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MESH-INDEPENDENCE PRINCIPLE AND CAUCHY
PROBLEM FOR DIFFERENTIAL ALGEBRAIC EQUATIONS

Nguyen Minh Khoa
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Abstract. In this paper, we apply ﬂu*nuﬂhdndppendenrc1whuiph~h»thﬁhnwnhdzﬂgw

braic equations.

1. Introduction

It was shown by the mesh-independence principle that if the Newton’s method is used
to analyse a nonlinear equation between some Banach spaces and some finite-dimensional
discretization of that equation then the discretized process is asymptotically the same as
that for the original iteration. As the result, the number of iterations steps needed for
two processes to converge within a given tolerance is basically the same [1]. Consider the
following equation:

F(z) =0 (1.1)

where, F'is a nonlienar operator between Banach spaces A, A. The Newton’s method is
defined as follow:

Zog1 = 20— [F'(20)] T Flzn), n=0,1,2,.. (1.2)

Under certain conditions, equation (1.2) yields a sequence converging quadratically to a
solution z* of equation (1.1). Normally, the formal procedure defined by equation (1.2) is
not suitable in infinite-dimensional spaces. Thus, in practice equation (1.1) is replaced by

a family of discretized equations:

1 (€) = 0 (1.3)

where h is some real number and ®,, is a nonlinear operator between finite-dimensional

spaces Ay, Ay, If we define A, to be the bounded linear operator A, : A — Ay, then
equation (1.3). under some appropriate assumprions, have solutions €* which are the limit

of the Newton sequence applied to equation (1.3). These solutions are obtained as follows:
£ = Apz" + 0(hP)
and are started at A,z that is:
& = Dnzo iy =& = [L(EN] T Ru(ER), n=0,1,2,.. (1.4)
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Observations in many computations indicates that for a sufficiently small i there is at most
a difference of 1 between the number of steps needed for the two processes of equations
(1.2) and (1.4) to converge within a given tolerance € > 0. That is one aspect of the mesh-
independence principle of Newton’s method. Another aspect is that, if discretization

satisfied certain conditions then:

En — &, = Dp(zn — 2") + O(KF)
1’i—+—1 - f:: = Ah(2n~|~1 - Zn) 4 O(hp) (15)
B1,(Eh) = AnF(z0) + O(RP)

The aim of this paper is to apply the mesh-independence principle to differential alge-
braic equations. The paper consists of two sections dicussing the Newton’s method for
continuous problems and the Newton’s method for discretized problems.

2. The mesh-independece principle

2.1. Newton method for continuous problems

' (t) = ylz(t),y(t))
y(t) = f(z(t),y(t))

y(0) = w0ial0) = zo .
vo= [f(zo,v0)
te[0,T)=J
reER™ye R ™ g:R*"=R", f:R*"—> R"™.
Without loss of generalty, we may assume that yo = ;o = 0.
The norm in R® spaces on RP*9 spaces will be dentoted by the same symbol N,
where p,q,s € NVz € C(J,5%) : [|[z|lc = Oréltang|$(t)|

Z .= {z = (z,y) € C(J,R™) : z € C}(J,R™), x(0) = 8,y(0) = 6}

2l == llzlloe + 2 [lco
W .= C(J,R")

Hypotheses
H1) (1.1) has a solution z* = (z*,y*) € Z such that

G:=(g,f)T e C*(U(z",p))

where
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U:=U(z"p)={(z,y) ER": Tt e J: le —z*(t)| < p, ly—y* (1) < p}

m)|Ze| <o [Zeo) <o [Le) <o, Ll <ov: e v whee

d < 1.

=B(z",p)={2€Z:||z2-2"|<p} VzeB, Vh=(h,h)T €2

1—;1(/
f(z,y)

F:Z - W: that is

g g
hy — Q./ 1— f)—Jhg
Fl(2).h = dx dy
?) of , 0
}lg = ,_"-h'l = ‘__—h,g_
ox Y

The Newton’s method for problem (LD

Bt = 2 — [F’(Z/;,)]_I.F(zk), with h¥) .= (h.g“, h‘(zk))T

ol g O
(r) _ 99 k) _ 99, )
- M = g @k v t‘)y(“"yk)h" _ _[IL - ,‘](-’l-'k,yl.'):’ (2.2)
}'gk) B %(lm ‘/A')-h(l” - g‘z(u, UA)IHA) U = Sk i)

By the Gronwall’s inequality and on the hypotheses: Let g, f has continuos Lipschits on
()(] ()r,r ()j ()}‘

the open domain U the =2 " by I we have the following attraction theorem for
% ()y du c)r

Newton’s method described by (2.2)

Theorem 2.1. Suppose that (Hy),(Hs) are fulfilled. Then
1) Vz€ B,3 [F'(2)] 1 and [[[F'(2)] ]| < €
) V2, Z€ B |F'(z) - F'(3) || <1 |z —z
3) ForVzy € B* := Blg" v r* = ——

The Newton's method converges to z* - (z*, "),

2.2 Newton method for discretized problems

With
T Y - - ¥ .1 3
i e VGI' ={ti=ih,i=0,N}, Gj= G \{0,T}
Zn={C=(C 1N : =0, G=(&m), &€ R™ i€ B (i =0, )
<
3 = c - C L\ 1 f[J = e cl. i
I ul<“ 1<‘(V’E | ()<Xili/}\}/(~] } h 01<n 1<)\ &) + c)<lzlgm>§~1 h

”.1: = yo s IIN=1), 1) "= ) : . al i
n= 0= (o, nva),m € R (=0, M)}l o x|
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2.1)

When the deseretization of (

h
Er+1 = & + ;(.’Jkﬂ + i)

Mk+1 = f(EL*r].WT}L"Fl)

A—ON 15()—0!}()~0
h

= 3(9A«+1 +gx) =0

EA~+1 =Lk
=V Meri—gry =0 k=0,N-1
\ E = O 1= 0
h N-1
VC & Zh . ‘I)I;.(C) - \A‘—}—l - fk - :'((}k+1 Ei .(/A-) EO _ 0’,,7() =0
Mk+1 — f(Eks1s Trt1) k=0
We have discretized equations
®,(¢) =0 (2.3)
We obtain
L Log 1om "
h 2067 20’ .
Jdfr dfr G1
—-..—i'_-)]'_‘._’()-.. Cl)
o (¢) = O on’ ) o
s 0 1 19gy—1 1 1ldgy  1dgn ;
’ " h 2 06 Th 2 ot ’ 2 dn Ex
0,...,0 _Ofn y_Oln
T on i
. ()(}, d(/ df.  Of . .
when (; = (&, n; == i Mi), P - BE £,,1:). We have Newton’s method
k L. _
{ (k) = (k) + o (k) k=T Nn=012..
(k)i (k) = =P (0 (K))

The Newton discretized sequence
- h hy] 1 -l
Lv:+1 = CI: - [ L(Cﬁ)] (pilr(gnr)ﬁ = 0’ 1’2’
[he discretization method to be considered here will be described by a family of triplets
—
{®),, 11}, 7}. The first, we consider [‘I’;,(()] , with
2y

_ By 2y o
Co=a+ T3 and )\.i—_—5<,\ -§+m
and i 1
C : C > ma>
’“”{A(l —8) = 27" AM(1=9) —')o-COT}

We consider
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I[@L(©] [ <, € = max{C.e*T, AC}
Put-
Zy:={z€Z:x€C*(JR™), ye CY(J, R ™)
| < {Bo, ll#lle < By, llgll < B2}

When: Vz € Zy we have

2(t1) — g(x(t), y(t1))
y(t1) — f(a(t1), y(t1))
T2} = :
E(tn) — g(z(tn), y(tn))
y(tn) — f(zn,yn)
pz = (21,25,.:« y2n), 2= z2(t)

= _ 5[9(;1:1,?/1) -+ Q(IO,UO)]

(I)h[nh,z] =l e mes
—IN_— 1

il o [.(/(ilfN,yN) . .’](IN—l»L‘/;\f—l)]
h 2

| yv — f(zn,yn). ]

Using finite incrment formular we find that

HT(F(Z)) — @y (114 2)

vB, + 3Bs
| < Cih, Cji=[Bo+ ”—‘—“—_-]/,,

2

p4

with u = (u1,u2) € Z

ui(ty) — Sy (ty) - (,U Sy (ty)

U,Q(fl) == %é:‘—ul(tl) d‘/ U.g(fl)

TF(zu)=1] ......
uh(tn) — %y (ty) - AN s (ty)
| ua(tn) — —(%u (tn) %%MQUN)_
Here
2 (et (1) o= 2
Iy (u) = (uy(ty), ua(ty), ui(ta), us(ts), (tn), ua(tn))”

We have
T(F'(2)u) — @), (11, 2)I1,u

[u)(t) — 2u(ty) — 2%11 (f )— T)%“ (t2) ]
Bovs svs  wee B .. .
o Dgn —
= u'l(TN) + % g() ul(tN 1) T 5 Itl(fN ) == %O'JSU 1’Ug(l‘,;\/_l)
d g )
—3 Frui(tn) = jua(tn) — 3% ua(ty)
L Bass s sae B san e ses D _
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We consider

|7(Fyyu) — @), (Ip2)pul| < CTh, f = Bo+ aBi; + B2 + 21| 2] ||t -

By the Lipschitz continuity of
dg 0g9f Of

Oz’ Oy Oz’ Oy
with constant [, we find that

Consider a Lipschitz uniform discretization {®,, 15, 7} which is bounded, stable
and cosistent of order 1. With the notation introduced in the previous section we may

formulate the main result as the following lemma.

Lemma. Suppopose that for Cauchy problem (2.1), ezists solution z* = (z*,y*) €
Z:G = (q. /)T continuously differentiability on the open domain U of 27, with

U:=Up)={(z,y) e R*: FteJ |z -z ()] <ply —y"(t)| < p}.
The differentiations of f and g are satified:

()f
ox

of

‘()q Jg ,
S L) ()lj

or )1§”’ d_‘/(~)

(2)| <

)\6v

with: & < 1, Vz € U(z", p).

with:d < 1,¥Z € U(z*,p). When the discrete family {®p,II5, 7}, h > 0 satistying
conditions which is Lipschitz bounded, stable, and consistent of order 1:

197,(Q) = @H(OIl < 2UlI¢ =<l = LIi¢ = Cllh > 0, V¢, ¢ € B(TTaz", p)

and

L =2z <|lzll, h>0, z€ Zy Vz€ ZyN B~

if: B* = B(z*,r*) with radius r* = — we have

3Cl1

@, < o
HT(F - (I),,(th)l < Cgh, VzeZyNnB*, h>0
||7(F'(z)u — &) (I1),2)11, uH Cih, Yz€ ZoNB*, ue Zy, h>0.

From this result we may formulate the mesh-independence principle as follows.
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Theorem 2.2. With the hypotheses of the lema, then problem (2.3) has a locally unique

solution
" = I, (2%) + 0(h)

for all h > 0 satisfying:
1
2C*Ch

Moreover, there exist constant hy € (0,hg),ry € (0,7*) such that discrete process (2.4)

min (p, (C*EL)—l)J .

converges to £ and that:

(M =Tpz, +0(h), n=0,1,2,. .
®,(¢1) =71F(2,) +0(h), n=0,1,2,
Cr =G =Mh(zn—2")+0(h), n=0,1,2 ...
|min{n >0, |lz,, — 2*|| < e} —min{n > 0: ||I¢" - ¢} < e} < 1.
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