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Abstract. In this paper, we present a theoretical basis of a secondary charge
method and results of application of this method for several partially
inhomogeneous models. This method is used for calculating electric field of the
generating electrodes in a medium with given specific conductivity distribution
and electric field of the secondary charge electrics at inhomogeneous points of
the medium. The method enables us to derive directly the expressions for
secondary charge density, electric field, electric potential at measuring points.
From these results, the apparent resistivity curves of the different electrodes
arrays are drawn. Test of this method by several different models and some of

which are demonstrated in this paper, shows that the method gives reliable
information

1. Introduction

The methods of integral equations or differential equations using of
calculating for the 2-D and 3-D mediums require the disconnection of whole
medium into volume elements and lead to very large system of algebraic equations.
The increasing of effectivement of these methods is related to the improvement of
algorithms for solution of system of equations and to the disconnected process.
Beside, convergence of these methods strongly depends on physical distribution
character of calculated model; convergence is very low for complicated conductivity
distribution.

Apart from above mentioned two methods, there is a secondary charge method
proposed by Alpin [1] for solution of two-dimensional and three-dimensional
problems.

2. Theoretical outline of secondary charge method

When a current is generated in a medium with certain conductivity y = 1/p, at
points of medium, where inhomogeneity is caused by the generator then the
secondary charge electrics are created. The aim of this method is to determine the

secondary field E, as a sum of the fields dE,. generated by secondary charge
elements. From this quantity we are able to determine U, and derive values p at
observation points.
At an observation point P, sum potential and sum electric field are:
20
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U(P) =U,(P) + Uy(P)
E(P)=E,(P)+E,(P) (2.1)

where: U, (P) is the potential of primary field; £,(P) is the strength of the primary

electric field, which are created by generating electrodes; U, (P) and Ezc(P) are

respectively the potential and the strength of the secondary electric field at the
point P.

The potential and the strength of the primary electric field are calculated by:
€Q QP
Uy(P)=Y 2 Ey(P)=) —5— (2.2)
Q Ter T Tor
where: rqp is the distance from the generating electrode AQ at the point @ to
observation point P; €gq is charge of point generating electrode AQ :

Ig _pelg
dmyq 4n

€Q = (2.3)
where: v, 1s value for conductivity y in vicinity of this point; pg is the real resistivity
in vicinity of this point @Q; IQ is the current generated by generating electrode
placed at point Q.
If given electrode AQ placed at point @ goes through separated surface, the
Eq. (2.3) should be replaced y, by average angular conductivity:
) 2 Wi
gt = ZW¢

where: W, is the volume angle with peak at vicivity of the electrode in the medium

(2.4)

with conductivity v, ¢ = 1,2) and W, = W, = 2n. In case one separated surface is

+ 9.
planar then vy, = Yy

. If the medium on one side of the separated surface is

non-conducting then y,, =

%) |—<

Using Eq. (2.3), Eq. (2.2) becomes:

p 1 «opg .-
Uy(P) = Z :rQ E (P)~—£Z Q QrQP (2.5)
QP Q QP

In case the medium is of partial homogeneity, the source for the secondary
field is the surface charges eg appearing on separated surface where function y 1s
discrete. At point P on diviseve surface S, between the medium in which y equals
to y, and v, , charge density is determined by:
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“B( )ETB(P) (2.6)

J,(P) =

1 p[] Pa
=—|E}(P)- EX(P
Sy 4K[ n(P) = By (P)]=——

where: E,(P) and EE(P) are electric field strengths at point P along direction of

two normal vectors of diviseve surface.

E"TB(P) 1s the algebraic average of these two values:
ETP(P)-1 [E“(P) o1 L p“ J (P) 2.7)

K 4 (P) is the coefficient of contacting surface at P:

Ky (P)=12 T2 PP (2.8)

In case the function y is continuous (gradient medium), the source for the

secondary field i1s the volume charges e, generated in the medium limited by the
volume V,, having grad y not equal to zero, i.e. the continuous function y is charged

at different points. At point P in the medium V, the density of these charges is:

Bp = ——divE(P) = L [Ecpyvy,] (2.9)

dmyp

In general case, function y can be charged discretely or continuously in
medium at the same time, therefore source for the secondary field can be both
surface charges eg and volume charges ey. Then potential U, and electric field
strength E, are determined by:

U P)= [22ds,+ [22av,
t SJ; Top I Tap ©.10
E, (t)= IOQ PGS+ [T Sq’qr dv,
S rQP 17 rQP
uf R

where: o, is the surface charge density in the medium at point @ of an element dSj
of the diviseve surface;

8o is the volume charge density in the medium at point @ of an element dV,
at which Vy has a finite value;

rop 1s the distance from point @ to point P;

de, =0odS, and de, =8,dV, are respectively the charges of surface and
volume elements at Q.

The surface integral in (2.10) is over all diviseve surface, and volume
integral 1s over all volumes where y is charged continuously.

For determination of (2.1) and (2.10) we need to know oy and &p ( site).
These functions are derived by integral equation:



Applicating of secondary charge method for... 23

Ky (P)| ¢0g( - 5, 1 .

OP = ;n J. rﬁQ (rQP-nPHSQ‘*' I;%(FQP.nP)EiVQ +Ell (P) (211)

S, '@P v, 'Qp
L Sy .[— Top-VYp Sq + I— FopVYp Vg +(E*(P)VY, | (2.11)

Yy SAI* QP Vrg QP
where:
sc 1 I
EF(P)= Z (Tpg- np) (2.12)
dn’g yrgQ
E;(P)Vy, :—Z 9 _(7pg-V1p) (2.12))
TQ erQ

Thus, determination in case of complicated medium is limited to deriving the
functions op and & by solving of system of equations (2.11) and (2.11°).

3. Applicating of secondary charge method for solving favourable
problem in partially inhomogeneous models

In this paper, we apply the secondary charge method only for the partially
inhomogeneous models. In this case, the source for the secondary field is the surface
charges eg , appearing on diviseve surface at which function y 1s discrete.

As it is known, the field at point P is the field generated by the generating

electrodes and the field of the secondary charges appearing on diviseve surface.
Therefore:

E,(P)=E™(P)=E¥(P)+E{(P) (3.1)
Where: Ef(P)= [dE; (P) (3.2)
SuB

with dE(P) is the field at P caused by a secondary charge element at a point @ on

diviseve surface:

dE Top-IL
dE* (P)=— ( vl PJ (3.3)
TQp Tqp
Where: 7pp is the distance from @ to P,
fip is normal vector at point P of diviseve surface Sy,

dE,q is the secondary charge of the surface element dS, at point @ on
separated surface:
dEtCQ :OQ.dSQ (34)
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From (3.3) and (3.4) we have:

dE, (P)=—2 (7. ip JdS, (3.5)
Using (3.5), (3.2) be comes:

E“(P)= j 2 (Fop-ip 1S, (3.6)
QP

The primary field E°(P) at point P is determined by:
IQ

EY(P)=LY

(3.7
i S Yor QP (rQP nP)

With (3.6), (3.7) and (3.1) become:
1
B,(P)= [ Gor.ipiSq +5-3 —2-

(rQP n,,) (3.8)
S, TQP TQ Yoler

Combining (3.8) with expression (2.6), we determine the surface charge
density at point P as:

Ky P)| (o Iopg |
Cp= 2“n s’[ "q;i (I‘Qp nP)dSQ + 4HZ—Q—P—(er n,,) (3.9)

From these results we are able to derive the following expression for potential
and strength of the secondary field at observation P:

U, (P)= j °Q 4S, ; E, (P)= j 9 (Fop ip kS, (3.10)
}')

Q QP

In practical field, with installations of different electrode arrays, measuring
generating current I and potential difference AU between receiving electrodes, we
can calculate the apparent resistivity by the expression:

aUu
Phk(r)zK(")—'I (3.11)
where: K(r) is coefficient of electrode array.

4. Some results

We have developed a software by MATLAB language [2] for PC to solve
favourable problem by using above - mentioned secondary charge method. We

applied it to some models of partially inhomogeneous medium. Below, we show
some obtained results.
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The two-layered geo-electrical model

Figure 1 shows the apparent resistivity curves in the two-layered geo-electrical
model (p, = 1, A, = 10, p, = 10) corresponding to two-electrode array, calculated by
Rugiop algorithm (dashed line) and by secondary charge method (solid line). As can
be scen 1n this figure 1, two curves are very close to each other.

10°

w0’

Fig. 1. The apparent resistivity curves calculated by secondary charge method (solid
line) and by Rugiép algorithm (dashed line)

Model of one vertical separated surface

P = 100 Om Py = 10 Om

Fig. 2. The apparent resistivity curves calculated by secondary charge method (solid
line) and by electric image method (dashed line) (p, = 100 Qm, p, = 10 Qm).
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Model of one oblique 30° boundary surface
30()
p, =100 Qm p, =10 Qm

Fig. 3. The apparent resistivity curve in model of one oblique 30° boundary surface,

two-electrodes array of 10 m spacing

Model of one oblique 150° boundary surface

20 30 40 50

p, = 100 Qm 150° p, =10 Qm

Fig. 4. The apparent resistivity curve in model of one oblique 150° boundary surface,
two-electrodes array of 10 m spacing
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Results shown in Fig.3 and Fig.4 fully correspond to standard palets for geo-
electrical slices with vertical contacting boundary surface [3].

5. Conclusions

By investigating theoretically the secondary charge method and applying it
for calculation in some models of partial homogeneity, we may draw the following
remarks:

- This method in combination of modem calculation methods can well be
applied for model of any medium.

- Test of this method by several different models and some of which are
demonstrated above, shows that the method gives reliable information.

We will continue studying further for grid of the secondary charge elements
corresponding to characteristics of each type of medium to have analysing results of
geophysics document are in progress, as well as in order to have practical
applications in the near future.
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