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CALCULATION O F X A F S  CƯMULANTS FO R  FCC CRYSTALS 
CONTAINING IMPURITY ATOM

N g u y e n  V a n  H u n g ,  N g u y e n  T h i  T h u  H o a i ,  Le H a i  H u n g

D epartm ent o f  Physics , College o f  Science, V N U

A bstrac t:  A new procedure for calculation and evaluation of XAFS cumulants of fee 
crystals containing impurity atom has been developed based on the quantum 
statistical theory with correlated Einstein model. Analytical expressions for the 
effective local force constants, correlated Einstein frequency and temperature, first 
cumulant or net thermal expansion, second cumulant or Debye Waller factor and 
third cumulant of fee crystals containing impurity atom have been derived. Morse 
potential parameters of pure crystals and those with impurity included in the derived 
expressions have been calculated. Numerical results for Cu. Ni. Ni-Cu are found to be 
in good agreement with experiment.

. I n t r o d u c t i o n

The c rysta ls  with fee s t ru c tu re  occupies abou t 25 % of e lem en ts  in the 
)eriodical M endeleev system . T h a t  is why the ca lcu la tion  of physical p a ram e te rs  of 
hese  c rysta ls  is very im p o rtan t.  To s tu d y  therm odynam ic  p ro p ertie s  of a substance  
t is necessary  to in v es tig a te  its  effective local force co n s ta n ts ,  co rre la ted  E inste in  
requency  and te m p e ra tu re ,  net th e rm a l expansion , m ean sq u are  relative 
lisp lacem ent (MSRD) or Debye W aller factor and  th ird  c u m u la n t  [1-13] which arc* 
o n ta in ed  in the  X -ray absorp tion  fine s tru c tu re  (XAFS) [9J. Moreover, the im purity  
>r d o pan t a tom  can infuence on th e  physical p a ra m e te rs  ta k e n  from the  XAFS 
p ec tra  110] and  on the  efficiency of us ing  these  su b s tan ces .  Therm odynam ic 
>roperties of alkali m e ta ls  u n d e r  influence of im p u ri ty  h a s  been  s tud ied  [ 1 1 ].

The purpose  of th is  work is to develop a m ethod for ca lcu la tion  and evaluation  
>f the  effective local force co n s ta n ts ,  co rre la ted  E in s te in  frequency and 
em p e ra tu re ,  f irs t  c u m u la n t  or ne t th e rm a l  expansion , second cu m u la n t  which IS 
•qual to MSRD or Debve W aller  factor and  th ird  c u m u la n t  of fee c ry s ta ls  conta in ing  
I dopan t or im p u ri ty  (I) a tom  as absorber in the  XAFS process. Its  n ea res t  
leighbors a re  the host (H) a tom s. The deriva tion  is based  on the q u an tu m  
statistical theory  w ith  the  co rre la ted  E in s te in  model [7] which is considered at 
jre sen t as “the  b es t  theo re tica l  fram ew ork  with which the  ex p e r im en ta l is t  can 
e la te  force c o n s ta n ts  to te m p e ra tu re  d ependen t XAFS" [ 1 0 ]. Kor com pleting the  ab 
nitio ca lcu la tion  p rocedure  the  p a ra m e te r s  of Morse p o ten tia l  of pure  crysta ls  and 
hose with im p u rity  have been also ca lcu la ted . N um erica l ca lcu la tions  for Cu. Ni. 
md Cu doped by Ni atom  have been carried  out in com parison  to those of Lh(' pure 
n a te r ia ls  to show th e rm o d y n a m ica l  effects of fee c ry s ta l  u n d e r  influence of the 
m purity  atom . The ca lcu la ted  re su l ts  a re  found to be in good ag reem en t w ith  
'Xperiment for Morse p o ten tia l  an d  for the  o th e r  th e rm o d y n a m ic  p a ra m e te rs  [13].
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2. F o r m a l i s m

The expression  for the  MSRD in XAFS theory  is derived  based  on the  
anharm on ic  co rre la ted  E in s te in  model [7] according to which the  effective 
in te rac tion  E in s te in  p o ten tia l  of the system  consis ting  of an  im p u ri ty  (I) atom  as 
absorber and  the  o th e r  host (H) atom s is given by

i'c/f(x ) - - l<cirx 2 + /vvY? +■■■ -  ~aT x R '2 'R, i
1 /■*/ >

'  ( 1)M ị +M„

Here X is dev ia tion  be tw een  the  in s ta n ta n e o u s  bond leng th  r an d  its  equ ilib rium  
value r „ , kcfJ is effective local force cons tan t,  and  ky th e  cubic p a ra m e te r  giving an

asym m etry  in the p a ir  d is tr ib u tio n  function, R is bond u n i t  vector. The correlated  
E ins te in  model m ay be defined as a oscillation of a p a i r  of a tom s  w ith  m asses  M ị

and MH (e.g., of im p u ri ty  atom  as absorber  and  of host a tom  as b ack sca tte re r )  in a

given system. T h e ir  oscillation is influenced by th e ir  ne ighbors  given by the last 
term  in the le f t-h an d  side of Eq. (1), w here th e  sum  / is over abso rb er  ( /  = 1) and 
b a rk sc a t te re r  0  = 2 ), and  th e  sum  j  is over all th e ir  n e a re s t  neighbors, excluding

the absorber and  b ac k sc t te re r  them selves . The la t te r  co n tr ib u tio n s  a re  described  Ly
the  te rm  vm (v).

For weak a n h a rm o n ic i ty  in the  XAFS process the  M orse p o te n t ia l  is given by
I ho expansion

V(x) = d {Lr2u ' -  2 c )= d ( -  1 + a 2.x2 -  e r V  + ■ • ■) (2)

for the  pure  m a te r ia l  and

V/If ( v) “ Djii (-1 + ơ Jịị -V —ajHx H ) 0 )

for the case w ith im purity , w here  M orse p o ten tia l  p a ra m e te rs  have  been obtained 
by averag ing  those of the  p u re  m a te r ia ls  and  are  given by

r, D l +  D ll „ 2  D l a i + D Ha H 3 _  D l a )  +  D H a hl (1\

D'" ’ = D , *  0„ ■ D, + D„ ■

U sing the  defin ition  [2, 7] V = A' -  ứ as the  dev ia tion  from the  equilibrium 

value of X the  Eq. (1) is re w ri t te n  in the  sum  of the harm onic  con tr ib u tio n  and  t ie  
(inharm onic con tr ib u tio n  ỔV as  a p u r tu rb a t io n

Ctrl'2 +5V ■ (5)

T ak ing  in to  account the  atom ic d is tr ib u tio n  of fee c ry s ta l  a n d  u s in g  the abo/e 
equa tions  we ob ta in  the  effective local force co n s ta n t

Kir = 2 Dm a  ///[1 + 3(//,2 +/jị)] + ị o Ha ị = /.ưoị, 6 ,

the  cubic a n h a rm o n ic  p a ra m e te r
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ky — Dm ct'm (1 + //|' + //2 ),

the an h arm o n ic  co n tr ib u tio n  to the effective p o ten tia l  of th e  system

SV(y) = 2 DIHajH(\ + 3(rì  + v l ) ) + ^ D flaj f ay -  DIHcc]H{\ + r ì  + f . i ị )Ý

ơ )

(8)

the co rre la ted  E in s te in  frequency

[f*

and the co rre la ted  E in s te in  te m p e ra tu re

Dm a m [1 + 1(MỈ + MÌ)] + ị DHa l
I 2

(9)

kB [// Dịh&Ĩh D + 3(//f + Mi)]+ 2  ^ Ha  ~H (10)

where
M. M, M

M , +M , / / 2
// Mj + M h

/ / 2 = M , +M
(11)

/7

The c u m u la n ts  have been derived by averag in g  procedure, using the 
s ta t is t ica l  dens ity  m a tr ix  /9 and  the  canonical p a r t i t io n  function  z in the  form

< y m > = - T r ( p y m), m = 1 ,2 ,3 ,-  ,
'Zd

Z = Trp, p  = p 0 +ổp,  Z * Z 0 =Trpa , 

p 0 =e- fiHo, H 0 = ậ -  + ị -k eíry 2, fi = \ / k BT

(12)

(13)

(14)
2// 2

where k B is Boltzmann constant and ỏp is neglected due to small anharmonicity in XAFS [2]. 

Using the above resu lts  we calculate the second cum ulan t or Debye-Waller factor

(15)Ơ

Í above resu lts  we calculate the second cum ulan t or Debye-

where we express  y  in te rm s  of an ih i la t io n  and crea tion  opera to rs ,  à and  (1+, i. e.

{«+«•); ’ *V = K K~ = (16)
\JLIO)e

and use harm onic  oscilla tor  s ta te  I n) w ith e igenvalue  En = nh(0E (ignoring the zero 

point energy for convenience).

Therefore, the  express ion  for second c u m u la n t  (MSRD) or D ebye-W aller factor 
is resu lted  as

ơ ~ = Ơ (1 + z) 
(1 -z)

PiCOr
Ơ. (17)
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Now we ca lcu la te  the  odd cu m u lan ts
! ^ e-0E ._e-pE„.

Ơ
0

(18)

U sing  the ca lcu la ted  m atrix  e lem en ts  and  m a th e m a tic a l  fo rm ulas  for different 
t ra n sfo rm atio n s  we ob ta in  the  expressions for the firs t c u m u la n t  (m — 1 )

i 1 + r) J (l)-  3Dw g// /(l + //|3 +/<23) ^ ------- (19)uyi ) — u () _ x , V () Ị- !( I )

( l - z )
DiHa ĨH (1 + 3/'|2 + Ml ) + 2

and for the th ird  c u m u la n t  (m=3)

nO) = (3) (l + ioz + z2) . (3) = DihGIH M\ /^2 ) (20)

(1 - 2 ) DiHa ìn (1 + 3/ '|2 + ) + 9 D Ha~H

In the  above express ions  ơ i '1, <7 02, ơ i ’ 1 are  zero-po in t c o n tr ib u tio n s  to the  first,

second and  th ird  c u m u lan ts ,  respectively. They c h a rac te r ize  q u a n tu m  effects 
occurred by using  q u a n tu m  theory  in our ca lcu la tion  and  in fluence on the  obtained  
resu lts .  The above derived  c u m u la n ts  are  con ta ined  in  th e  XAFS including 
anharm on ic  co n tr ib u tio n s  [9].

3. N u m e r i c a l  r e s u l t s  a n d  c o m p a r i s o n  to  e x p e r i m e n t

Now we apply  the  derived expressions to num erica l ca lcu la tions  for Cu, Ni 
and  Cu doped by Ni a tom  as absorber  in the  XAFS process. T h e ir  M orse po ten tia l  
p a ra m e te rs  have been  ca lcu la ted  using  the  procedure p re se n te d  in [16]. The 
calculated  va lues  of M orse p o ten tia l  p a ram e te rs ;  co rre la ted  E in s te in  frequency and 
tem p era tu re ;  effective local force co n s ta n t  for the  p u re  Cu, Ni and  those doped by 
Ni a tom  are  w r i t te n  in Table  I. They are  found to be in good a g reem en t w ith

ex per im en t [13].

T a b le  I C a lcu la ted  v a lu es  of M orse po ten tia l  p a ra m e te rs  D, a  ; co rre la ted  E ins te in  
frequency z ,  and  te m p e ra tu re  eE\ effective local force c o n s ta n t  keff for Ni-Ni, Cu-

Cu, N i-Cu in com parison  to ex p er im en t [13]. _____

Bond D(eV) a ( A ’) r„ ( Ả ) k ef f { N / m ) o >e ( x  1013 Hz)

Ni-Ni, present 0.4263 1.3819 2.8033 65.2158 3'. 64 73 278.6038

Ni-Ni, exp.[ 13] 0.4100 1.3900 2.9035 63.4596 3.5979 274.8271

Cu-Cu, present 0.3367 1.3549 2.8701 49.5156 3.0544 233.3151

Cu-Cu, exp.[13] 0.3300 1.3800 2.9802 50.3450 3.0799 235.2661

Ni - Cu,  p r e s e n t 0.3817 1.3928 2.9537 60.1340 3.4348 262.3749

Ni-Cu, exp.[ 13] 0.3700 1.3855 2.9337 57.8621 3.3693 257.3708
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F ig u re  1 i l lu s t r a te s  o u r  c a lcu la ted  M orse p o te n t ia l s  of Cu, Ni and  of Cu 
dopped by Ni a to m  w hich  a g re e s  well w ith  th e  e x p e r im e n ta l  r e s u l t  [13].

r(A°)
Figure 1: Morse potentials of Cu, Ni and Cu doped by Ni atom compared to experiment [13].

Figure 2: T em pera tu re  dependence of our calculated first cu m u lan t  c r^ ( r )  of Cu (dash- 

dot), Ni (dash) and of Cu doped by Ni atom (solid) com pared to experim ent (dot) [13].
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Figure 3: Temperature dependence of our calculated second cum ulant ơ {t ) of Cu (dash- 

dot), Ni (dash) and of Cu doped by Ni atom (solid) compared to experiment (dot) [13].

X 1Q'4

T(K)

Figure 4: Temperature dependence of our calculated third cum ulant cr '^(r) of Cu (dash” 

dot), Ni (dash) and of Cu doped by Ni atom (solid) compared to experiment (dot) [13].
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The te m p e ra tu re  dependence  of our  ca lcu la ted  f irs t  c u m u la n t  or n e t  therm a l 
expansion  ơ-(l)( ĩ)  (F igure 2), second c u m u la n t  or D eb y e-W alle r  factor ơ 2(t ) (Figure 

3) and  th ird  c u m u la n t  c r^ ( r )  (F igure 4) show s s ig n if ican t  ch a n g e s  of th ese  values

when Cu is dopped by Ni atom  and  a re a so n a b le  a g re e m e n t  b e tw e e n  the  calculated  
by the  p re se n t  theory  and  ex p er im en ta l  va lues . F ig u re s  2, 3, 4 show th a t  the 
c u m u lan ts  of Cu become w eaker  due to th e  d o p a n t  by Ni a tom . T hese  im p u 'r i ty  
effects are  very im p o r ta n t  and  they  have to be ta k e n  in to  acco u n t  in the eva lua tion  
of therm odynam ic  p ro p ertie s  of the su b s tan ces .  T he c a lc u la te d  f irs t,  second and  
th ird  cu m u la n t  con ta in ing  im p u ri ty  a tom  also sa tis fy  a ll  im p o r ta n t  p roperties  
discovered in theory  [7, 17] and  e x p e r im e n t  [ 1 ]. T h e y  co n ta in  zero-point 
con tr ibu tion  a t low te m p e ra tu re  and  ap p ro ach  th e  c lass ica l  th eo ry  re su l ts  a t  high 
te m p era tu re ,  i., e., the  p roportiona li ty  to the  h igh  te m p e r a tu r e  is l in e a r  for the  firs t 
and  second c u m u la n t  and  q u ad ra t ica l  for the  th i rd  c u m u la n t .

4. C o n c lu s io n s

A new ana ly tica l  m ethod for ca lcu la tio n  a n d  e v a lu a t io n  of therm odynam ic  
properties  of the  fee c ry s ta ls  con ta in ing  im p u r i ty  a to m  h a s  b een  developed based on 
the q u a n tu m  s ta t is t ic a l  theory  w ith  co rre la ted  E in s te in  model.

O ur developm ent is the  deriva tion  of th e  a n a ly t ic a l  e x p re ss io n s  for the  local 
effective force co n s tan ts ,  co rre la ted  E in s te in  frequency  a n d  te m p e ra tu re ,  the  first, 
second and th ird  XAFS c u m u la n t  of fee c ry s ta ls  c o n ta in in g  im p u r i ty  atom. They are 
significantly  d ifferen t from those of th e  p u re  m a te r ia ls ,  b u t  sa tis fy  all s ta n d a rd  
properties  of these  q u a n ti t ie s .  These d ifferences  deno te  th e  im p u r i ty  effects which 
discovered in ex p er im en t a n d  they  have to be ta k e n  in to  acco u n t  in the  eva lua tion  
of therm odynam ic  p ro p e rt ie s  of the  su b s tan ces .

Morse po ten tia l  p a ra m e te rs  have been  a lso  a n a ly t ic a l ly  ca lcu la ted  th u s  
com pleting the  ab in itio  ca lcu la tion  p rocedure  of th e  co n s id e red  values.

The good ag re e m e n t betw een  the  ca lcu la ted  a n d  th e  ex p e r im e n ta l  resu lts  
d e m o n s tra te s  the  efficiency and  possib ility  of u s in g  th e  p r e s e n t  developed procedure 
in XAFS d a ta  ana lysis .
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