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STUDY OF INTERACTION POTENTIAL AND FORCE CONSTANTS
OF FCC CRYSTALS CONTAINING N IMPURITY ATOMS

Neguyen Van Hung, Tran Trung Dung, Nguyen Cong Toan
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Abstract. A new procedure for description and calculation of the interaction
potential and force constants for fee crystals containing an arbitrary number n
of impurity atoms have been developed. Analytical expressions for the effective
atomic interaction potential, the single-bond and effective spring constants have
been derived. Thev depend on the number of the impurity atoms and approach
those derived by using anharmonic correlated Einstein model, if all the
impurity atoms are taken out or they replace all the host atoms. Numerical
results for N1 doped by Cu atoms show significant changes of the interacton
potential and spring constants of the substance if the number of impurity atoms

15 changed.

1. Introduction

[nteraction potential and force constants are very important for studying a Jo
of physical properties such as thermodynamic parameters of the crystals. "hey ar
contained in the first cammulant or net thermal expansion, the second cumulant o)
Debye-Waller factor, the third cumulant, and the thermal expansion e:pansior
coefficient, which are investigated intensively in the X-ray absorption fine structur
(XAFS) experiment and theory [1-11]. It is also very important to sud,
thermodynamic properties of materials containing impurity atoms and of allyy
svstems [12. 17-19]. Some investigations for crystals containing one impunty atom
have been done [17-19]. But more than one impurity atom can be dopel into ;
crystal. This case can lead to the development of procedures for studying
thermodvnamic properties of alloys with nano structure which ae oftey

semiconductors containing some components with different atomic sortes.

The purpose of this work is to develop a new procedure for descripion and
calculation of the interaction potential and force constants of fcc crystals cortaining
some impurity atoms, where one impurity atom [17-19] is only an specia case of
this theory. Our development is derivation of the analytical expression: for tic
effective atomic interaction potential, the single-bond and the effectiv: spring
constants for the case when the cluster involves one or more impurity atons. Using
the atomic distribution of the host (H) atoms and the dopant (D) atoms in1 cluste)
onc can deduce the percentage of these constituent elements in the substaice or in
an alloy. All thesce expressions are different if the number of IMpurly atons
changes so that one can deduce the results for the case with different perceitages of
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component elements of which an alloy consists. The results in the case if all
impurity atoms are taken out or in the case if all host atoms are replaced by the
impurity atoms are reduced to those derived by using the anharmonic correlated
Einstein model [7] for the pure materials. Numerical calculations have been carried
out for Ni crystal doped by one or more Al impurity atoms, and the results are
compared to those of the pure materials.

2. Formalism

We consider a fce erystal doped by some impurity atoms or dopants (D), the D
atoms replace the host (H) atoms located in the centre of crystal planes. Supposed
that the XAFS process is taken place in the surface (001) between the D atom
(indicated by D) in the centre and the H atom located at the position B (indicated

by Hy) as described in Figure 1a.
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Figure 1. Distribution and vibration of H and D atoms in fee volume (a)
and 1n 1ts (001) surface (b).

Now move the D, atom by an amount X, along the line AB, then the Hy atom
moves backward by an amount Xy so that the mass centre remains unchanged, the

other atoms are fixed. We have relations

M M
XDMD:XHMH =3 XH :—DXD:Z.XD,ﬁ L (1)

My T My

where My, Mp are the mass of H and D atom, respectively.

This motion leads to increasing the potential energy. The contributions of the
springs in the surface (001) are caused mainly by the atoms in the bond AB, and
those of the springs penperdicular to AB are negligible (see Figure 1b). Therefore,
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they consist of contributions of the spring D-H, by the value KHDXD2 /2; of the
spring D-Hy by Kyp(Xy +Xp )*/2: and of the spring between Hy and H on the

extended ABby KXy /2.

Hence, the contribution of the atoms on the plane is given by

1 ) 1 , 1 A
Vo =SKupXp' + 5 Kup(Xy + Xp)* + oKy Xy" (2)

Besides bonding with 4 H atoms at 4
B verteses of the plane (001), the D, atom 1s
bonded with 8 other neighboring atoms (see

Figure 2) located 1in the centre of 8

e
[ )

8
O O neighboring planes counting from 1 to 8.
D‘,O They are numbered by 1, 2, 3, 4 and are the
g neighbors of the Hy; atom. The remaining

7 atoms are the neighbors of D,, but they are
@) — also the neighbors of the H; atom. Supposed
05 that n is the total number of dopant atoms 1n

the two neighboring lattices of D, atom and

among the atoms at positions 1, 2, 3, 4 there
are n, dopant (D) atoms, then among the
Figure 2. The neighbors of D, atom. positions 5, 6, 7, 8 there are n, = n - 1 - n,

dopant (D) atoms (0 <n,, n, <4).

The bond linking the D, atom with each of the atoms fom 1 to 4 builds with X
an angle of 60", that is why the effective displacement of the bond from D, to these
atoms is given by X ,c0s(60”) = X, /2. The bond from D, to the atoms numbered by
5. 6. 7. 8 builds with X, an angle of 120", that is why the effective displacement of
the bond from D, to these atoms 1s given by X,)cos(1200) =-Xp /2. Hence, the
potential contributed by these 8 atoms is equal to

1 NP 1 1. o
Vpo = (n; +ny).—Kpp(=Xp) +(8-n, - n,).—Kyp(=Xp)
2 2 2 2 3)

_nytn

(8-n,-n,) -
———é—Z_KHDXDZ

KDDXD2 +

The line bonding Hy with 4 atoms numbered by 1, 2, 3, 4 also builds with X
an angle of 60" and the line bonding Hy with 4 other out of the surface (001)
neighbors of Hj builds with Xy an angle of 120", then the potential contributed by

these interactions is given by
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n (4 ) ;
VH() =—L KHDXH 8 KHHXH b 2l K!IHXHZ
n 2 (8-ny) 9
:E,IKHDXHZ*'—*S CKunXy©. (4)

Therefore, the total potential increase is the sum of all the above
contributions

Vit =Vp +Vpo + Vo
1 9 1 & i 9
:EKHDXD +;KHD(XH +XD)Z +;KHHXH

n, +n s (8-n,-n,) 5 (5)
+1—8éKDDXD +—*]““—“KHUX1)

C

(8

n : -n,) 9
+—81‘KHDXH2 +_81_KHHXH

Substituting (1) into (5) we obtain
] 9 1 2 2 ]. 9 2
Vi = ;K/-H)Xn +;KHD(5+1) X, *;ﬁ)Km/X/)

ny +n,

(B—ay —Mp) 2
Kl)I)Xl) —é —=KuypXp

(8-n,)e*

K!lll XI)

or

L[(12=n, )63 Ky +(n, 40, 0Ky + i

tot ~ g o3 5}

+[4(1}+1);{ { .Nllj3 +12 - N, - IIZII(IIUJ

| 3 . !
Using X = X;; + X = (e+1).X) and comparing (6) to V,,, = ;KeffX“ the effective

force constant is resulted as

1
K@ﬁ ﬁ)(l) )C KHI/ +(”,1 + Ry )A““ +[ 1 & +]) F” L +12 - -n, —IIZ]KHD}
1 [ T
{(1‘) -n)e’ Kyy +(n-DKpp +[4(€ + 1) + n,e? +13-nlK ;|
4(& 1) '
For the case without impurity, 1. e., ¢ =1, Ky, = K,y = K,;y. we obtain
Ki‘l‘vll-pur(' - 2‘:-)KHH : (b))

This result coinsides with the one derived by using the correlated Einstein
model [7] which is considered and used widly [8-18].
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The above results are the harmonic potential increases due to replacing the H
atoms from number 1 to 9 by the D atoms (n <9). In the case of more increase of D
atoms in the surface (001) we suppose that the 10™ D atom is located at the place B,
the 11" D atom at the place A. the 12" and 13" D atoms at the remaining places.
A« it has been noted at the beginning, the contributions to the potential increase of
the last two are unsignificant that is why it is not important that they are the D or

the H atoms. Now we consider some concret cases:
For n =10, thenn,=n,=4:

] D) 92
J = = 2 _ < 2
} tot 9 Kt'H'X - "'Kt‘”XD

v

2

1 v 1 2 1 2 2 1 2 1 2
;KHUX[) +3K1)1)4X1) +;KH1)XD + KppXp +';KDDXD +§KHDXI) (9)

Ky + 3K X, > Ky = TK pp + 3Ky

2 4

Forn=11,12, 13:

1 , o2 ] 2 1 2 2 1 2 1 2
Via = ij;)‘ Iz +;Kun‘1Xn 1 “;'KH/)XU +KppXp™ + 3K1)/)Xn +;KHDXD
- - = = = (10)

- AK p + Kyp
= (4K pp +Kyp) Xy > Kyy=—"7—""

i

From (7, 8. 10) we obtain

. ; . TKpp +3K . N . 4K, + K
Ky = 5 O0u K pr +010s b A == +(8y1, + 012, +013,) Ul)_‘)___iw_
% . - - . 9 2 (11)
_1*(\)“” ] (\)IUH bHrl ) bl'ln bl};; (l"‘mnl)8 K”H +(n‘_‘l)l{l)l) +
4(s +1)2 |+ {4+ 1)? +nye? +13 - n]K

Using this expression we can calculate the effective force constant K. with
different number of impurity atoms replacing the neighboring H atoms of the D,

atom located at the centre of the fee lattice.

Applying the Morse potential in the approximation for weak anharmonicity by
the expansion

Vix) = Dle 2 —2¢ )= D(-1+ax? - P + ) (12)

for cach atomic pair or its form by using the definition [7] y =x-a as the deviation

from the equilibrium value x at temperature T where az(x},x:r—r rois

] 0

instantanious bond length, and r, is its equilibrium value

V(y) = Da*(1 - 30a)y” - Da’y”’ + Da*(2 - 3aa)ay + Do a*(1-a.a)-D (13)
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we obtain the following single-bond spring constants

. 3. . 3e.
Ky =2Dya% (1 ‘3“H<X11>): 2D,,ai{1 ~5%n%pHa ~(1-8y, Jup lii] (14)

Vi)

Kpp= 2DI)Q§)(1 - 30‘n<X1)>)

..4

B 3, N L)
- D[)QD 1_ ]Hn +Olln +bl’n +6Hu )(11)(1 (1 oliin hbl()n ~ Oy, _bl‘ﬂz hl) >

, a
Kyp =2Dypa H[)( L= 3“}11)\X111)/) 2Dypu Hn[ - 3UH1)-§J (16)

and the Morse potential parameters Dy, a,, for the case with impurity can be
obtained by averaging those of the host atoms D, , a, and of the dopant atoms
Dy, ap, where

D = Dy +Dp DHGH +DD‘1 .3 DHUH +Duu1)
HD = —‘——2 y Ugp = D D » Upgp = D D
HtUp nttp

(17)

Substituting the values of (14-16) into (11) we obtain the effective spring

constant

- ._4

3 Bigy 3 , ’ 3

Q

< : : 2 3 " 9 3
0y, + 0y, + 03, ){41)1)“»(1 =% as J + D!ll)qu)(l =5 HEDE ﬂ
\ < \ 4

+ 1= 00, = 6“’" B di In — 612'1 dliiu (18)
2e+1)*
- 2 3ea ,a , 3ana
(12-n)e*Dyay | 1-—HZ |+ (n-1)Dpa’|1- “pd 1,
e+l c+1

+[4(e+1)* +ne® +13- n]DHDu'fw(l = %uHDaJ

Now we test the case when there is not any impurity atom, i.e., n=0, we

obtain:

- ) 3
(KH, pure )EH- =5Dyuy (] T tHa

)

(19)

This result coinsides totally with the one derived by using the anharmonie

correlated Einstein model [7]. From Eq. (13) we obtain the harmonic term

[

V,(y)==Dda*(1 ~3u.a)}y'~’ :%K,, y*, K, =2Du*(1-3a.a) (20)

[\J|P—‘
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or for different cases

1 : 1 ; 1 "
Vup(y)= T)'KHDyz , Vau(y)= };KHHyZ , Vpply)= EKDDY" (21)

and the anharmonic term of the interaction potential is given by

Vwr/; (V) = K“,,V:; ’ K". = _DU- . (22)

Since this term is cubic power of the parameter y we can use an expression
similar to Eq. (5), for the casesn =1 +9

_ 3 3 3
Vi = Ko Xp' + Kaup( Xy +Xp)” + Kygp Xy

b §

X - § —X 3 X 3 4 —X 3
+ an:H)I)(—_)U_J *”»zK;w/)(”Q—D“) +(4_n])K:£H1)(—9£] +(4_n’2)K3HD(—9D—J

< -

X 3 X 3 —X 3
+”1K:H-H)(—5[Lj +(4_n1)K:$HH(%] +4-K3HH("2—H]

F

=

and from this we deduce

3
Ry — Ny IyE

. 3 - i 3 )

K& +1) = Kyyp + Kyyple +1)" +¢ Kypn + T(K:u)n - Kypup)+ _lg—“(KiiHD - Kypn)
, 1 Vi : i :
= K= Q,(T+_1)? 8-n))k iK:sHH +(n, —ny)K,pp +[8(e+ 1) + nlgi +8+n, - nllKBHD};
K = PYART: ‘{(8 -n)e’ Dyl +(n, —n, )Dpa)y +[8(c + 1)’ +ne’ +8+n,-n, ]Dm)“';m}
O € F
‘ . 17D pa}) +3Dppu)
For the case n = 10 we obtain Ky = ———2—2 HD_HD |

16

3 3
19D payp) + Dypyp

and for n = 11, 12, 13 it is given Kgup =~

16
At the end we obtain
_s _ _ _s 3 : 3

Ko = —(1 80n ~810n 0110 " P19 ban) (8- ny)e’ Dy +(ny =1y ) Doty _

" 8(c+1)” +[8( +1)* +nye® +8 +ny —n, IDppaip

. : 3 3

7_6 17DDU‘;)+3DHD(1;"D —(8 +6 . +6 . )19DDGD+DHDGHD ——5—6()“DH(1:;1

10n 16 11n 12n 13n 16 4

(23)

which for n =0 (without impurity) is reduced to the result derived by using the

anharmonic correlated Einstein model [7]
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) :
Kyiru = _ZDHQHS- (24)

The remaining anharmonic contribution taken from Eq. (15) is given by

2 ¢ . [5 .- . z
Da*(2-3wa)ay = 2Da*ay = K,, =2Da” (25)

which contains 2Da”. Based on the similarity between K, , of Eq. (25) and K, of

Eq. (20) we can use Eq. (18) to deduce

£ 2 6]()11 ~ 2 2 ~ 2 . 2 2
Ky =586, Dyuy + T IDpap +3Dypagp |+ (3, + 084, +0,3, 4D pup + Dypuyp
n)(‘)
. . < . . 2 2 2 (26
+1_b()n _len —blln _bl'.ln _bllin (12_111)!’ DH(IH +(”'_1)DDU‘D+

2(e +1)* +[4(e +1)? + n,e® +13 — n]Dypoyp

Hence, the total anharmonic contribution to the atomic interaction potential
must be given by

Vzmh (y) a Kz(-['l'ay + I{.'u-l‘l'yi . (27)

For the case n =0, 1., e., there is not any dopant atom, from Egs. (26, 28, 30) we
obtain

1 )
V(-['r(}’):j;KHFF.V + Vo (¥), (28)
5 2 3 2 3 3.3 3
Kprp =5Da l—gua , Vﬂn],(y):SDa ay—EDu yo. (29)

These results coinside with those derived by using anharmonic correlated
Einstein model [7] which is considered and used widly in XAFS theory for the pure
materials [8-18] providing good agreement with experiment even for Cu with strong
anharmonic contributions.

3. Numerical results and discussions

Now we apply the above derived expressions to numerical calculations for fec
crystal Ni doped by several Cu atoms. We calculated the Morse potential of N1 and
Cu by using the procedure presented in [19. 21]. The results are illustrated in

Figure 3 showing very good agreement with experiment [15] for the case of Ni.

Using these calculated Morse potentials we calculated single-bond and
effective spring constants for pure N1 and for Ni doped by several impurity atoms
Cu. The results are written in Table I. The effective spring constants are different

when Ni 1s doped by n = 1, 3, 5, 8 Cu atoms.
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Figure 3. Calculated Morse potential for Ni (solid), Cu (dash), and an comparison to
' experiment [15] (dot) for the case of Ni.

Table 1. Effective spring constants of N1 doped by n =0, 1, 3, 5, 8 Cu atoms and of

pure Cu.
N 0 1 3 5 8 Cu-pure
K (eV/IA®) | 41757 3.8072 3.7544 3.7016 3.6668 3.1204
-K-_)..fwwe’V/ A*) | 4.2389 3.8803 3.8266 3.7728 3.7358 3.1655
Ku.uV/ AV 1.5047 -1.3155 -1.3047 -1.2939 -1.3010 | -1.0753

Although the values of K, are significant but the term K, gay contains a

very small factor a (about 0.007 A at 300 K), that is why this term contributes not
so much to the effective potential. The effective potentials of the system of Ni
illustrated in figure 4 calculated by using the effective sping constants of Table I
are quite different from the pair potential of Ni shown in figure 3 denoting the
importance of the constructed effective potential of the system. Figure 4 also shows
significant changes of the effective potential of Ni when it is doped by the impurity
Cu atoms. The greater the number of dopant atom Cu is, the bigger the change of
the effective potential. The above properties considered for one cluster can be
deduced for the whole crystal. These changes will influence on the thermodynamic
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parameters of the crystals like on the cumulants studied in the XAFS spectroscopy
[7, 8,11, 13, 19].

Da e NI T T T T ]
|- n=1
02 — n=73 I
_|--- n=5
@ gl Cu
01t
2
o 02F
O3k
0.4

Figure 4. Effective potential of pure Ni and of Ni doped by 0, 1, 3, 5, 8 Cu atoms and
of pure Cu.

4. Conclusions

This work has developed a new procedure for description and calculation of
the effective potential, single-bond and effective spring constants including
anharmonic contributions of a crystal doped by an arbitrary number n of impurity
atoms.

Derived expressions of the considered quantities approach those derived by
using the anharmonic correlated Einstein model for the pure materials which

provides very good agreement with the experiment and is used widly [7-18].

This work also denotes the importance of the effective potential of a system
and its relation with the pair potential, which is especially important for the XAFS
theory (7, 8, 11, 13, 19].

The above properties considered for one cluster can be deduced for the whole
crystal so that from this procedure one can deduce a method for description and
calculation of the atomic interaction effective potential and force constants of an
alloy consisting of different percentage of constituent elements.
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