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CONTROL PROBLEM ON TIMED PLACE/TRANSITION NETS

H o a n g  Chi T h a n h

College o f Science, VNƯ

A b strac t:  Design, analysis  and control of large system s are complicated because of 
their state space explosion and behaviours. In this paper we solve the control 
problem on Timed Place/Transition nets by piopoòing a concurrent composition, 
which is a good solution for system s design. We also show that the safety and 
aliveness of Timed Place/Transition nets arc preserved by the controller. Increase of 
concurrency in composed Timed Place/Transition nets is also considered.

K e y w o rd s :  P e tr i  net, control, composition, concurrency, safety, aliveness and 
concurrent step.

1. In troduction

Control on concurren t system s and its application a re  a problem concentrating 
much of in te res t.  The general control problem on system s was formalized by L. 
Alfaro, T. A. H enzinger and  F. Y. c. M ang in [1 ]. This probl d ll  is meaningful to 
concurrent system s in the  compositional level. The m ain  foundation of design, 
analysis and control problem is a composition operation. The operation depends so 
much on the k ind  of system s. Therefore, system s p roperties  preserved by controller 
may be d iffe ren t1.

To date we have some good m athem atica l models for rep resen ting  concurrent 
systems. One of them , which was proposed earlie s t  and vigorously investigated is 
the net model in troduced by C.A. Petri. The inode], we will use for the control 
problem is Timed P lace/T ransition  net. We recall some no ta tions  concerning Petri 
nets, which were defined in [2,3,6].

A Petri net is a tr ip le  N = (P, T, F), where p, T a re  disjo int sets and F c  (PiT)
u  (TIP) is a rela tion, so-called the flow relation  of the ne t N.

Let N = (P, T, F) be a Pe tr i  net. x w = P uT , is the se t  of all e lem ents of the net
N. For an  e lem ent X g Xn, we denote:

*x =  { y G XN I y F X } and it is called the pre-set ot‘ X,

X* =  { y e  XN I X F y } and it is called the post-set of X,

and they are s im ila r  for a subset of XN.

A n e t  is  sim ple  i f  a n d  on ly  i f  i t s  tw o  d if fe r e n t  e l e m e n t s  h a v e  no com m on  p r e ­
se t  and  p o st-se t .
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A simple n e t  has  been being used to rep re sen t s ta t is t ica l  s truc tu re  of a
system. From a sim ple n e t  one can construct d ifferent ne t models by adding some
aspects The T im ed P lace /T ransition  net is such a net. I t  is the  Place/Transition net 
introduced in [2 ], added a du ra tion  function and  is defined as  follows:

D e f in i t io n  1.1. The 7 -tuple I  = (P, T, F, K, M°, w ,  D) is called a Timea
Place I Transition net (Timed T/P net, for short) iff:

1) N = (P T F) is a sim ple net, w hereas an  e lem ent of p  is called a place and

an e le m e n t  o f  T IS C3.116CÌ a t r a n s i t i o n .
2) K ' p  -> N u  {oc} is a function showing a capacity  on each place.
3) w  ■ F -> N \  {*} is a function assigning  a weight  on each arc of the flow

4) M° : p  N u  ỊocỊ is an in itia l m arking ,  which is no t g rea te r  th a n  capacity

on places, i.e.: V p e p , M°(p) < K(p).
5) D • T {[a b] I 0 < a < b} is a function poin ting  out a duration, in which

the tran s it io n  will be perform ed only.
The in it ia l  m ark ing  rep re sen ts  given tokens on each place of a net. The tokens 

are  not g r e a te r  th a n  t h e  c a p a c i ty  o f  th e  c o r r e s p o n d in g  p la ce .  I f  t o k e n s  on each  placf  
belonging to the  p re-set of some tran s it io n  are g rea te r  th a n  or equal to weight o' 
t h e  a r c  c o n n e c t i n g  t h i s  p l a c e  to  t h e  t r a n s i t i o n ,  i .e.  i t  i s  e n o u g h  fo r  “p a y i n g ” , t h e n  th f  
initial m ark in g  can ac tiva te  the  corresponding trans it ion . A fter performing tht 
transition , tokens on each place belonging to the  pre-se t of th is  transit ion  art 
decreased by w eight of the  arc connecting the  corresponding place to th is  transition 
and tokens on each place belonging to the  post-se t of th is  t ra n s i t io n  a re  increase* 
by weight of the  arc connecting th is  tran s it io n  to the  corresponding  place. I t  m ua 
be ensured  th a t  new tokens a re  not g rea te r  th a n  the  capacity  of th a t  place.

W hen the  in it ia l  m ark ing  activa tes some tra n s i t io n  in  su itab le  time, thỉ 
transition  is perform ed and  th en  we get a new m ark ing , th e  new m arking  cai 
activate an o the r  tran s it io n  and  the  process repeated ly  continues in such a w a \ 
Therefore the  activ ities happened  on a Timed P/T ne t will be mathematically 
formalized as follows:

The m ark ing  M : p  —> N u  {oc} can ac tiva te  a tran s i t io n  t  iff:

1 ) Vpe*t , M(p) > W(p, t) and
2) Vpet* , M(p) < K(p) - W(t, p).
In such a case, the  m ark ing  M is so-called t-activating. After performance >f

the tran s it io n  t, we get the  following new m arking:

M (p )-W (p ,t)  i f p e ' tA t*

V M(p) + W(t,p) if pet* V  t
M (p) = i

M(p) -  w  (p, t) + W(t, p) if pet* \ t  
|M(p) otherwise

Control Problem on Timed Place/Transit ion nets  49

and we often w rite  th a t:  M[ t  > M



9 H oang Chi Thanh

The m ark ing  M’ can activate some other transition  and then we get another 
,avking M ”... The set of all m arkings reachable from the m ark ing  M is denoted by 
F M].

In [5] we applied the  control problem on Condition/Event systems. In this 
jiper, we solve the control problem on Timed Place/Transition nets, which are one 
, nodels usually  used to represen t real systems. The problem is defined as follows:

Given a Timed Place I Transition net 1A (a plant). F ind  a Timed  
Ịace/  T r a n s i t i o n  ne t  Ĩ.ỊỊ (a con tro l ler )  such  th a t  the c o m p o s e d  n e t  I A # Ĩ.ỊỊ m e e t s  the  
■•ịộr d e f i n e d  p r o p e r t i e s .

We show th a t  the safety and aliveness of Timed Place/Transition nets are 
reserved by the controller. Increase of concurrency in composed Timed 
lace/Transition nets is also considered.

This paper is organized as follows, In section 2, we define a composition on 
iried Place/Transition nets and show th a t  the safety and  aliveness are preserved 
y  the composition. Section 3 proposes the notation of a concurrent step and 
jrsiders increasing  of concurrency in composed Timed Place/Transition nets, 
ira'.ly, some conclusions and directions for future research are given in Section 4.

. Com position o f  tim ed P/T nets

4) The weight function w  on arcs of the flow rela tion F is determined as 
olovs

Given two Timed P/T nets I, = (Pi, T„ F„ K„ M,°, w„ Dj) , i = 1 , 2 , we compose 
vv> these nets  by the following way.

D e f in i t io n  2.1. The Timed P/T net I  = (P, T, F, K, M°, w, D) , where:
1) p  = P , u P ,

2) T = T , u T ,
3) F = F , u  F,

w,(e) , if eeFj \ F 2
W(e) = < min(W1(e),W2(e)) ,ifeeF , n F 2 

w 2(e) ,if e eF 2 \ F j

5) And the capacity function on places is defined as follows

K t (p)
K(p) = ■ max(Kj (p),Kjj(p)) 

K2(e)

, if p 6 Pj \  P2 
,ifp  € Pj n P 2 
, i f p e P * \ P ,

6) The in itia l m arking  is combined like th a t

M?(p)

M°(p)= mcx(M?(p),M“(p)) 

M"(p)

,ifpe  p, \ P 2 

, ifpe  p, n P 2 

,if pe P2 \ p ,
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7) At the end, the duration  function for performance of each transit,i(n i 
determined in the following way

Dj(t) jifteT^NTg
D(t) = ị D |( t ) n D 2(t) ,ifteT\ n T 2

D2(t) ,if tGT2 \ Tị

is called a composition  of two nets Zj and z2.- And then we denote

I  = I , #  12-

K1 M l 0

Pl 3 3
P: 2 0

P; 8 0

P: 4 1

D1
n [0.1CO
tj [2,8]
tj [2,6]

K2 M°2
p* 5 5
Pi 7 1

P' 5 0

D2
ti [1,12]
t* [5,10]
tj m

Note th a t  the weight function w, the capacity function K, the  in itial m a iũ n  
M° and the duration function D of the composed net have been being const]ricte< 
from corresponding aspects of two component nets in the following way: I r  th 
partia l domains we choose values of the corresponding function on all pa-tia 
e le m e n ts ,  w h i ls t  in  th e  com m on d om ain  w e ch oose  on ly  m in im u m  (m a x im  U.1 o 
intersection) of values of the corresponding function on common e lem en ts .  Phi. 
i llustra tes the general principle of composition proposed by the au th o r  in [4].

The control problem on Timed P/T nets is solvable and a Timed p i,rỉ ne 
always can control ano ther Timed P/T net.

E x a m p le  2.2. Consider two Timed P/T*nets given in Figure 1. a) and b). 
a) b)

Figure 1: Two Timed P/T nets



In such  a case, t ran s it io ns  in the  step u can be perform ed concurrently  and 
f.fter th e i r  perform ance we get the  following m arking:
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M ’(p)

M(p)- X  W(p,t) , i f p e #u \ i r
teU

M(p)+ X W(t,p) ,if peU* V u
t € u

M (p)-  X  W (p,t)+ X W(t,p) ,if pe  * ư n u *
teư teư

M(p) ,otherwise.

We also denote tha t:  M[ u  > M ’ and the  m ark ing  M is called U-activating. 
Such as above, we can find steps sequences on the  net. As big are  the steps as high 
:oncurrency is.

Let M°[ Uj > M ![ U 2 > M 2 ... M k l [ u k > M k be a s teps sequence on the  net £, 
llustrating a concurrent behaviour. If t ran s it ion s  of each step can be performed 
:cncurrently, then  the to ta l tim e for perform ance of th e  behaviour decreases 
remarkably. Therefore, we alw ays expect to find sequences of m axim ally  concurrent 
stepson the  net and a t  th a t  time, the  perform ance of behav iours  becomes optimal.

Let Zj = (Pi, Tj, Fj, Kj, Mj°, Wj, D,) , i = 1 , 2 be two Tim ed P/T nets  and the net
£ =  : , # z 2.

T h e o r e m  3.2. For every step u of the  c o m p o s e d  ne t E, there  are steps Uj of 
tie  corresponding net I,, such tha t:  U| Ti = Uj , i = 1 , 2.

P'oof. Im p lie s  from th e  d e f in it io n  of th e  c o m p o s it io n  a n d  th e  projection .

The theorem asserts th a t  the composition enlarges concurrent steps in general.

4 Conclusion and fu ture research

We have solved the  control problem on Timed P/T ne ts  by proposing a 
composition and proved two im p o rtan t  p roperties p reserved  by th is composition. 
Fresented resu lts  may be applied  to the control problem on some o ther models of 
oncurrent system s and in system  bottom -up design. We will construct concurrent 
seps of the composed Tim ed P/T net directly from concurren t s teps of component 
lined P/T nets in the fu ture . Besides, the  re la tionsh ips  betw een language 
behaviours as well as trace language behaviours of the  composed Timed P/T net and 
dies of component Timed P/T nets  will be investigated.
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