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Abstract: The pressure effects on melting temperatures of iron have been studied based on the 

combination of the modified Lindemann criterion with statistical moment method in quantum 

statistical mechanics. Numerical calculations have been performed up to pressure 150 GPa. Our 

results are in good and reasonable agreements with available experimental data. This approach 

gives us a relatively simple method for qualitatively calculating high-pressure melting 

temperature. Moreover, it can be used to verify future experimental and theoretical works. This 

research proposes the potential of the combination of statistical moment method and the modified 

Lindemann criterion on predicting high-pressure melting of materials. 
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1. Introduction

 

In recent years, the investigation of melting of materials under high pressure is motivated by the 

remarkable developments of experimental techniques. Researchers could utilize various methods to 

measure the melting temperature up to hundreds of GPa [1]. However, up to now, the prediction of 

high-pressure melting curves of transition metals has been under debate and disagreement among 

different methods such as diamond-anvil cell experiments [2], X-ray diffraction measurements (XRD) [3], 

shock-wave experiments [4], computer simulations [5] and theoretical approaches [6]. Consequently, 

building a theory for determining the melting of materials under high pressure is still the inspiring subjects 

in physics, especially in geophysics, planet physics, shock physics, and nuclear physics. 

In this paper, the melting curve of iron is investigated basing on the Lindemann model which was 

proposed that [7-9]: Melting of material is going to occur when the ratio between the square root of the 

mean-square displacement (MSD) and the nearest-neighbor distance (NND) reaches a threshold value. 

Statistical moment method (SMM) [10] in quantum statistical mechanics will be applied to 

numerically determine the MSD and NND of iron atoms. Our results are compared with those of 

previous works up to pressure 150 GPa to verify theoretical approach. 
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2. Theory 

In order to determine the melting curve of iron at high pressure, the Lindermann's model has been 

applied with slight modification as the following [11]: We assume that the ratio 2ζ u a  remains 

constant for all range of studied pressure. The SMM is used to evaluate MSD 
2u  and the 

NNDa between two intermediate atoms under pressure.  

Firstly, we summarize the main results of SMM which had been derived for crystalline materials 

under pressure. From the SMM formalism, the authors have derived the equation of state (EOS) 

describing the pressure versus volume relation of crystal lattice in the form as [12] 
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, where m  is the atomic mass and φ
i
 is the internal energy 

associated with atom i . 

By solving this EOS we can obtain the NND ,a P T  at pressure P  and temperature T . For 

numerical calculations, it is convenient to determine firstly the value of NND at zero temperature. In 

this case Eq. (1) is reduced to 
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where 
0

ω  is the value of frequency ω at zero temperature. 

For the simplicity, the pair interaction potential between two intermediate atoms is assumed as 

Lennard–Jones potential typeφ ε σ σ
m n

r m n n a m a , where ε describes the 

dissociation energy, σ is the equilibrium value of a ; and the parameters n  and m are determined by 

fitting experimental data (e.g., cohesive energy and elastic modulus). Using this potential we obtain 

the EOS for crystals at zero temperature as 

3 4

1 2

5 6

σ σ

σ σ

σ σ

,

n m

m n

n m

c c
a a

Pv c c
a a

c c
a a

  (3) 

where 
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with 
2 2

, , ,ix ixa a

n m n m
A A A A  are the structural sums of the given crystal [12]. 

After getting the NND 0,a P , the NND ,a P T  can be derived 

0
0, , ,a P T a P y P T ,           (5) 

where 
0

,y P T  is the thermally induced lattice expansion which has the form as [12] 
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5
a were defined as in Ref. 10. 

Using the expression of the second order moment in SMM formalism we obtain the mean-square 

displacement (MSD) expression as [13] 
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The Lindemann ratio ζ ,P T   at pressure P  and temperature T  now can be determined as 

2
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3. Results and discussion 

In this section, the expressions derived in the previous section will be used to numerically 

calculate thermodynamic quantities including the lattice parameter, volume compression and the 

melting curve of iron at high pressure. The Lennard–Jones potential parameters of iron are 

3 54. ,m 6 45. ,n 12576 7ε 0./
B
k K and σ 2 4775. Å [14]. 
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We firstly determine the Lindemann criterion in within of SMM scheme at experimental melting 

temperature
0

1811 
m
T K when pressure is zero. It gives the value of Lindemann ratio as 

ζ 0 1811K 0.05256.,P T
 
This value of Lindemann criterion ζ  is assumed unchanged when 

pressure increases. It means that, for each pressureP , numerical calculations have been performed to 

derive the temperature 
m
T at which the value of ζ ,

m
P T  is equal to 0.05256.  

 

Fig 1. Melting curve of iron. Our results (solid line) are compared with those of shock-compression melting 

experiments by Ahrens et al. [15] (* mark); the static-compression XRD experiments by Komabayashi and Fei 

[16] (● mark), Ma et al. [17] (■ mark), and Shen et al. [18] (♦ mark), respectively; in situ XRD measurements 

by Anzellini et al. ( mark) [19]; synchrotron Mössbauer spectroscopy by Jackson et al. [20]( ▲ marks). 

 

In Fig. 1, we show the melting curve of iron in our calculations up to pressure 150 GPa along with 

the selected recent experimental data of the shock-compression, static-compression, synchrotron 

Mössbauer spectroscopy and XRD measurements. As it can be seen from this figure, our calculations 

are reasonable agreement with those of experimental measurements. Especially, recent melting 

temperature of iron in a laser-heated diamond anvil cell at 103GPa 3090
m
T K obtained by XAS 

[21] is reasonable consistent with our work (3195 K). The discrepancy is about 3%. At pressure 135 

GPa, our melting evaluation is 135 GPa 3536
m
T K while the result of shock-compression melting 

experiments by Ahrens et al. [15] is 135 GPa 3400 200
m
T K. By the onset of convective motion 

in laser-heated static-compression experiments [22], Boehler derived 135 GPa 3200 100
m
T K 

and Williams et al. [23] found 135 GPa 4800 200
m
T K by using a combination of static- and 

shock-compression experiments. Nevertheless, the recent in situ XRD measurements [19] predicted 

lower melting points in comparison with our calculations. In order to explain such a difference, 

Anzellini et al. supposed that lower temperatures could be the temperatures of fast recrystallization 

instead of melting. 
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4. Conclusions 

In this work, we introduced the relatively simple approach to derive the melting curve of iron 

thanks to the combination of statistical moment method with modified Lindemann criterion of melting. 

By comparing calculated results with those of available experiments, we conclude that the current 

approach can be suitable for evaluating the melting of iron up to pressure 150 GPa. This approach can 

also be applied to study the pressure effects on melting temperatures of other metals. It also can be 

used to verify future multi-anvil and diamond anvil cell experiments, shock-wave experiments as well 

as theoretical determinations.  
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