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A b s tra c t .  In this paper we give conditions of the weak law of large numbers for se
quences of random variables which are blockwise independent. Some well-known results 
are extended.

1. In t ro d u c t io n  an d  n o ta t io n s

In [2] and [5] it was shown that some properties of independent sequences of random 
variables can be applied to the sequences consisting of independent blocks. Particularly, 
it was proved in [5] that if is a independent sequence in blocks [2fc,2fc_l"1)j E X i  =
0(2 E N *), then it satisfies the Kolmogorov’s theorem: the condition ( E X f ) i ~ 2 < oo
implies the strong law of large numbers (s.l.l.n.), i.e.,

In [3], Gaposhkin found down sufficient conditions in which the s.l.l.n. is fulfilled for 
a blockwise independent sequence with arbitrary blocks. The strong law of large numbers 
for two-dimensional arrays of blockwise independent random variables was studied in [7].

In recent years, the weak law of large numbers has been theme of studying of many 
mathematicians. The aim of this paper is to establish the sufficient conditions ill which the 
weak law of large numbers is fulfilled for blockwise independent sequences with arbitrary 
blocks. Furthermore, we extend some well-known results in this area.

Let 1 =  u;(l) < uj{2) < • • • < u;(n) < • • • be a sequence of positive integers and 
A A- =  \uj(k),Lj(k +  1)). We say that the sequence { X t ì i € N*}  of random variables is 
blockwise independent (blockwise orthogonal) with respect to blocks Afc, if, for every fix 
k ) the sequence { X x,i  £ Afc} is independent (orthogonal). Denote

Let =  [2m,2m+1), A[m) =  Afc n for m > 0 and k > 1, ỏ[m) = EfceA(m) Xk ■

For each m  > 1, we assume Ỷ  0 f°r Pm ^  k ^  qm . Since uj(Nm — 1) < 2m ,LLi(Nm) > 
2rn,uj(Nrn+[) > 2m+1 for each m  > 1, the number of nonempty blocks is not larger 
th&H S ỵỵi — N m  4- 1.

Nm = min{N \u j(N ) >  2m}, m =  0,1,

S-m — N m - N rn -f- lj

<p(i) = sm if i € [2m, 2m+1).

T y p e se t, b y  ,ẨẠ/fc>-T]EX
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2. L em m as

To prove the main theorem

L em m a 2.1. (Doob’s Inequality) I f  { X i ĩJrĩ }ịL1 is a martingale difference, E \ x \ p <
oo (1 < J) < oo), then

k N

L em m a 2.2. I f  q > 1 and {xn ,n  > 0} is a sequence of  constants such that lim x n =  0,
n —>oo

t h e n

lim q~n qk+lXịc =  0.
n —► oo /

fc=0

Proof. Let 5 =  q +  YinLoQ"*- For any e > 0’ there exists /co such that \xk\ < for all 
A: > &0- Since lim q~n =  0, so, there exists no > ko such that for all n > no, we have

n —>oo

fc=o

It follows that

n ' ko n

fc=0 fc=0 fco-f-l
e e , „ 1 V

<  ỉ  +  f  <7 + !  +  ;; +  •••)z I s q
e € - ..

— — I—  =  € fo r  a l l  n  >  nr).
2 2

This completes the proof.

3. M ain  re su l ts

W ith the notations and lemmas listed above, main results may now be established. 

T h e o re m  3.1. Assumme that is a blockwise independent sequence such that

EXi  =  0, E X }  =  c?, and let lim ^2 ^ 2  £ i= 2 " -1 CM * )  =  °> then

^ i=1 —  0 as 771 — > oo, (3.1)
2m

moreover v^m I rim) I
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P M -
Lit us first estimate the norm in L2. Put

2m +  1 - l  qrr,

1 2  x fc, a m =  2— 1 I(5
fc=2m k = P m

(m)
Jc

v\e iaV!
Ọm

K l  < 2_m_1 £  |ổ
k  =  Pm

(m)
/c

fr)te that every blockwise independent sequence, is a blockwise orthogonal sequence 
pxriđel Ỉ X i  =  0, therefore

cr^ll2 <  Ik '  II2 <  2 ~ 2m~ 2
Qm

Ẽ  114

s  2— 2 m —2

> ,  Ii4m)l12
fc=Pm

2 m + 1 —1 2 m + 1 - l

Sm 2  cfc =  2_2m_2 
fc = 2 m

c|(^(z) — > 0 (m — > oo)
fc=2’

vhch jieds

O n  the other hand

/
lim  ||crm || =  0, l im  ||<Tm || =  0.

m —»00 m —y oo

2m - l  m — 1 m —1

2-m  =  2 - m ^ 2 fc+1<Xfc ^ 2 " m ^ 2 fc+1||ơfc
fc=l fc=o fc=o

ĩsng the the statement lim ||<xm|| =  0, Lemma 2.2 and Markov’s inequality, we
m —> oo

lesch tie c la im  (3.1).
hthe  same way, using the statement lim ||<7m || =  0, Lemma 2.2 and Markov’s

m —»oo

nquaitj, we prove (3.2)
nfc following theorem is a extension of the Markov’s w. 1.1.11.

r ie o n n  3.2. I f  is a blockwise independent sequence, EXi  = 0, EXị  =  cf,
h:n tie :ondi tion

nvỉet v.l.l.n

tKSo 22n+2

n

2n+*-i
ỉ+ã Ẹ  C«M*) =  0 

i = 2 n

(3.3)

> 0 as n  — >■ oo (3.4)
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Proof. For a ! 771' ỷ  05 we set
_ (m )  . r A (m ) ^r-fc =  min{r : r € };
'  (m )  _____  r A (m ) Ì  .r fc =  rnaxjr : r  E );

(m)

(m ) _
7* =  sup

n

Ẻ  *
n G A (fcm >,i = r (m)

(-> — 77■)— 1 __  (Tri')
"1m  =  2  s u p  7k

Pm

Firstly, we will prove tha t
p

7 m  — » 0  a s  771 — > 0 0 .  

Indeed, using Lemma 2.1 for the martingale

we have

S-n =  è  n si r'(m))

i i7Ím ) ii2 ^ 4 | |  £  * i f = 4  £  m 2 = 4  £  c;

Consequently,

Qm
I l i J 2 « 2 - 2" - 2 V  h

k=p,
Using the Markov’s inequality, we get

p7 m — » 0 as m  — > oo.

Now assume that n  € A^m). Using (3.5) and Theorem 3.1 we obtain 

I X \  +  X 2 +  • • • +  X n
n

X\  +  X 2 +  • • • +  X2™-1 X 2™ +  ^ 2 m4-l +  • • • +  ^
O m  O m

2 m

n

m

(;.5)

2m + 1 —1 2 2m+1 —1
4 ^  ^  ^  2_2m_2 ^  c? — > 0 (77. — 00) 

i=2m 2 t=2m

+2<7m +  27m 0 as n  — >00

(Because m - > o o a s n - >  00.)
This yields (3.4) and the proof is completed

C o ro lla ry  3.3. ! is a blockwise independent sequence, E X i  = 0, EX1 = e? ind

l i m  ^  n = i  c tV ( 0  =  0,  t h e n
n —>oo 71'

4 0 as n — >• 00
n
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Proof. Clearly, from the condition

follows

liin ~  V c f r ( 0  = 0
n —»00 n 2 ''i= 1

1 2n+1_1 
S ° o 2 2 ^ 2  Ẹ  cf r ( i )  =  0, 

1 = 2 U

which completes the proof.

C oro lla ry  3.4. I f  uj(k) = 2fc, then for a Afc-independent sequence (Xi) with E X Ĩ =  0

and lim  22^+2 S i= 2"_1 c? =  °> we have

E IL i ^ -> 0 as n  — >• oo.
n

Proo/. It is easy to see that the case ip{i) =  1 and the statement of Corollary 2.3. leads

t0 nHoo 2 ^ 2  £ - 2 " _1 CM * )  =  0.
Similarly to corollaries 2.3 and 2.4, we get

C oro lla ry  3.5. (Markov's weak law of  large numbers) I f  is a independent se

quence of  random variables with EXi  =  0, EXị  = c? and lirn —ir 5^7=1 c? — 0) then
n —>oo n z

E Ĩ U *  p■> 0 as n — >• 00.
n
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