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LARGE NUMBERS IN VON NEUMANN ALGEBRA
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Abstract. The aim of this paper is to give some theorems on the strong law of large
numbers in von Neumann algebras, related to the functi isfying the dition (A).

L. Introduction and notations

Throughout this paper, let .A denote a von Neumann algebra with faithfull norman
tracial state 7, A the algebra of measurable operators in the Segal-Nelson’s sence (see
[3]). On A one can define the notions of sequence of successively independent operators;
martingale; martinggale differences....and can consider various versions of convergence:
almost uniformly (a.u) convergence, bilaterally almost uniformly (b.a.u) convergence...
(see [3] ). For further infomation of von Neumann algebras we refer to [3], (5] and (7].

We say that a restricly increasing, differentiable funtion ¢ R* — R* satisfy the
condition (A) if: ¢(z) — 00 as z — 00 and both z/p(z) and ¢(z)/2? nonincreasing.

Recently, various results concerning the strong limit theorems, in patticular, the
strong laws of large numbers have been extended to the non-commutative context. In [1]
the Kolmogorov’s law has been proved. The non-commutative extension of the Marcinkiewicz
Zygmund law was shown in [4]. Some theorems on the convergence of weighted sums can
be found in [6]. The aim of this paper is to give some theorems on the strong law of
large numbers in von Neumann algebras , which are related to the functions satisfying the
condition (A). Our results here get some results in [6] as consequences in the special case:
olz) =22

In classical case, the results here are analogue to some theorems in [2] and [8].

II. Results

In the sequel we'll need the following lemmas

Lemma 2.1. ([4], lemma 3.3). Let (z.), (ya) be seq of ble op and
(cn) asequence of positive numbers. If

> Tefenor(lzal)) <o,

n=1

oo oo
then the series Z(z.. + yn) converges almost uniformly if and only if the series Z(:t(""') + Ys
n=1 n=1

converges almost uniformly, where zfer) = Tne(o,c,) (|2nl)-
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Fer z > 0, we define N(x) as the number of n such that b, = 4‘}: <z
It is easy to see

N@) =T aacay
n=1

Lemma 2.2. Let @(x) satisfy the condition (A) and %‘3 - 0 as u — oo.
Then we have

L el [PING) pla) (7 Nl _
bZ 7= / sa(y) EL Tewm @
e * Nwle () (y) .

nby<i bn = % /l ‘P(y i ¢2 ) (ii)

Proof. (i) Using the nonincreasing of ¢(z)/2? we have

2

»
—— < —2~ Vz < by
e(z) = p(bn) "
This implies
1 ¢z 1
R (W)
Thus
L @) 1
7 <
nib,>x b ? nibp2z “’(b")

On the cther hand

b ! = lim —k = AN () =
DD il N i o s [
= lim N(u) _ N@=) +/" Ng/z)g)(y) ,y] </“ N(:Q)Z/')(y),,y’

wreo Lp(w)  9(z)

because %‘3 =0 asu — oco.
Aaaloguesly, using the nonincreasing of z/¢(z) as b, < z we can prove (i.i).
Let (X,) C A, X € A. If there exists a constant C > 0 such that for all A > 0 and
alne N
T(ene0)(1Xal)) < Crlep(1X1)
then we write (X,) < X

.Theorem 2.1. Let a, > 0, A, = Y1 ga; 1 00, by = Anfan = 00 asn — oo,},,-
sequence of succesively independent measurable operators, T(z5) = 0,(zn) < z,7(z) <

00 T(N(|z])) < oo and ¢(z) satisfy the condition (A) and w(: - 0
asu~— co. If © o) N)o )
¥ VLAY

cix00) (|12 —= =" dydA < 0o, 2.1

[ B et [ FRE s <o @)
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then -
At Zakzk — 0 (a.u) asn— 0. (2.2)
k=1
Proof. Put
ye = zrepo) (12kl)-
From the polar decomposition
Tk -y = uklze — ykl
we have

(i)l = I7(z — v < 712k —9k|) = T(|zklegp, ,00) (|Zk])) = 0 ask — oo,
because 7(|zx|) < Cr(|z]) < oo.
This implies
n n
0<[471 Y awr(ud)| < A7 Y aulr(we)| = Oasn = co. 23
k=1 k=1
On the other hand

Z (ka yk)v2 gr Zbi?\/ N 7 (car(l2x]) <

k=1 k=1 k=1

<chb12/ A7 (a0 (J2)) dA = zc/ A (e (121) 2 -d,\<
k

k=1

*) N)¢'(v)
< 2()/ A (ern oo (121)) £ 2P hydr < oo, 2.4
(eme(I2) 57~ e (2.4)
which follows that the series -
ye = T(yk)
> ™ (2.5)
converges almost unifomly.
We also have
oo o
Z en w)(l ZT(E[bk,m)(}sz)
k=1 k=1
£ CZT(CIbbm)(IID) = C7(N(lz])) < oo. (2.6)
k=1
Applying lemma 2.1 to (3%) and () we see that
o oo
T = T(yk) _ o ak(ze — (%))
; T ,; yn (2.7)

converges almost unifomly.

This together with (2.3) and Kronecker’s lemma complete the proof.

In the more general case, when the assumption An, = $7_ a; is omited, we need
more condition on N(z).
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Theorem 2.2.. Let a, > 0, 0 < A, 1 00, by = An/an — 00 88 n = 00, Tp -

sequence of succesively independent measurable operators, T(zn) = 0,(za) < z,7(|2]) <
N(u

oo, 7(N(z])) < oo and ¢(z) setisfy the condition (A) and -+ 0
asu — oo. If N(z) satisfies the condition (2.1) and
/ 4t )T(e[A m)(|z|)/ N&EW) g5 < o (28)
o A #*(y)
then N
A7 Za"z" — 0 (au) asn— o0 (2.9)

k=1
Proof. By the same way as the proof of the Theorem 2.1, we have (2.7) if N(z) satisfy
(2.1). Now we shall show that

n
‘A,",‘ kEakr(yk)| —0 as n—00
=]

if N(x) satisfies (2.8).
To do this, it suffices to show that

o I (u)|
Xon <
We have
Z IT(yk) P CZ / : {eiao0(12))dA + 7{efs, 00y 121)]
&

1
-c A o) 55 G+ OrinGa)

< c/ LA (s cop(lal)) . %dydA+Cr(N([z|)) <o,

This completes the proof of the theorem.
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