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Abstract: The aim of this paper is to study the almost sure exponential stability of stochastic
differential delay equations on time scales. This work can be considered as a unification and
generalization of stochastic difference and stochastic differential delay equations.
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1. Introduction

The stochastic differential/difference delay equations have come to play an important role in
describing the evolution of eco-systems in random environment, in which the future state depends not
only on the present state but also on its history. Therefore, their qualitative and quantitative properties
have received much attention from many research groups (see [1, 2] for the stochastic differential
delay equations and [3-6] for the stochastic difference one).

In order to unify the theory of differential and difference equations into a single set-up, the theory
of analysis on time scales has received much attention from many research groups. While the
deterministic dynamic equations on time scales have been investigated for a long history (see [7-11]),
as far as we know, we can only refer to very few papers [12-15] which contributed to the stochastic
dynamics on time scales. Moreover, there is no work dealing with the stochastic dynamic delay
equations.

Recently, in [14], we have studied the exponential p -stability of stochastic V -dynamic equations
on time scale, via Lyapunov function. Continuing the idea of this article [14], we study the almost
sure exponential stability of stochastic dynamic delay equations on time scales.

Motivated by the aforementioned reasons, the purpose of this paper is to use Lyapunov function to
consider the almost sure exponential stability of V -stochastic dynamic delay equations on time
scale T.

The organization of this paper is as follows. In Section 1 we survey some basic notation and
properties of the analysis on time scales. Section 2 is devoted to giving definition and some theorems,
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corollaries for the almost sure exponential stability for V -stochastic dynamic delay equations on
time scale and some examples are provided to illustrate our results.

2. Preliminaries on time scales

Let T be a closed subset of ; , enclosed with the topology inherited from the standard topology
on i .Let o(t)=inf{seT:s>t}, ut)=o(t)-t and
p(t)=sup{seT:s<t}v(t)=t—p(t) (supplemented by supD=infT,infD=supT). A point
teT is said to be right-dense if o(t)=t, right-scattered if o(t)>t, left-dense if p(t)=t, left-
scattered if p(t) <t and isolated if t is simultaneously right-scattered and left-scattered. The set , T

is defined to be T if T does not have a right-scattered minimum; otherwise it is T without this right-
scattered minimum. A function f defined on T is regulated if there exist the left-sided limit at every

left-dense point and right-sided limit at every right-dense point. A regulated function is called Id-
continuous if it is continuous at every left-dense point. Similarly, one has the notion of rd-continuous.
For every a,beT, by [ab], we mean the set {tcT:a<t<b}. Denote T, ={teT:t>a} and by

R (resp. R+) the set of all rd-continuous and regressive (resp. positive regressive) functions. For
any function f defined on T, we write f# for the function f°p; ie., ftp: f(p(t)) forall te

kT and Iir;% f(s) by f(t) or f;_ if this limit exists. It is easy to see that if t is left-scattered
o(s)lt B

then f; = ftp Let
| ={ t: tis left-scattered}.

Clearly, the set | of all left-scattered points of T is at most countable.
Throughout of this paper, we suppose that the time scale T has bounded graininess, that is

Ve =sup{v(t):t ekT}< 0.
Let A be an increasing right continuous function defined on T. We denote by ' the Lebesgue

V -measure associated with A. For any . -measurable function f:T—; we write j; f VA, for
the integral of f with respect to the measures w4 on (at]. It is seen that the function

t—)j; f VA, is cadlag. It is continuous if A is continuous. In case A(t)=t we write simply
j; f vV for jg f VA . For details, we can refer to [7].

In general, there is no relation between the A-integral and V -integral. However, in case the
integrand f isregulated one has

Ig f (T—)VT=IQ f(7)Ar, Va,beTk.
Indeed, by [7, Theorem 6.5],
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Rtac= Jrap) f@dr+ I om0

=J(qpy f )7+ PURICREOR Rt yve

Therefore, if peR then the exponential function ep(t,to) defined by [2, Definition 2.30, pp.
59] is solution of the initial value problem

YV (O =pLIYE). Vi) =L t>1,
Alsoif peR, e p(t,to) is the solution of the equation

yV O =-pL)Y0), y(tg) =L t>t,

—p(t)

where ! p(t)= .
I+ u(t) p(t)
Theorem 1.1 (Ito formula, [16]). Let X =(X,,L ,X,) be a d—tuple of semimartingales, and

let V:;%—;? beatwice continuously differentiable function. Then V(X) is a semimartingale
and the following formula holds

. d tov 1ot o
V(X () =V(X()+ Elfagi(x (z2))VX(2) EZJ la

o KEIVIX Xl
X
d ov «
Fe(af]V XE)VIXEM -2y 02 Z(X(S))V X;(5)

L (X<s_»(v Xi(NVX (6,

t oAV
QZSE(at]ZI

where V' X;(s)= Xi (S)— X; (s-).

3. Almost sure exponential stability of stochastic dynamic delay equations

Let T be a time scale and with fixed aT . We say that the rd-map o(-): T —T is a delay
function if o(t)<t— for all teT and sup{t—o(t):teT}<oo. For any seT, we see that
b =min{o(t) :t>s}>—co. Denote I'g ={o(t):t>s}[bs,s]. We write simply I" for I, if there

d

is no confusion. Let C(I';;; ) be the family of continuous functions from I'; to ; ¢ with the norm

| dl g= Sdp |@(S)|. Fix [ eT and let (Q,F ’{Ft}teT ,P) be a probability space with filtration
Sel g 1’0

{FJier, satisfying the usual conditions (i.e., {Ft}teT is increasing and right continuous while Fto
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contains all P-null sets). Denote by M, the set of the square integrable F,-martingales and by M,
the subspace of the space M, consisting of martingales with continuous characteristics. Let M e M,

with the characteristic (M), (see [5]). We write L2([t T d,M) for the set of the processes
h(t), valued in ; °, F, -adapted such that

E f{) h2(E)V(M ), <
Forany f eLz([tO,T],; d ,M) we can define the stochastic integral

j{(’) f (s)VMs

(see [5] in detail).
Denote also by Ll([tO,T];; d) the set of functions f :[tO,T]—>; d such that

[ T f(H)Vt <o

We now consider the V -stochastic dynamic delay equations on time scale
dVX(t) = f(t, X (), X(t)d Vt+g(t, X (), X (5E))d VM (t),t T
X(s=&(s) VSeFtO,

2.0)

where f:Txj dx; d —>i d. g:Tx; d X d —>| d are two Borel functions and and

g;{g(s):bto SSStO} is a C(I% ;i d)-valued, FtO -measurable  random  variable
with El ;1|t20<+oo.
Definition 2.1. An stochastic process {X (t)}te[qo 7 valued in | ¢, is called a solution of the

equation (2.1) if
(i) {X(t)} is F,-adapted;
(i) (X (), X@ON elyllty,Thi 9) and g, X (), X (50 eLy(ltg, TLi 9, M),
(iiiy X(t)=£&(t) vt eFtO and for any te[tO,T] and there holds the equation

X(t)=&(ty) + j}o £ (s, X (5_), X (5(S)))Vs + j}o 9(s, X (5), X (S()VMs, Yt elty, T1, (22)
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The equation (2.1) is said to have the uniqueness of solutions on [b[OT] if X(t) and X(t) are

two processes satisfying (2.2) then

PIX(0) = X (©) vtely Th=1

It is seen that jttog(S,X(S_),X(é'(s)))VMs is F,-martingale so it has a cadlag modification.

Hence, if X (t) satisfies (2.2) then X(t) is cadlag. In addition, if M, is rd-continuous, so is X(t).
For any MeMz,set

Me =My ‘zse(to,t]('v's M)
Itis clearly that

M =My M)s=) | 23

Denote by B the class of Borel sets in ;| whose closure does not contain the point 0. Let
o(t, A) be the number of jumps of M on the (to,t] whose values fall into the set AeB. Since the

sample functions of the martingale M are cadlag, the process O(t,A) is defined with probability 1
for all teT ,AeB. We extend its definition over the whole € by setting 5(t, A)=0 if the sample

t > M, (w) is not cadlag. Clearly the process o(t,A) is F,-adapted and its sample functions are
nonnegative, monotonically nondecreasing, continuous from the right and take on integer values.

We also define S(t, A) for M, by a similar way. Let g‘(t,A) :é{Se(tO,t]: Mg _Mp(s) € A}.
It is evident that

S(t, A =5t A)+5(,A). (2.4)

Further, for fixed t, &(t,),5(t,-) and S(t,.) are measures.

The functions &(t, A),S(t, A) and g(t,A),teTtO are  Fy-regular submartingales for fixed A.
By Doob-Meyer decomposition, each process has a unigue representation of the form

SLA=Ct A+t A, St A=t A+AEA), 5tA) =LA+t A),

where 7z(t, A), z(t,A) and 7}(t,A) are natural increasing integrable processes  and

CtA), LA, 5 (t,A) are martingales. We find a version of these processes such that they are
measures when t is fixed. By denoting

16 i —id
Mg =M —M¢’,
Where
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M{j :I%O.[‘ Uéc(VT,dU),
we get
M. —/NIC 5d ady 2~
(M) =M +M %Dy, (MDy =f J; u2(Vz,u). (29)

Throughout this paper, we suppose that (M), is absolutely continuous with respect to Lebesgue
measure L4, i.e., there exists F, -adapted progressively measurable process K, such that

(M) = j{o K, Vz. (2.6)

Further, forany T eTto ,
P{ sup |K:[<N}=1 (2.7)
e 1Kl

where N is a constant (possibly depending on T ).

The relations (2.3), (2.5) imply that (Mc)t and (I\7ld>t are absolutely continuous with respect to

My on T. Thus, there exists F, -adapted, progressively measurable bounded process Ktc and th

satisfying
A t A A t A
(M, =k, KSvz, (M), =i Kdvr,
and the following relation holds

P{ sup KE+RI <N3}=1.
gst<T T

Moreover, it is easy to show that 7(t, A) is absolutely continuous with respect to g, on T, that
is, it can be expressed as

At A) = f{o Yo, AVz, (28)

with an F, -adapted, progressively measurable process {f(t,A). Since B is generated by a
countable family of Borel sets, we can find a version of Y(t,A) such that the map t — Y (t, A) is
measurable and for t fixed, Y(t,-) is a measure.Hence, from [2.5] we see that

My, = jtto J u2 ¥z, du)ve.
This means that
RE =1 w2t ).

The process 7}(t, A) is written in the specific form as following
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(t,A) ~Zoef 0 EAMs M e IF g}

“EAMe =M @) P o)

0 if v(t)>0 and Y(t, A)=0 if v(t)=0

Putting Y(t, A) =

yields
(t,A) = jtto Y(z, AV7.(2.9)

Further, by the definition if v(t) >0 we have

- E|M{-M . |F
; ux(t,du)= [ vl?t()t) L (t)LO,(z.lo)
and
(M)
i} ElMM 0 ) IF o) | My, —m
J’i qu(t,du): P P =< )t = >,0(t).

v(t) v(t)
Let Y(t,A)= %(t, A +?(t, A). We see from (2.4) that
2t A) = j{o Y(z, AVr.

Let C:Lz(TtOx; d;; ) be the set of all functions V(t,X) defined on Ttox; d , having

continuous V -derivative in 't and continuous second derivative in @ X. For any
Vv eCl'z(TtO X d;; ), define the operators AV :Tt0 X d X d —> | with respect to (2.1) is

defined by

AV ) § BB, )0+ ot X0V
2o

d av(t,x)

2
+126 V (t, x)

. ) ’C _ A
28] o, 0 (6. X, Y)g (6. X Y)Ky iél 2 g (6% y)f; uY(t,du)

+f i V(t, x+ @, x y)v(E)+g(t,x y)u)=V(t,x+ f (t,x y)v(t)) Y(t,du),(2.11)
where
0 if t left-dense
Ot)=4 1

if t left-scattered
v(t)
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Theorem 2.2 (Ito formula, [13]). Let X =(X,,L ,X,) be a d—tuple of semimartingales, and
let V:;%—;? beatwice continuously differentiable function. Then V(X) is a semimartingale
and the following formula holds

V(LX) =Vt X (ty)) + jtto LV(z, X (z2), X (S(2))V7 + H.(2.12)
Where

LV(t, X, Y) vt (t,X)+AV(t, X, Y),(2.13)
and
W()=V (7, X(z=) + f (7, X (z=), X (6(@))V(7) + 9(z, X (z—), X (6(2)))u)
—V (7, X(z=) + (7, X (z2), X (6(2)))v(7)).
d 7, X(7_ =
= 5, 1 2Dy X (e XML+ [ MO
— |
d
i f ) - 2 uHEl )

g; (z, X (=), X (3(2))))$ (V 7, du).(2.14)
Using the Ito formula in [13], we see that for any V eC]"Z(Tt0 X d o)
V(t, X(1)-V (to, X (to)) - ftto (\Y Vr (z, X(72)) +AV (7, X (7), X (6(2))))V(2.15)

_ . _ Vi oo . _
is a locally integrable martingale, where V' ' is partial V -derivative of V (t,X) in t.

We now give conditions guaranteeing the existence and uniqueness of the solution to the
equation (2.1).

Theorem 2.3. (Existence and uniqueness of solution). Assume that there exist two positive
constants K and K such that

(i) (Lipschitz condition) for all X;,Y; € d i=12 and te[tO,T]
| (8, Y9~ (63 o)l 2 9(t3,Y7) =9t %, Y 2
<KU %=1 24l y, — vl 2).(2.16)

(ii) (Linear growth condition) for all (t, X, y)e[tO,T]x; d X| d

| @t x Y 2 g(t,x, y)l 2< K § 241yl 2).2.17)
Then, there exists a unique solution X(t) to equation (2.1) and this solution is a square integrable
semimartingale.
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We suppose that for any S>tO and §eC(FS;; d),

X(t,s,&),t =bg of the equation 2.1 satisfying X (t,s,&) =&(t) forany tel'g. Further,
f(t,0,00=0; 9(t,0,0)=0, VteT,.(2.18)

Definition 2.4. The trivial solution X (t)=0 of the equation (2.1) is said to be almost surely
exponentially stable if for any S e TtO the relation

there exists a unique solution

limsup 29 XSS 55 19)
t—00 t
holds for any £ eC(I'g; d).

Theorem 2.5. Let o, %, p,(:l be positive numbers with q>ay. Let o be a positive number

satisfying <ag and let » be a non-negative Id-continuous function defined on Tto such

@
1+av(t)

that
jtog e (L tg)g Vi <o as.

Suppose that there exists a positive definite function V eCl'Z(TtO X d i +) satisfying
el ¥ P<v(t,x) VX T, xi d (2.20)
and for all tZtO,
V.
VILE ) +AV (X V) <S—aqV (L ) + oV (5(1), )+ as.,(2.20)

for all Xej d and tZtO. Then, the trivial solution of equation (2.1) is almost surely

exponentially stable.
Proof. Let Oa=0q =0y . By (2.12), (2.21) and calculating expectations we get

e (LI (L X (0)=V (i (tg)) + e (=t (v X ()
A+ av@)V VT (0, X () + AV (r_, X (), X (S@))V 7 + j:O ea(7.tg)VH,

<V (tg: g + [ (==t (- X (r-)
+H1+av(@))(-aV (7, X (7)) + o,V (6(2), X (6(2)) + 77 )[V T + f;[o eq(7.tg)VH,
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<[i-+(+ alty ~B Nt by ) maxb[O s,V (546)

"'Itto €y (T_,to)[aV (r—, X(z2)) -+ av(r))(asv (7=, X(z2)) + 1)V + f;[o ey (7, to)VHr-

Using the inequality <og gets

a
1+av(t)
e LtV [t X (1) <[+ L+t —b[O))(tO _bto)]maxbto <s SIOV(S’ SEN+R +G,

where
R =Jtt0 (+av(r))eq (1) VTG = fttoea(r,tO)VHT.
In view of the hypotheses we see that
Fo= ti)ngo R <o

Define Yy =[L+(L+alty —b Ntp—by )] maXb[O - StoV(s,g(s)) +F+G forall teT;

Then Y is a nonnegative special semimartingale. By Theorem 7 on page 139 in [17], one sees
that

{Fp < w}cﬂllﬁ@ﬁ exists and finite} as..
By P{F,, <oo}=1. So we must have
P{tILQOYt exists and finite}=1.
Note that OSea(t,tO)V t,X@)<Y; forall t21, as. It then follows that
P{limsupe,, (t,tO)V (t, X (t)) <oc}=1.
t—oo
So
I[[rlfo%p[ea(t,to)V(t,X(t))}<oo as.(2.22)
Consequently, there exists a pair of random variables z)>'[0 and & >0 such that
ea(t,to)V(t, X@)<&  forallt>v as.
Using (2.20), we have
ceattgh XM P<e, gVt X(@) <& forallt=o as.

Since the time scale T has bounded graininess, there is a constant >0 such that

t_
ea(t,to) >e'8( to) forany te T. Therefore,
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.l X (I
'B+pt|i>n§ofgo forallt>v as.
Thus,

lim wg—é forallt>v as..
t—o t p

The proof is completed.

We now consider a special case where V(t,x) # Al 2, Using (2.13) we have
LVt %, ) =203 O)XT F(Ex,y)+0 x+ F (6 y)v(el 2 -1 4 2)a()
Al gx i 2 RE-2xT gt x, y)J; u Tt du)
i 0 X+ £ X YV + g X, Ul 2 X+ F (8%, y)v(Ell 2)Y(E, du).

We have
201, OXT £(t.%,y)+1 x+ F & x YO 2 8 2)(t) =2xT £ &% y) 1 (tx Yl 2 1t).(2.23)
Paying attention that v(t)]; uff(t,du) =0 and Y(t,du) :?’(t,du)+{f(t,du) yields
[] i x+ f(t,x y)vE)+g(t,x yul 2 x+ f(t,x, y)v(@l 2)Y(t,du)
=11 gt x, Y 2 u?x(t,du) +2xT g(t,x, y)J; Ut du)(2.24)

Since K = Ktc + th + IZt and th + IZt :Ii qu(t,du) , We can combine (2.23) and (2.24) to
obtain
LVt X, y) =2xT £t y)41 f(tx vl 24l gt x y)l 2 Ky.(2.25)
We can impose conditions on the functions f and g such that there are

positive humbers o, 0y with aq>a, and a non-negative ld-continuous function 7 satisfying

2xT £t x, y)Hl (% Yl 2 v gt x vl 2 Ky <—ogll A 2 ol Yl 2 4y

Example 2.6. Let T be a time scale t_l<0=t0 <t <L th <L where tp T oo. Consider the

stochastic dynamic equation on time scale T
\Y% Vi 1 Vi
dYX(O)=-X()dVt+5 X (p(pO)d WD) teT
X(t_)=a,X(0)=d,

where W(t) is an one dimensional Brownian motion on time scale defined as in [9]. We can

(2.26)

choose o =1 ) :%,,u =0, By directly calculating, we obtain
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LVt X, y) = (V(t) = 2)x2 +£11 y2.(2.27)

where f(t,X,y)=—X0g(t,X,Y) :%y. If v(t)<LVteT. By Theorem 2.5, the trivial solution of

equation (2.26) is almost surely exponentially stable.
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