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NOTE ON THE ASYMPTOTIC STABILITY OF
SOLUTIONS OF DIFFERENTIAL SYSTEMS

Dao Thi Lien
Thai Nguyen Teacher Training College

Abstract. We shall discuss the asymptotic behavior of solutions of differential systems.
Some new notions of stability and examples will be given and some stability conditions
will be proved.

Consider the differential system

dz
dt
X(t,0=0,tel=|a+0),a>0,

X(t,z) (1)

where x € R*, D = {(t,z) |t € I,||z|| < H,} H > 0 and suppose that function

X: D—R"
(t,2) — X(t, )

is continuous and satisfies condition of uniqueness of solution in D. There is a vast literature
on the theory and applications of Liapunov’s second method (see, for example, [1], [2], {3],
4], [5], 6], [7], 8], [9]). Here we shall discuss on the ”degree” of the asymptotic behavior
of solution of differential system (1).

As well known, if there exist the numbers N > 0, > 0 such that
| z(t, to, o) || < N.H:L‘OH.e_"'(t‘tO), Vit = to, (2)

the zero solution of the system (1) is exponential asymptotically stable.

However, there exist some motions which is not exponentially stable but it tends to
zero more fast than P(t) = s 0, as t = +oo, (A>0)

First, we give some definitions.

1. Definitions and examples

Definition 1.1. The trivial solution of (1) is said to be quasi-asymptotically stable of
order A(A € Ry) if given any € > 0 and any tg € I there exist a 0 = (tg,€) and a
T = T(to,€), such that

)

121 (t; to, xo)|| < €(t —to) ™ (3)

for all t >ty + T(to,€) if |xg]| < 0, or there exist the numbers N > 0 and T > 0 such that
lz(t, to, zo)|| < N|zo|(t — to) ™
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tor all t >ty + 1.

Definition 1.2. The trivial solution of (1) is said to be quasi-uniform-asymptotically
stable of order X if the numbers ¢ and T in Definition 1 are mdependent of 4.

Definition 1.3. The trivial solution of (1) is said to be equi-asymptotically stable of order
N ifit is stable in the sense of Liapunov and quasi-asymptotically stable of order A.

Definition 1.4. The trivial solution of (1) is said to be quasi-exponential asymptotically
stable if there exists a v > 0 and given any € > 0 and any ty € I there exist a d = d(ty.€) >0
and a T = T(ty,€) > 0, such that if ||rol| < 4, then

lla:(t, to, y)|| < ee” 710, (4)
for all t =2ty +T.
Example 1
Cousidering the equation
dr T a1 (5)
s op e % D
(It 2t
We sce that o+ = 0 is a solution of which. The general solution of (5) is
) .lfuf,g
x(t) = 1
for all + > 1, thus the trivial solution . = 018 (uasi-asymptotically stable of order %
Example 2
C'onsider the equation
dr _
— = =g, tz 1 (0)
ot

" f '
Todr ; Jr
/ —— = / t2dt < rt) = 5 u:‘ -
J g o (g o .l‘()(f' = t()) + 3

3lrol
i) < ———————.
| | lro|(t = to)?
Henee there oxist a N > 0 and a T = T(ty) such that
N
BB £ e Wt 2 iy + T
|l()l (f—f())" 2. &)

Therefore the zero solution of equation (6) is quasi-asymptotically of order 3.

This implies

2. Theorems

2.1. By V(t,r) we denote a continuous scalar function. defined on an open set S and
assie that V (¢, r) satisfies locally a Lipschitz condition with respect to x. Corresponding
to V(. .), we define the function

—— 1 ) i
Vot xy = lim ,—{V(f + h,x+ hX(t,x))— V(t, o)}
!

S AR h—0~
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Let x(t) be a solution of (1) which stays in S, and denote by V'(t, z(t)) the right
derivate of V (¢, z(t)),1.e.,

S |
VI(t,z(t)) = ;1i161~ E{V(t + h,z(t + h)) — V(t,z(t))}.
We see casily ([7]) that

Viy(tx) = V'(t, z(t)).

By the same calculation , we obtain the relation

lim l{V(t +h,x(t + h)) - V(t,z)]} = lim %{V(t + h,z+ hX(t,z)) — V(t,2)}.

h—0+ l h—0*
In the case V(t, r) has continuous partial derivates of the first order, it is evident that

LV v
Viy(tz) = a5t 6—$X(f,1)

Function V(t, z) is called Liapunov one.

Theorem 2.1. Suppose that there exists a Liapunov function V (t,x) defined on D, sat-
isfying the following conditions
{ i} ¥i{t,0)=0.
(i) |lz]|¥ < V(t,z), VYAeR?
( iii) V(’l)(t,:z:) £ —E‘—t(ﬂ, where m € N,m > 2. Then, the solution z = 0 of (1) is
equi-asymptotically stable of order A(m — 1).

Proof. For any 0 < € < H we have V(t,z) > € for t € I = [a,+00) and z such that
|z]| = € due to the condition (ii).

For the fixesd to € I, we can choose a § = §(tp,€) > 0 such that ||zg|| < § implies
V(ty, zp) < €X because of the continuity of V(t,z) and V(ty,0) = 0.

Suppose that a solution & = x(t, tg, o) of (1) such that ||zo|| < 0 satisfies ||z(t), to, zo)]
€ at some t;. From (iii), it follows that

V(t1,z(t1,t0,0)) < V(to, zo0)

and hence
1
ex < V(t,z(t, 0, To)) < V(to, zo) < eX

This is a contradiction and hence, if ||zo]| < & then ||z(¢,to,z0)|| < €, for all t > tg that is
x = 0 is stable in sense of Liapunov.

Now given a > 0, we assume that z(t,tg,zg) is a solution of (1) satisfying the
condition ||zg|| < e. Applying Theorem 4.1 in [7], by (iii) we have

m

r t m —m
V (t,l‘(t,io,l‘o)) S V(t0y$0)(£) S to V(to,l‘o)(t == to) (7)
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for all t sufficiently large. Let M (tp, @) = maxzy<a V (to, To) and let T(to, €, @) be such
that .
M(tg, @) ex

Qg ————= & —
t—tg P

for all t >ty + T(to, €, @). Then from (7), it follows that for ¢t > to + T(to, €, @),

1 —m
llz(t, to, zo)||> < V (¢, z(t, to, o)) < to™V (to,zo)(t — to)

= ||2(2; g, ®o)[| < (t —1o)

which proves equi-asymptotical stability of order A(rn — 1) of the solution z = 0, and the
theorem is proved.
In the case m = 2 the zero solution is equi-asymptotically stable of order A.

Theorem 2.2. Suppose that there exists a Liapunov function V(t,z) defined on D, sat-
isfying condition (i) and (ii) of Theorem 2.1 and besides the following

(i)’ V), (t, x) < —CV (t,z), where C > 0 is a constant.

Then the solutionz = 0 of (1) is quasi-exponential asymptotically stable.

Proof. Tt is sufficient to prove the inequality
le(tv to, :EO)” < Ee—a(t—to):

for all t sufficiently large, with some positive number a. For this, we give (3 > 0 and assume
that z(t, o, xo) is a solution of (1) satisfying the condition ||zo|| = 3.
Due to the theorem 4.1 in [7], by (iii)’ the following inequality is valid

1'/'(t’ :E(tat()a 1'0)) S V(tO; xO)e_C(t—tO)a (8)

for all t sufficiently large.
Let M(to, 3) = max{V (to, o), ||[zo|| = 8},0 < C1 < C and let T(to,€, 8) such that

M (to, B)e”“ ")
e—Clt—to)

1
0= < €X

for all t > tg + T'(to, €, 3). Then from (8) it follows that

>

l2(t, to, zo)||X < V(¢, z(t, to, zo)) < eXe™CU=10)

= ||z(t, to, zo)|| < e,

for all t > tg + T(to, e3), (here @ = ACy). The theorem is proved.
By the same arguments used in the proof of the above theorems we can prove the
two following theorems for the quasi-uniform asymptotical stability of the zero solution.
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Theorem 2.3. Suppose that there exists a Liapunov function V (t, x) defined on D which
satisfies the following conditions
(i) H:r||'lT < V(t,x) < b(||z|]), where b(r) is a continuous increasing and positive
definite function, A € R,
( ji)V(’l)(t.x') - 1 ~Lﬂ—§—t—ll, where m € N,m > 2.
Then, the solution x = 0 of the equation (1) is quasi-uniform-asymptotically stable
of order A(m — 1).

Theorem 2.4. Suppose that there existss a Liapunov function V (t, x) defined on D which
satisfies the following conditions

(1) “;L‘H% < V(t,x) < b(||z||), where b(r) is a continuous increasing and positive
definite function, A € R,

( i) V(’l)(t,:n) < —cV/(t,x), where ¢ > 0 is a constant. Then the solution z = 0 of (1)
is quasi-exponential asymptotically stable.

2.2. Let consider now the linear system

dx X
E = A(t)ﬂ:a (J)

where A(t) is a continuous n x n matrix on I and ty € I. Note
Sh={zeR":v< |lz|| < h},
where 0 < h < H,v > 0. We have the following converse theorem for the system (9).

Theorem 2.5. Suppose that there exist a M > 0 and A € RY such that

(¢, to, zo)|| < M||zol|(t — to + 1), (10)

for all t > to, where x(t, tg, xg) Is a solution of (9). Then there exists a Liapunov function
V (t,x) which satisfies the following conditions

. 1 1 ES
(i) llzl|* < V(t,z) < M3||z|*.
( ”) HV(t,.L‘) - V(tad"/)“ < L”‘L - -'L"H,V;I;,CE, = S‘Y
( iii) Vigy(t,2) < 0.

Proof. Let V(t,z) be defined by

V(t,x) = sup et +7t,2)| ¥ (r + 1)~
720

It is clear that 1 1
Vit,z) 2 |z(t,t 2)||* = [j«f]>

On the other hand, because of (10) we have

l=(t + 7,t,2)]| < Mljz]|(r + 1)~
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forall ™ > 0.

Hence

. 3 - L vt K e j +
Vit,z) = sup |zt + 7 t, )| X (7 + 1) < sup M ||z||> (r +1) 7 Lo M|z
720 720

The condition (i) is proved. Since the system is linear, we have the relation
(7, t,z) — z(7,t,2') = z(7,t,z — ') (11)
Hence, for all =, 2" € S, the inequalities following will be hold

|V(t,z) - V(t,:c’)‘ =
= |sup |a(t + 7, t, )| (r + 1)7* — sup [l(t + ntz) ¥ (r+ 1)
720 720

<sup {|llz(t + 7 6, D)1} = llz(t + 7,8, ¥} (7 + %
720
< sup Li{||lz(t + 7, t,2)]| = |zt + 7,8, 2|} (m + )

720

<sup Ly {||z(t + 7, t,2) —z(t + 7, t, 2" ) || }(7 + i

720
where L, is a positive number. This implies by (11)

V(t,2) - V(t,2)| < sup L {llz(t + 7.ty =) }r + D)7
720

< sup LM||(z — 2)||(r + 1) = LiM||(z — =),

720

for all z,2" € S”. By putting L = L1 M we have (ii).

Now we shall prove the continuity of V(¢,z). The conditions (i), (i) imply that
V (t,z) is continue at 0. We shall prove this in © £ 0. Take a number § > 0, we have

|V(t+4d,z") — V(t,z)| <
<|V(t+8,2) = V(t+8z)|+|V(t+6,z) - V(E+ 8,z(t + 6,t,z))|+ (12)
+ |V (t+ 6,2t + 6,t,2)) = V(¢, )]

Since V (¢, ) is Lipschitz in z and z(t+4,,z) is continuous in 8, the first two term of (12)

are small when ||z — 2’| and é are small.
Let us consider the third term. Since

:c(t+c5+7*,t+5,a:(t+5+'r,t,z)=a:(t+*r,t,a:)



22 Dao Thi Lien
We have

|V(t+8,2(t+6,t,2)) = V(tz)=

1 - 1 —
:\mpmﬁ+6+nt+&xu+&mMM*h+1)*—mmnﬂt+ﬂaxmlﬁ+1)ﬂ
720 720
L = 1 -
= [sup{[lz(t + 0 + 7,6, ))II¥ (v + 1) ™" —sup [lz(t + 7, t, &) |} [|(7 + 1)
720 720

<sup{[[le(t + 8+t 2)|1F — et + e, ) ¥ }r + 1)

720

<sup Li{fle(t + 6+ 7,t,2)|| = lz(t + 7, ¢, 2)) [} + 1)
720

<sup Li{lla(t + 8+ 7,t,2)| = et + 7, t,2)) [} (r + 1)
720

(13)

Since x(t + 6 + 7,t,z)) is continuous, then for § > 0 sufficiently small the right hand part
of (13) will be arbitrary small. Hence we have the continuity of V (¢, z).
Finally. we shall establish condition (iii). It is clear that for h > 0

V(t+h,z(t +h,t,z)) = sup |lz(t + h+ 7.t + h,z(t + h, t,2))| ¥ (7 + 1)
720
< sup ||z(t + 7,t, z) H'}(‘r +1)7 = V()
720
That is
V(t+ h,z(t + h,t,z)) = V(t, )
h
Thus V(’_q)(t, x) < 0. This completes the proof.

<0
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