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THE CHOQUET WEAK TOPOLOGY
ON THE SPACE OF PROBABILITY CAPACITIES IN R/*

Le Xuan Son

Vinh University

Abstract. It is shown that the space of probability capacities in B? equipped with the
Choquet weak topology is separable and metrizable, and contains R? topologically.

1. Introduction

Let K(RY), F(RY), G(RY), B(R?) denote the family of all compact sets, closed sets,
open sets and Borel sets in R, respectively. By a capacity in R we mean a set function
T: RY— R* = [0, +) satisfying the following conditions:

(i) T(0) = 0:
(ii) T is alternating of infinite order: For any Borel sets A,, i =1.2...., n n>2
we have -
T(N4)< Y (-1 4.
i=1 IeI(n) el

where I(n) = {I C {1,... ,n}, I # 0} and #/ denotes the cardinality of I;

(iii) T(A) = sup{T(C) : C € K(R?), C C A} for any Borel set A € B(R?):

(iv) T(C) = inf{T(G) : G € G(RY), C C G}, for any compact set C € K(RI).

It was shown'in (8] that a capacity in RY is, in fact, a generalization of a measure
in R%. Clearly any capacity is a non-decreasing set function on Borel sets of R,

By support of a capacity T we mean the smallest closed set § C R? such that
T(RANS) = 0. The support of a capacity T is denoted by supp 7. We say that T is
a probability capacity in RY if T has a compact support and T(supp T) = 1. By C we
denote the family of all probability capacities in R%. Let C,(IR?) be the space of bounded
continuous real-valued functions on R%.

Let T be a capacity in Y. Then for any bounded continuous real-valued function
f:R? R and A € B(RY). the function f4 : R — R defined by

fal)=T({z € A: fz)>t}) forte R

is a non-increasing function in ¢. Therefore we can define the Choquet integral fA fdT of
[ with respect to T by

o0 0
Jaar= " s [ (g - Ty
A U..u —ac "
= / Tz e A: fz)>t})dt+ / [T({z e A: f(z) 2 t}) - T(A)dt.
Jo —-00
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If [, fdT < . we say that f is integrable. In particular for A = R? we write

/3 JdT = / fdT.

The present paper aims at studying the Choquet weak topology on the space of
probability capacities in B and gives some properties of Choquet weak topology on this
space. The main result of this paper is to show that the space of probability capacities
equipped with the Choquet weak topology is separable and metrizable, and contains R?
topologically. This result is similar to one for the weak topology on the space of probability
capacities in R ([8]).

2. The Choquet Weak Topology on the Space of Probabilitiy Capacities in R¢

Let B be a family of sets of the form

B={UT:fi..... fiie): Tel, e>0, fi € C(RY), i =1,... ,k}, (2.1)

where
UT; fiy-.. Srie) = {SeC: i/f,dT—/[,dSi<(< 45 R
i
= NUT; o). (22)
i=1

Obviously the family B is a base of a topology on C. This topology is called the Choguet
weak topology on C and denoted by 7¢.
For any point z € R? let T\, = §, be the set function defined by

Ay = 1 ifzxreA 23
’()'{Oifng 23)

for A € B(R?). Clearly that T, is a probability capacity in R%. Then we have the following
lemma.

2.1. Lemma. For z € R? we take T, = &, with 6, defined by (2.3). Then for any
f € Cy(RY) we have

/de, = f(z) for every x € RY. (24)
Proof. 1f f(x) > 0 then

[ .= [Tz (i 2 e [T 2 - et
f(x)
- [Mrwrz s [as s
0 0
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If f(z) <0

+00 0

[rate= [T rarz e [ @z -
o ¥
0 = 0
- [ sz -ne= [ = f.

(=) flx)

Let C denotes the space of all probability capacities in R? equipped with the Choquet

weak topology . In this section we show that

2.2. Theorem. C is separable and metrizable.
The Theorem will be proved by Propositions 2.3 and 2.7 below.

2.3. Proposition. Cisa regular space.

Proof. Assume that A is a closed set in C, T € C and T ¢ A. We will show that there are
neighborhoods ¢ and V of T and A respectively, such that & NV = 0. Since A is closed
and T ¢ A, there exist f; € Co(R?), i=1,... ,k, and € > 0 such that

UT; fry. o frie) NA=0. (2.5)
For each i = 1,... , k, we define
A ={S€A:S¢UT;fie)}. (2.6)
From (2.5) and (2.6) we get
k
A=A (2.7)
i=1
We put
= U uSifae3). (28)
SeA,

For any S’ € V; and for any ' € U(T; fi:€/3) from (2.6) and (2.8) we have

| [ sar' - [ gas'121 [ gar - [ gasi- | [ far = [ gar
- / fidS - / fds'|

>E———£_
373737

for some S € A;. That means
U(T; fise/3)NV; =0 fori=1,... k.
Hence

UT; fraeo o S e/B)H’UVl =0.
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Consequently. take I( =UT: fr.... . fr:€e/3)and V = ULl V; to complete the proof
of the proposition.
To prove annnn 2.7 we need lemmas below.

2.4. Lemma. Let T € C and a be a positive real-valued number. Then we have
/(/ +a)dT = /de +a, for every f € Cy(RY).

Proof. For f & Cy(R?) let
a =sup{f(z):z € R}, B =inf{f(z):zeRI}.

We consider the following cases.
Casel. 3 >0,

/U+uMT=An“TH]+a2HMt
=/M"T((f+azz})dz+/nr((f+azf})m
a '}
=/"T((fz:))dz+a=/de+a.
0

Case 2. < 0and a>0.
a)Ifa+3>0.

/(f+adT / {f+a>t)dt= /T {f > t})dt
- mm)m/ TS > tht
o 0 ]
= [Frr 2 paer [ 10ts 2 e [ s > e
o 0
:/ T((fzt))dH—/ [T((f3:})-1]dt—a+a+u=/f,n+a.
0 B
b) Ifa+ 3 <0, then
/(f+a)dr=/MT((fmgt))dH/: [T({f +a > t}) - 1)t
0 +a
= 2wz mas [ rdsz -
A
a 0 . 0
= [(rarzoas [ 1z e [ sz -
Jo -a ]

—/:[T({fzt))~1]dt=/de+/_(:dt=/de+aA
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Case 3. a <0 and 3 <0.
a) If a + a <0, then

0 —a
/(f+a)dT:/’+ [T({f+a2t})—1]dt=/’ [TUL > 1)) - 1)t

0 0
= [z - - [ sz e -y

:/de+/:dt=/de+aA

b) The tase a + a > 0 and a + 3 < 0 is similar to the case 2.b).
c¢)Ifa+a>0and a+ >0, then

a+a o
Jusaar= [ rseaz = [ 1ds > ma
=/nT({f2t})dt+/ﬁ (S > )t
A -a

0 o
=/{T({/2t})—1]dt—/ T({jzt))dt—ﬁ+a+d=/de+a.
Il 0

The lemma is proved. [m]
Let 7' be a probability capacity in R? and let f : R — R* be a bounded continuous
function and let A = {x;: i =1,... ,k} C supp f be a finite set in supp f which we may

assume that
0< f(z1) < flz2) < -+ < flax)-

We define .
-1
T =3 (t — tis1)o, + tade, + (1= 01)ds,,
i=1
where t; = T({x € R?: f(z) > f(z:)}) for i = 1,... ,k and J, is defined by (2.3).
Observe that Tj" eC and

k-1

[ = ot =t (@) + tefe) + 0 - 1))
A (2.9)
= f@) + Y f (@) = f@)ltisa

i=1
Then we have the following lemma.

2.5. Lemma. Let D be a countable dense set in RY. Then for any T € C, for any
f € Cy(RY) and for any € > 0 there cxists a finite set A = {z;:i=1,... .k-1} C D
such that T/ € U(T:; fe).
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Proof. Let
a =sup{f(z):z € R'}; B=inf{f(z):z e R}

By Lemma 2.4 we may assume that 3 > 0. Since f € Cy(R?) and D is dense in RY,
D N (supp f) is dense in supp f. Therefore, for any € > 0 we can choose z; € DN
(supp f). i =1,... .k —1with

a=08<a=fr)<...<ak1=flax-1)) Sar =a (2.10)

such that
0< a1 —a; <e¢/3foreveryi=0,... k-1 (2.11)

For every i=0,... klet
ti=T({z e R?: f(z)>a)). (2.12)
Then for t € (a;, a;41] we have
tin < T{z €RY: f(z) 2t} < &, i=0,... k-1
Hence, by virtue of (2.11) and with noting that ¢, =1 and tx = 0 (see (2.12)) we have
k-1
0 [ 14T =Y (o - atins - 8
i=0

k-1
< Z[(G-ﬂ ~ ai)ti = (@i+1 — @)tiri]
=0

k-1 k-1
=3 (i — )t — tinn) <€/33 (6 = tigr) = ¢/3.
i=0 =0
That means et
| [ 1T = Y (eies = atianl < 3. (213)
i=0
Note that for A= {z;: i =1,... ,k — 1} from (2.9) we have
k-2
/de;‘ =+ Y (@i - @)tise (2.14)
i=0

Thus, from (2.13) and (2.14) we get
|/de~/de;‘\<</3+(al-ao)(1-tl>
<€/3+e/3<e

Therefore T/ € U(T; f;¢). The lemma is proved. a]
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Note that the set function T;‘ defined in the proof of Lemma 2.5 is a probabil-
ity capacity with finite support. Hence, Lemma 2.5 immediately implies the following
corollary.

2.6. Corollary. The probability capacities with finite support are Choquet weakly dense in
the space C.
Let C and Q denote a countable dense set of Cy(R?) and (0, 1), respectively. Denote

k.
ﬂ (Th:9i:6:): Aie F(D), ¢ €C, 6 €Q,i=1,..., k},

where F(D) is the family of all finite sets of D. Using Lemmas 2.4 and 2.5 we will show
that

2.7. Proposition. G is a countable base of the Choquet weak topology ¢ in o8
Proof. Clearly G is countable. We prove that G is a base of the Choquet weak topology
inC.

Given U(T; fi, ... , fr;€) € B. Since C is dense in Cy(R%), for each ¢ = 1,...,k
there exists g, € C such that

|fi(z) = gi(x)| <& for all =€ RY, (2.15)

where §; € Q,6; < e/4.
From the definition of Choquet integral it is easy to see that if f(z) < g(z) for all
z € RY, then [ fdT < [ gdT for any T € C. Hence, by Lemma 2.4 and (2.15),

|/f,dT—/g,»dT| < 6§ forevery TeCi=1,...,k. (2.16)
On the other hand, by Lemma 2.5 for each i = 1,... ,k we can choose
Ai={z}: j=1,...,n} € F(D)

such that

I/y,dT— /gi:iT;f‘I < 6. (2.17)

Therefore for every S € M(Tgf:g‘:é,), from (2.16) and (2.17) we have

| [ far~ [ gasi<| [ far - [aari+) [ gar - [ gar;
+1 [garp - [gasi+) [ads - [ fas
<§i+6;i+0;+6 =46 <e¢

for every i =1,... k.
Thus
S € U(T; fise) for every i=1,... k.
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Consequently
i

VU(T;Y:9i58:) CUT; fro-o s frie),
i=1
and the proposition is proved. [

The proof of the theorem is finished. Thus, since C equipped with the Choquet weak
topology is a metric space, we can define the notion of weak convergence of a sequence in
C as follows.

2.8. Definition. A scquence of capacities {T,}5%, C ¢ is said to be Choquet weakly
convergent to the capacity 7 € C if and only if [ fdT, = [ fdT for every f € Cy(R?).

The following proposition shows that the convergence on compact sets is stronger
than the Choquet weak convergence.

3. Topological embedding R into ¢

Note that the corresponding @ — Ty = §,, with &, defined by (2.3), is one-to-one
between R? and the set of the probability capacities {7}, : = € R¢} C C. Therefore, in
some sense the class of capacities in R? also cotains RY. In a such way, let V : R? — C be
a transform defined by

V(z) =T, for every z € R%. (3.1)

We now show that
3.1. Theorem. ThemapV : RY - Cisa logical embedding, i.e, R? is h phic
to V(R?), which is the closed subset of C.

Proof. Clearly V(z) # V(y) for ¢ # y. Moreover, if z, — z then for any f € Cy(R),
from (2.4) we have

[1at., = e = 50 = | sa.

Therefore V(z,) — V(z), and so V is continuous in the Choquet weak topology.
Conversely, assume that 7)., — T € € in the Choquet weak topology. We claim that
2, = zand T = T for some = € R%. In fact, Ty, — T implies [ fdTy, = f(zn) = [ fdT
for every f € Cy(R9).
Since T is a probability capacity, by the Urysohn-Tietze Theorem we can find a
continuous function f € Cy (R?) such that

'y:/de>0,

where Cf (R%) denotes all continuous non-negative real-valued functions with compact
support in R?. Since f(z,) = > 0, for 0 < § < v there is ng € N such that

1f(z2) =] < 6 for all n > ng.

That means
z, € supp f for all n > ng.
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By the compactness of supp f there is a subsequence {zp, } C {¢n} such that z,, -z €
R
If z,, +~ . then there exists a subsequence {z}, } C {zn} such that

|}, — 2| > B >0 for all k € N and for some f > 0. (3.2)
Again, by the compactness of supp f. there is a subsequence {z}, } C {z7, } such
that xf;, — 2’ € R?. Then we have
T,v;:k — T, and TI:-,. - Ty

Since {T’U,,}'(Tl-u) C{T;,}and T, = T, we get T, = T, = T, and so ¢ = z’. From
(3.2) we obtain a contradiction. Hence x,, — z. Consequently V! is continuous. a

3.2. Remark. By Theorem 3.1 we can identify R? with the closed subset V(R%) of C.
Therefore. the space C contains R? topologically.
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