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A b s t r a c t .  In this paper, we deal with the approximate controllability for a linear system
described by generalized invertible operators in the infinite dimensional Hilbert spaces.
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0. I n t r o d u c t io n

\

The theory of right invertible operators was s ta r ted  with works of D. Przeworska- 
Rolewicz and then has been developed by M. Tasche, H. von Trotha , z. Binder man and 
many other Mathematicians. By the appearance of this theory, the initial, boundary and 
mixed boundary value problems for the linear systems described by right invertible op
erators and generalized invertible operators were studied by m any M athematicians (see 
[4, 8]). Nguyen Dinh Quyet considered the controllability of linear system described by 
right invertible operators in the case when the resolving operator is invertible (see [10,
12, 13]). These results were generalized by A. Pogorzelec in the  case of one-sized invert
ible resolving operarors (see [6, 8]) and by Nguyen Van M au for the system described 
by generalized invertible operators (see [3, 4]). The above mentioned controllability is 
exactly controllable from one state to another. However, in infinite dimensional space, 
the exact controllability is not always realized. To overcome these restrictions, we define 
the so-called approximately controllable, in the  sense of: ” A system is approximately 
controllable if any state can be transferee! to the neighbourhood of other s ta te  by an ad
missible control” . In this paper, we consider the approxim ate controllability for the system 
(LS)o of the form (2.1)-(2.2) in infinite dimensional Hilbert space, w ith dim(ker V)  =  4-0 0 . 
The necessary and sufficient conditions for the linear system ( L S ) 0 to be approximately 
reachable, approximately controllable and exactly  controllable are also found.

1. P r e l im in a r ie s

Let X  be a linear space over a field of scalars T  ( T  =  R  or C). Denote by L ( X )  
the set of all linear operators with domains and ranges belonging to X ,  and by L q( X )  the 
set of all operators of L ( X )  whose domain is X , i.e. Lq(X) = { A  e  L ( X )  : domẨ =  X }  .

An operator D  E L ( X )  is said to be right invertible if there  exists an R  € L q( X)  
such tha t R X  c  domD  and D R  — I  on domi? (where I  is the  identity operator), in this
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case R  is called a right inverse of D. The set of all right invertible operators of L ( X )  will 
be denoted by R ( X ) .  For a given D  e  R{ X ) ,  we will denote by 11D the set of all right 
inverses of D,  i.e. 7Zo — { R  € L o ( X)  : D R  =  I}.

An operator F  e  Lo ( X)  is said to be an initial operator for D  corresponding to 
R  e 1I d if F 2 =  F, F X  =  kei'jD and F R  =  0 on dom R. The set of all initial operators for 
D will be denoted by T-D'

T h e o re m  1.1. [8] Suppose that D  e  R ( X )  and R  e  1ZD- A  necessary and sufficient
condition for an operator F  e  L ( X )  to be an initial operator for D corresponding ỉo R  is
that

F  = I  — R D  on d o m ữ  . (1.1)

D ef in i t io n  1.1. [4, 5]
(i) An operator V  G L ( X )  is said to be generalized invertible if there is an operator

w  G L ( X ) (called a generalized inverse of V)  such tha t

Im V  c  dom w ,  Im w  c  d o m V  and V w v  =  V  on domK

The set of all generalized invertible operators of L ( X )  will be denoted by W ( X ) .  
For a given V  e  W ( X ) ,  the set of all generalized inverses of V  is denoted by W y.

(ii) If V € W ( X ) ,  w  G W v  and  w v w  = w  on dom w ,  then w  is called an almost 
inverse of V . The set of all almost inverse operators of V  will be denoted by Wy.

D ef in i t io n  1.2. [4]
(i) An operator F (r) G L ( X )  is said to be a right initial operator of V  e  W ( X )  

corresponding to  w  €  vvịr i f ( F ( r) )2 =  F (r ) , I m =  kerV, d o m F (r) =  d o m y  

and F ^ W  =  0 on dom W .
(ii) An operator e  L o ( X)  is said to be a  left initial operator of V  € W ( X )  corre

sponding to w  6  W y  if ( F ^ ) 2 =  f W , F W X  = kerw  and F ® v  = 0 on domV. 
The set of all right and left initial operators of V  €  W (X ) are denoted by and

T y  , respectively.

L e m m a  1.1. [4] Let  V  G W ( X )  ãnd w  6  W y . Then

d o m V  = W V ( d o m V )  © kerV . (1.2)

T h e o r e m  1.2. [4] Let  V  G W ( X )  and let w  G W y.
(i) A  necessary and sufficient condition for an operator F e  L ( X )  to be a right initial 

operator o f  V  corresponding to w  is that F — I  — w v  on dom V .
(ii) A  necessary and sufficient condition for an operator € L q ( X)  to be a left initial 

operator o f  V  corresponding to w is that = I  — vw on domw .
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T h e o re m  1.3. [14] Let X , Y , Z  be the infinite dimensional Hilbert spaces. Suppose that 
F  £ L( X,  z ) and T  £ L(Y, Z). Then two following conditions  are equivalent

(i) ImF  c  ImT ,
(ii) There exists c >  0 such that | |T*/| | ^  c\\F*f\\ for all f  e z* (where z* is the 

conjugate space o f  Z).

T h e o re m  1.4. (The separation theorem) Suppose that M  and N  are convex sets in the 
Banach space X  and M  n  N  = 0.

(i) I f  intM  Ỷ  0 then there exists a X *  € X * , x *  /  0, A 6 R such that

(ii) I f  M  is a compact set in X ,  N  is a closed set then there exists X* G Ỷ
Ai, À2 g R  such that

The theory of right invertible, generalized invertible operators and their applications can 
be seen in [4, 8]. The proof of Theorems 1.3 and Theorem 1.4 can be found in [2, 14].

2. A p p r o x im a te  c o n t ro l la b i l i ty

Let X  and u be infinite dimensional Hilbert spaces over the  same field of scalars T  
[T  — M or C). Suppose th a t  V  E W ( X ) i with d im (kery)  =  +oo; and are right 
and left initial operators of V  corresponding to w  G W y, respectively; A  € L o ( X ) i and 
B e L 0(U,X) .

Consider the linear system ( LS ) 0 of the form:

The spaces X  and u are called the space o f states and the  space of controls, respec
tively. So that, elements X  G X  and u €  u are called states  and controls, respectively. 
The element £o € kerV" is said to be an initial state. A pair ( xq , u )  G (kerV) X u is called 
an input. If the system (2.1)-(2.2) has solution X =  G( xo , u)  then this solution is called 
output corresponding to  input (x o , u).

Note that, the inclusion B U  c  (V  — A) d o m V  holds. If the  resolving operator I - W  A  
is invertible then the initial value problem (2.1)-(2.2) is well-posed for an arbitrarily fixed 
pair (xo,u)  G (kerV) X u ,  and its unique solution is given by (see [Mbou])

(x*, x)  ^  Ai <  À2 ^  for every X G M, y €  N .

V x  = A x  +  B u , u €  u , B U  c  (V  -  .4 )d o m ^  

F ^ x  = X o  , XQ  G kerV  .

( 2 .1)

(2.2)

G (x 0 , u) =  E a ( W B u  +  Xo) , where E a  = ( I  — w A )  1 . (2.3)

Write
Rangt/iIOG =  Ị J  G ( x 0,u)  , x 0 € k e rF  .

u £ U

(2 .4 )
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Clearly. Range/.;,;0G  is the set of all solutions of (2.1)-(2.2) for arbitrarily fixed initial 
st ate ./•() G k cvV . This is reachable set from the initial state X() by moans of controls //, e  u .

D efin i t io n .  Let the* linear system ( L S ) 0 of the form (2.1) -  (2.2) ho given. Suppose' that
G{.V(),ti.) is (Ic'fiiK'd by (2.3).

(i) A state .r £ X  is said to he approximately reachable from the initial state  X'o £ kerV 
if for any £ > 0 there exists a control a E u  such that 11 ;r — G(j*o, u)|| < £.

(ii) The linear systom ( L S ) 0 is said to he approximately reachable from the initial state 
./•() G krvV  if

R a n g U,X0 G  =  X  •

T h e o re m .  The linear system  ( L S ) 0 is approximately reachable from zero i f  and only if  
the identity

B*W*E*Ah  =  0, it implies h =  0 . (2.5)

Proof. By Definition 2.1 the  system (LS)o is approximately reachable from zero if

E a W D U  = X  . (2.6)

According to T hro iriii  1.4. the condition (2.G) is equivalent to the tiling that  if h £ A*

(/?,;!:) =  0 , V.T G E a W B U , it follows h, =  0 . (2.7)

SÌIKV E \W  BƯ  is a subspace of X , (2.7) holds it and only if that

(//.,:/:) =  0 , V;/: e  E AW B U  then /?. =  0 ,

<//, E a W D u )  = 0 , Vii e  Ư, it implies h = 0 .

This is equivalent to th a t  if

(B*W*E*A h, u) = 0 , V'U e  Ư then h = 0 .

This implies that if
B * W * E \ h  =  0 then /1 =  0 .

Conversely, if the condition (2.5) is satisfied then (2.7) is also satisfied, and therefore we 
obtain (2.0).

D e f in i t io n  2.2. [4] Let the linear system ( L S ) 0 of the form (2.1) -  (2.2) 1)0 given and lot 
[A 'l  e  jFj;} be ail a rb itra ry  right initial operator for V.

(i) A sta te  .n  €  kerV is said to be F j ' 1 -reachable from, the initial state ;/:() e  korV if 
then! exists a control u £  u  such th a t X'l =  Fị ^G(xo,u). T he s ta te  X\ is called a 

final state.



(ii) The system ( L S ) 0 is said to be F^-controllable  if for every initial statexo 6  kerF,

F 1(r) (Range/,X0G) = kerV .

(iii) The system ( L S ) 0 is said to be F^-controllable  to X\ E kerF  if

XI € F ^ ^ R a n g t / . io G ) ,

for every initial s ta te  Xo € kerV.

D efin i t io n  2.3. Let the linear system ( L S ) 0 of the form (2.1) — (2.2) be given. Suppose 
that E is an arbitrary right initial operator for V.

(i) The system ( L S ) 0 is said to be F ^-approxim ate ly  reachable from a initial s ta te
Xo G k e ry  if

F 1(r)(Rangc/,X0G) =  k e ry .

(ii) The system ( L S ) 0 is said to be F[r^-approximately controllable if for any initial 
state X o  £ kery , the following identity yelds

F 1(r) (Range/, X0G) = kerV'.

(iii) The system ( L S ) 0 is said to be - approximately controllable to Xi € kerV  if

XX e  ^ ( R a n g t / ^ G ) ,

for every initial sta te  £o €  kerV\

L e m m a  2.1. Let the linear system ( L S ) 0 o f the form (2.1) -  (2.2) be given and let
G T v  be an arbitrary initial operator. Suppose that the system  ( L S ) 0 is F ^ -

approximately controllable to zero and

Fịr)E A(lserV) = k n V .  (2.8)

Then the final sta te  X\ e  kerK is F ịV̂ -approximately reachable from zero.

Proof. By the assumption, 0 G F ị^(Range; X0G),  for all Xo E kerF . Therefore, for every 
XQ 6 kerV  and £ >  0, there exists a control Uo E u  such th a t

\\Fịr)E A{WBu0 + x 0) \ \< e .  (2.9)

Condition (2.8) implies tha t for any X\ G kerV  there exists X2 E kerV  such th a t

f [ t ) E a x 2 =  - X i .

The last equality and (2.9) together imply th a t for every X\ € kerV  and £ > 0, there exists 
a  control Uị e u  such th a t

\\Fir)E AW B u 1 - x 1\ \< e .

It means that the final s ta te  X\ is F ^ -ap p ro x im a te ly  reachable from zero.
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T h e o re m  2,2. Suppose that all assumptions o f  Lemma 2.1 are satisfied. Then the system
( L S ) 0 is F[r)-approximately controllable.

Proof. According to the assum ption, for any £o € kerV and e >  0, there exists a control 
Uo £ u such that

\\FịT)E A ( W B u ữ + x ữ) \ \ < £- .  (2.10)

By Lemma 2.1, for an X i  €  kerF  there exists líi G u such that

WF^EaW B ux- xxW < (2.11)

From (2.10) and (2.11) it follows th a t for XQ,X\ € kerV and £ >  0, there exists a control 
u  — UQ-\- U \  G u s u c h  t h a t

\\f [t)E a { W B u + xq) - Xi l l  =  W F ^ E a [ WB ( uo + U\) + Xo] -  n i l

^  \\f [t)E a { W B uq +  x0)|| +  IIF[r)E AW B Ul -  n i l

The a p p ro x im a te  con tro l lab i l i ty  f o r  the l inear  s y s t e m  descr ibed  b y . . .  55

£ e

The arb itrariness of X0,X\  €  kerV^ and e >  0 implies

F 1(r)(Rangư>I0G) =  k e r V .

T h e o re m  2.3. Let the linear system  ( L S ) 0 be given and let €  T v  be an arbitrary 
initial operator. Then the system  ( L S ) 0 is -approximately controllable i f  and only i f  
it is F ịr)-approximately controllable to every element y' e  f [ t>E AW V { d o m V ) .

Proof. By f [ t ^Ea W V { domV) c  kerF, the necessary condition is easy to be obtained. To 
prove the sufficient condition, we prove the equality

f [t)E A [ WV ( domV)  ® kerV] =  kerV . (2.12)

Indeed, since ( /  -  WA ) { d o mV )  c  dom F  =  W V(dom V) © k e ĩV  (by Lemma 1.1 and the 
properties of the generalized invertible operators [Mcon, Mbou, Mai]), there exists a set 
E  c  domV and z  c  kerV such tha t

WVE  © z  = Ự -  WA){domF). 

This implies E A { W V E  © Z) = E A( I  -  ỊyA )(dom F) =  domV. Thus, we have

kerF = f [t\ domV) = f [t)Ea (WVE  © z)

c  E a [W V (domV)  © kerF] 

c  k e i V .

Therefore, the formula (2.12) holds.



Suppose that the system ( LS ) 0 is F ị T^-approximately controllable to y'  — f [ ^ E a W V  
y G doniV, i.e. for every y G domV and arb itra ry  e > 0 there exists a  control Uo G u  such 
that

\\f [t)E a ( W B u0 +  xo) -  Fịr)E AWVy\\  < I  .
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That is
||F1(r)£ 4(W/-£'U0 +  xo +  x 2) -  F[T)E A { W V y  +  x 2)|| <  I . (2.13)

where X 2 G kerV is arbitrary.
By the formula (2.12), for every X\ G kerV,  there exists 2/1 £ domV and xi) €  kerV  

such that
x x = f [t)E A ( W V Vl + x ’2) .

This equality and (2.13) together imply

IIFịr)E A{WBu'ữ + x ữ + x'2) -  X l \\ < ị  . (2.14)

On the other hand, from 0 G E A W V d o m V  and the  assumptions, it follows that
( LS) 0 is F i 7 ^-approximately controllable to zero, i.e.

0 G Fị \ R m \ g u XoG ) , for arb itrary  Xo G kerV  .

Thus, for the element x'2 € kerK there exists U\ G u  such th a t

-z'aJII <  | .  (2.15)

Using (2.14) and (2.15 then for X0 ,X \ G kerV" and Ổ >  0 there exist u  =  u'Q +  U\ £ u  
so that

+  X0 ) -X ! | |  =  \\F[r)E A[WB(u'0 +  m )  +  x 0] -  Xi II

=  \\F[r)E A (W B u'ữ +  xo +  x'2) -  X! +  F[r)E A { W D u  1 -  x£)||

^  +  1 0  +  4 )  -  XIII +  -  x'2)||
£ 6 

< 2 +  2 = £ -

Thus,

F<r) (Rangy,XoG) =  k e rV .

T h e o re m  2.4. Let a linear system ( L S ) 0 o f  the form  (2.1) — (2.2) be given and let 
F ị r) £ Then the system ( L S ) 0 is -approximately reachable from zero i f  and
onlv if

D * W * E tA {F i1r))*h =  0 implies h =  0.  (2.16)



Proof. Suppose th a t  the  system ( L S ) 0 is F ^ -a p p ro x im a te ly  reachable from zero. We
then  have ________________

F 1(r)(Rangl/t0G) =  k e rV .

It means _____________
F[r)E A\V B U  =  kerK . (2.17)

According to Theorem 1.3, the equality (2.17) holds if and only if for h € (kerV Ỵ  so that

(h x) =  0 , Vx € f [v)E a W B U ,  it follows tha t h =  0 . (2.18)

Because F ^ E a R B U  is a subspace of kerV, the condition (2.18) is equivalent to

(h, x)  =  0 , Vx € f [ t )E a W B U  =>• h =  0,

or equivalently
(h, f [t)E a W B u) =  0 , Vu e  Ỉ/ =► h = 0.

It is satisfied if and only if

(.B*W*E*A {F[r))* h ,u ) =  0 , Vu e  t /  =► /1 =  0 . (2.19)

Hence, the condition (2.19) means th a t  B*W*E*A (F[r)Ỵ h  =  0 implies h =  0.
Conversely, if (2.16) is satisfied then (2.19) holds. This implies (2.17) and therefore

we obtain ________________
(Range/,0G) =  k e r7 .

T h e o r e m  2.5. A necessary and sufficient condition for the linear system ( L S ) 0 to be 
-controllable is tha t there exists a real num ber a  > 0 such that

\\B*W*E*A{Fịr)y f \ \  > «11/11, for all f  €  (kerVO* ■ (2-20)

Proof Necessity. Suppose th a t  the system ( L S ) 0 is ^-controllable, we have

jF\(r) (R angy  XoG) =  kerK , for every x 0 e  k e iV  .

It follows th a t  f [t)E a W B U  =  kerV. By Theorem 1.3, there exists a real number a  >
Osuch tha t

\\{Fịr)E AW B Ỵ Ị \ \  >  ck||/|| , for all /  €  (k e rF )* ,

i.e. the condition (2.20) holds.
Sufficiency. Suppose th a t  the condition (2.20) is satisfied. By using Theorem 1.3,

we obtain
F[r)E AW B U  D kerV"

Moreover F 1(r)E AW B U  c  kerV.  Since f Ịt) is a right initial operator for V . Consequently, 

we have f [t)E a W B U  = kerV. This implies

f \ (r) (Range/,X0G)  =  k e ĩV  , for x 0 €  kerV .
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T h e o re m  2.6. The linear system (L S ) 0 is f [v)-controllable to zero i f  and only i f  there
exists /3 > 0 such that

\\B*W*E*A(F[r))*f\\ > (3\\E*A (F ịr))* f \ \ , for every f  e  ( k e r v y  . (2.21)

Proof. Suppose th a t  the system (LS)o is F ^ -con tro llab le  to zero. We then ha,ve

0 e  (Rang{/iXoG ) , for all x 0 6 kerF  .

Therefore, for arbitrary x0 € kerV, there exists u e  u  such tha t

Fịr)E A{WBu + x o) =  0.

It implies tha t for x ' q e  kerw ,  there exists v! <E Ư such tha t f [t)E a x ó =  F i E a W B u'. 
Thus, F j 7' ^ ( k e r F )  c  E  a W  B U . Using Theorem 1.3, there exists Ị3 >  0 such that

\\(FxE AW B r f \ \  > PW(Fi E a )*f\\ , for all /  € (kerio* •

Conversely, suppose th a t  (2.21) is satisfied. By Theorem 1.3, it is concluded tha t

i.e. the system ( L S ) 0 is Fj^-controllable to zero.

E x a m p le .  Let X  =  C[— 1,1] be a space of all continuous functions defined on the closed 

interval [-1 ,1], D = -ỵ  is a right invertible operator in L ( X ) ,  dom D = c 1[ - l , l ] .  The

operator R = f  is a right inverse of D.  The initial operator for D  corresponding to R  is 
0

defined as follows: (Fx) ( t )  = ( I  — R D ) x ( t ) — x(0), for X  £ dom D  (see [Mcon]).
Let {Px)( t )  =  I (x ( t)  + x { - t ) )  , Q = I  -  p  , x +  =  P X  \ X  = Q X  , i.e. 

X  = © x ~ . P u t V  =  P D , W  =  R P  we then have vw v  = V  on domV^ and
wvw  =  w on dom iy . Thus, V  G W ( X )  and w G W y  . By Theorem 1.2, the operators 

and are right and left initial operators for V  corresponding to w ,  respectively, 
which are defined by the following formulae

f [ t )E a {kerF) c  F[r)E AW B U  . 

Hence, for every x 0 G kerV", there exists u e u such that

f [ t )E a { WD u  + x  o) =  0,

V x  = c t I x  + B u  , u € u — x +
F ^ x  =  XQ , X o  € kerK ,

(2.22)

(2.23)
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where B  € Lo(X + ), /  is the identity operator and  a  is a given real number.
So we have is completely proved th a t kerV  consists all even differentiable functions 

defined on [ - 1 ,1 ]  and the problem (2.22)-(2.23) is equivalent to

( /  -  a R P ) x  = R P B u  + x 0 . (2.24)

Since ự - a R P ) ự  + a R P )  = ự  + a R P ) ự - a R P )  = I - a 2R P R P  = I - a 2R 2Q P  =  I  (by 
Q P  =  0), for arbitrarily fixed u e  u  and Xo € ker V, the problem (2.22)-(2.23) has a unique

X =  G(xq, u ) =  Ea {R P B u Hr xo) , E a =  ( I  +  a R P ) . (2.25)

From R P R P  =  0 it follows tha t

ự  + a R P ) ( R P B U  +  Xo) =  R P B U  ® { (/  +  a R P ) x 0} . (2.26)

The conditions (2.25) and (2.26) imply (see [Mbou])

RangUiX0G = R P B Ư  © { ( /  +  a R P ) x 0} . (2.27)

Thus, the system (2.22)-(2.23) is -approximately controllable for a right initial oper
ator of V  if and only if

f [ t ) ( R P B U  © { (/  +  a R P ) x 0}) = k e rK , 

f or  e v e r y  i n i t i a l  s t a t e  Xo  G k e r V .
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