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PROBABILITY MEASURE FUNCTORS
PRESERVING THE REGULAR PROPERTY

Ta Khac Cu
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Abstract Let X be a topological Hausdorff space. For each k E N, by Pk(X) we denote
the set of all probability measures on X , whose supports of no more than k points. Then
probability measure functor Pk preserve the regular property.

1. Probability measure with finite supports

Let X be a topological Hausdorff space. A probability measure with finite supports
on X is a function b : X —[0,1] satisfying the condition

supp/i = {x GX :/i(x) > 0} is finite (@)
fl(x) = 1. (b)

xGsupp/i

For each k G N, let Pk{X) denote the set of all probability measure on X. whose
supports of no more than k points. Then every /i G Pk{X) can be written in the form

Q
where §: is Dirac function, that is
y +X
y =X
and
Q
TUi = n(Xi) >0, TUj = 1.
G Pk(X)
1=
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has a neighborhood of the form 0(u.Q,U\)U2,—Uq,e), where e > 0; U\, U2, Uq are

disjoint neighborhood of "2, X®respectively ( note that Ui can be taken from a fixed
basis of topology of X).

<7+l
O(u.0,vi,w2,...,Uqg,e)'= {U, <« Pk(X) :n - y~/Xt,suppHi GUi, I - \\mw < .

i=1,2,...,q+1;Ug+1=X\[jU it nmPg+Hl =0}

It is easy to see that the family O(/i0, U\, U2, Uy, e) forms a basis of a topology of Pk{X).
This topology is called Fedorchuk topology.

2. The Results

In this section we shall prove that the functor Pk preserve the regular property.
Theorem 2.1. If X metrizable, then so is Pk(X), for any k E N.
The proof of theorem 2.1 is based on the following fact due to Frink [Fr].

Theorem 2.2. [Fr]. A T\-space X is metrizable if and only if the following condition
holds:

(Fr) For each x e X there exists a neighborhood basis {Un{x)}%Li satisfying the
following condition: if Un(x) is given there exists an m = m(x,n) such that Urn(y) n
um{x) 0 implies um(y) ¢ Un{x).

Proof. Obviously Pk{X) is a T\-space. Thus, by Theorem 2.2 it suffices to verify the

condition (Fr).

A= Y rriioXi e Pk{X), q<Kk,

we define a neighborhood basis {On(/i)}~=l satisfying the condition (Fr).
For each 2= 1, ...,g we take {Un(x i)} nsuch that

dia.mi/n(xi) < - min{2 n,dist([/n(£i), un(xj))\i ¥ j3}- (1)
{Un(xi)}™= satisfies the condition (Fr). (2)

We put
on{iM=>,UiuUTi...,UT,€n(u)),
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where Ull= un(xi),i —1, and
en(/i)) < min{2~n,ml)i = 1,2,..., ¢}.
Let us show that {On(/x)}"L1 satisfies (Fr).
Given On(fi). Since en(7) < 2“n for every 7 G Pk{X) there exists an m £ N such
that
fm(t) < -7 min{en(/i),mi,i = 1 , ( 3 )
for every 7 G Pk(X). We shall prove that m(/x, n) = max{m, m(xi, n), i = satisfies
the desired property of (Fr).
Assume that Om{7) = Oni(7, jm,F2n, e m(7)) with 0m(7) n Om(u,) EO.
Take 9 GOm(7)n O0m(/i) and write i = 2=1, qgand let

0<T+Hl — SIx\ULiuyn' A 9= suPPriiz= 2,<7 + 1,

Since
1 3
102 > mi - €m (/z) > rrii - -Vdi = > €m(j),i =1,2,..,a
we inferthat for every 2 < Qthere exists at least j £ {1, such that i4in Aj 7™ 0. Let
Q
Gl=1}{V,- :VjnA ~"0}*=1, ¢Gg+tl= (}{V,-:~» CI\[J A}
2=1
Since Ai ¢ [7™ from (2) it follows that
Gj ¢ UYlfor everyi =1,...<. (4)
We shallshow that Om(7) c¢ On(/i). For every G Om(7) we denote Wi = iu|gi for
i=1,2, q+ 1 wj-= for Vj ¢ G* 9t3 = Oilv- for Vj ¢ GV Since w,6 GOm(7) it
follows
Hwijll - Pull < 2em (7).

Note that k > r > Card{j :Vj ¢ Gi}. From (3) we obtain

IM ~ w2l — ~  llky I—IIM < 2feem(7) < —€n(/i) (5)

ViCGi

for every 2—1 , O+ 1 Hence

1
Will - TOi| < aw™jj| - INI + [[0t - mill < 26n(~) + e™(~) < en(/i)
for every 2= 1,...,0 and by (5) we have
[lwg+i|| < [j0<7+l|| + —em(~) + 201 {U) <en(/A

Consequencetly from (4) we infer that
w e On(/i).

This completes the proof of theorem 2.1.
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Theorem 2.3. Iftopological space X is T\ and regular, and the topology has a O—ocally
finite base, then so is Pk{X) for any k GN.

Proof. Since X is T\ and regular and topology has O—acally finite base, then X metrizable.
Thus by theorem 2.1 it follows that Pk(X) is metrizable and satisfies condition Ti-space,
and regular, and topology has a O—ocally finite base.

This completes the proof of theorem 2.3.
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