the scalar propagator G and the dashed line is the omega propagator

It is easy to find that the above equation has an equilibrium solution given by nk{t) — nj'{(I)k) 
for all momentum k

? v ( 0  =  nf{ĩũk)  +  Snk{t), (76)

where «  1. Retaining linear terms in 0nk{t) from Eq.(75), one obtains the equation for

d
J t

(77)

where Y{k) is the interaction rate, whose inverse characterizes the time scale for the fermion distribution 
to approach equilibrium [11

F { k )  = 7Tg-
cpq uJkĈ q — kq — M '

(27t )3 2ũ g ũ k ( 0{uJk + UJq ~  LVp)
J { i T ĩ y  ZLJqUkUp

X +  n f i ^ q ) ]  +  ( ^ p )  +  }

g ^ m ^ T  f  4 A /2 \ 1 _
=  ^ -  _ 1 ------- ^ ] l n -------------3- ----ìQ i ĩk u ìk  I m ?  J  1 +  e ^‘̂9

(78)

+
g ’̂ rr ijT

IGnkLUk
1 -

4 M ^ \  1 -
In 1 +

<!=qw

where

m '

2 A /2

,t 2 \

<iw =
m w
2 A P

k 1 -

1 -

2M
m-

2A'/2

m ịy

± J { k ^  +  A P )
\ m ‘ /

±  J(A :2 +  M 2) Í 1 -
4 M 2

J

(79)

(80)



with q G g'*'), qw  ^  (ợịỹ, Qw) support of Ỏ (lDa: -  cjp -f ũ)g) for fixed k.

The kinetic analysis is implemented directly in real-time and clearly establishes the relation 
between the interaction rate in the relaxation time approximation and the damping rate of the mean 
field.

5. Discussion and conclusion

In the above mentioned sections the real time formalism was used to study the fermion propagator 
in the matter modeled by the QHD-I model. It could eventually be used in other problems and non 
equilibrium processes in the medium of finite density and temperature.

We have presented and solved the renormalized effective Dirac equation by Laplace transform. The 
formulation o f the initial value problem yields unambiguous separation o f the vacuum and in-medium 
effects. We obtained the kinetic equation for fermion in the QHD-1 model, including the fcrmion's 
interaction with the neutral scalar and vector mesons. The fermion distribution in non equilibrium 
is investigated. It is proportional to the interaction rate, whose inverse characterizes the time scalar 
for the fermion distribution to approach equilibrium. Our next paper is intended to be devoted to the 
quantum kinetic equation for scalar, pseudoscalar and vector meson in the ỌHD.11 model.
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