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Abstract: The purpose of this paper is to establish inequalities between two terms
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1. Introduction

Let x,,X,,..,x, be sequence of positive number satisfying x, =x . The cyclic inequalities of n
variables have a form
S(X;, X%, ,..,%, ) 20,

where S is a function of n variables, valued in R. In [2] author considers the function

X
f(xy.2)=—o (1.2)
y+2
to establish a cyclic inequality
X X X X n
S(X Xy X )= — 2 —2 oy 0Ly T0
X, + X3 Xg+ X, X, +X X +X 2

and conjectures that S(X,,X,,...,x,)=0. On the other hand, the well-known inequality

Va? +x2 b2 + y? +4/c? + 2 z\j(a+b+c)2+(x+y+z)2 (1.2)
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is showed in [7, chapter V] with its corollary ~/a® +b® ++/b? +¢? ++/c? +a’ zﬁ(a+b+c). Some
inequalities are "similar" but they are in opposite side

Ja? +5ab + 4b? + b2 +5bc + 4c? +/c2 +5ca + 4a> <3(a+b+c) (1.3)

JaZ +bc ++/b? +ca ++/c? +ab sg(a+b+c) (1.4)
in [5, chapter 5].

In this paper, instead of using the function f in (1.1), we use the the functions (1.2), (1.3) and (1.4)
to establish cyclic inequalities by comparing the functions

F(x,, Z \/ax +bx.x, +cx’, 0

G(Xy 1 Xg yeeesXy ) = \/ax +bx?x,, +Cx X, +dx>,

i i+l i N+l
i= l

n
with a function of > x;, where X, =X,.

The main way to approach the problem is firstly to establish an inequality between

«/axz +bxy +cy’ and ax+py and then to give a condition on A=Db*—4ac for which we obtain the
result

=Ja+b+c>) x or F=ya+b+c<> x
i=1 i=1

depending on the sign of A. We also consider a general problem with the expression
A(x;y):ax2 +bxy +cy? +dx+ex+ f . By reducing it into a  simpler form
A(x;y)=ax® +bxy +cy? +d , we get the same inequality in case A>0. For general n, it is still an open
problem.

For the expression G, by using the similar idea of proving F, we try to drive an expression

ax +bx2y +oxy? +dy’ =(ax+ By) +(yx+8y)(x=y),

and depending on sign of y,0 we have the comparison between G and Z X; . This paper is organised

as follows. In section 2 we consider cyclic inequality with power > by using the function

f (x,y) =ax’ +bxy +cy? +dx+ey+ f . Section 3 deals with cyclic inequality with power % with the

function f(x,y)=ax’+bx’y+cxy” +dy°.
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2. Cyclic inequality with power %

First at all, we establish an inequality for \/axz +bxy+cy?+d. To start with, we will find the

condition such that the expression \/axz +bxy +cy® +d is defined for all x,y>0.
Put A(x;y)=ax’+bxy+cy’+d and A4=b*—4ac.
Lemma 2.1 A(X; y) >0 for all x,y>0 if and only if one of two following conditions holds

i) a,c,b,d>0;
ii) a,c,d>0,b<0 and A<0.

Proof. Since A(0,0)=d, it follows that d>0. Writing A(x,y)=y’(at® +bt+c)+d with t=2 yields
y

at® +bt+c>0 for all t=0. Indeed, if there is t, such that at’ +bt, +c <0 then we let y—oo to get a

contradiction. The case a=0 is trivial, so let a#0. From the property at’+bt+c>0 for all >0 it
follows a,c>0. Hence, if b>0 we have i). Otherwise, If b<0, we use the expression

2a

Thus we have ii). The proofis complete. O

Remark 2.2 In both conditions we have a+b+c>0. If a+b+c=0 then the condition becomes
b

a=c=——=0.
2

For the sake of simplicity, from now on we assume a>0. Firstly, we consider the case d=0.

Lemma 2.3 Let a,b,c be real numbers such that a+b+c>0. There exist a,p,y such that a+p>0 and

2
A(x;y)= yzaut + ij —4%} then with t = —23 >0 we see that A(X;y)>0 is equivalent to A<O.
a a

ax® +bxy +cy’ = (ax+ﬁy)2 +y(x— y)2 :
Proof. Developing the desired equality and comparing coefficients of both sides we have the equation
a’*+pf=a
B+y=c (2.1)
203 -2y =b.

Summing these equations, we get (a+ﬁ)2 =a+b+c. Thus, a+B=+Ja+b+c. Now, subtracting
a-c

Ja+b+c

the first and the second equation in (2.1) we have «® — 3* =a—c which follows o — 4=

Hence
o 2a+b p= 2c+b
2Ja+b+c’” 2Ja+b+c

Substituting o, into the last equation in (2.1) yields
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_ dac—b?
4 4(a+b+c)
We have the proof. o

Theorem 2.4 Let a,b,c be real numbers such that a,c,a+b+c>0. For any sequence of real positive
numbers X, X, ,...,.X,,, With x_,, =x, we have

n

i) if4<0 then F (X%, ,..X,)=a+b+c>’ x;

i=1
i) if 4>0,a,b,c>0 then F(X,,%,,...X,)<Ja+b+c)’ x.
i=1

The equality occurs if and only if x, =x, =...=¢&.

Proof. Applying Lemma

2 2 2 2
\/axi +bx X, +0Xy z\l(axi +:8Xi+1) +7(Xi _Xi+1) )

X

fori=1,2,...,n,x -

N+l =

i) It is clear that A<O is equivalent to y>0 or \/ax’ +bxy +cy* =|ax+ By|. Therefore

n

> (a+B)x%

i=1

n
F(Xl,XZ,...,Xn) EZ |0{Xi +ﬁxi+1|2
i=1

n

>Ja+b+c) x.

i=1
We have the first conclusion.
ii) The second is easy since 0,$>0,y<0. O
Now, we study the problem in a more general context. Firstly, we consider the following proposition:
Proposition 2.5. The relation

ax® +bxy +cy’ +dx+ey+ f >0

holds for all real values of x and y if and only if one of the following items i), ii), iii) or iv) is satisfied

22 b d
. 2a b
i) a>0, >0/b 2c e|>0
b 2c
d e 2f
. 22 b 2a b 2a d
ii) a>0, =0, =0, >0,
b 2c d e d 2f
2c e
iii) a=b=d=0,c>0, >0,
e 2f

iv) a=b=c=d=e=0,f>0.
Proof. See [6], chapter 11. o
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Denote
A(x;y) = ax’ +bxy +cy® +dx+ey+ f,a=0, A = b* —4ac.
By changing variables x=X+my=Y+n then A(x;y)=aX?+bXY +cY?+DX+EY+F where
D=2am+bn+d,E=2cn+bm+e,F=am® + bmn+cn® +dm+en+ f. It depends on A#0 or A=0 we can
choose m,n such that D=E=0 and A(x; y) transforms into one of the two types:

i) A(Xy)=ax’+bxy+cy’ +d;

ii) A (x;y)=ax’+by+c.
It is not difficult to give some conditions on a,b,c,d,e,f such that A(x;y)=0 for all x,y>0. However,
these conditions are very complicated. So, for simple, from now on, we only consider the cases of
A (x;y),A (x;y)=0 for all x,y>0.
For the case i: A(X; y) =ax’ +bxy +cy? +d . We now consider the case d>0. As in Lemma 1, to make

sure A(x;y)>0 for all xy>0 we need conditions: a,b,c,d>0 or a,c,d>0,b<0,4=b*—-4ac<O0.
Without loosing of generality we can assume d=1. Then,

n
F (XX Xy ) = D A DX, + X3, +1, (X, =X,
i=1

Theorem 2.6 Let a,b,c be real numbers such that a,c,d,a+b+c>0,4=b*—-4ac<0. For any real
positive number x;,X,,...,x, We have

F(xl,xz,...,xn)z\/(a+b+c)(znl X, jz +n?.

The equality occurs if and only if x, =X, =...=X,.
Proof. Since A<0, y>0. Applying Lemma 2 we have \ax? +bxX,,, +Cx’; +1> \Ii(axi +f%.4) +1.
Therefore,
F o> > J(ax + B, ) +1
i=1
n 2
> \/( ax; +ﬂxi+lj +(1+...+1)2
i=1

=1

floes7{8: o] o

- \/(a+b+c)(zn: xi]2+n2.

i=1

And we have the conclution. O
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Now, consider the case A>0, to estimate F, we need some more conditions on a,b,c and it becomes
very complicate if n>4. For n=2,3 we have results:

Proposition 2.7 i) If a,c>0,b>a+c then

Fz(x;y)s\/(a+b+c)(x+y)2 +4.

ii) If a,c>0,b>2a+2c then

F3(X;y;Z)S\/(a+b+C)(X+y+Z)2 +9.
The equality holds iff x=y in i), or x=y=z in ii).
Proof. i) We have

F(xy) =\/(ozx+/5'y)2 Jr;/(x—y)2 +1+\Il(ozy+/3x)2 Jr;/(y—x)2 +1

< \/2((ax+,8y)2 +(ay+Bx) +2y(x—y) + 2).
Moreover,
(a+B) (x+y) =2(ax+By) —2(Bx+ay) —4y(x-y)’
=(x=y)’(-a® +2aB-p* —4y)=(x-y) (-a+b-c)=0

since b>a+c. Hence,

Fz(x;y)s\/(oz+/5')2 (x+ y)2 +4 =\/(a+b+c)(x+ y)2 +4.
ii) Similarly,

F (X y)s\l/3((ax+ﬂy)2 +(ay+ﬂz)2 +(az +/3x)2 +yK +3).
where K =(x— y)2 +(y—z)2 +(z—x)2 >0. Noting that
(och,B)2 (x+y+ z)2 —3(ax+,6y)2 —3(ay+,Bz)2 -3(az +ﬂx)2 -3yK

(—a® +aB- B —3y)K =(—a+g—ch >0.

And from this we have the proof. O

We continue with the case ii) of the general problem: A(x;y):ax2 +by+c. In this case, we need
condition: a,b,c>0. If b=0, the problem have been considered, For the case a=0, it is easy to show that
Proposition 2.8 For b,c>0 we have

’bzn: X +C szn: Jox +c < ’nbzn: X, +n°c.
i=1 i=1 i=1

Thus we need only considering the case a,b>0:

Theorem 2.9 i) F,(x; y)z\/a(x+ y)2 +2b(x+y)+4c if b® —4ac<0.
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i=1

i) Fz\/%(z xi]2+bi§n1; X +¢+(n—1)c.

Proof. By changing variables again, we can assume that a=b=1. Then
i) By squaring

(\/x2 +yHC Ay +x+c)2—((x+y)2 +2(x+ y)+4c)

=2\/y2 +c+x\fx2 +C+Y—X—y—2C—2xy

and

(Z\fy2 +c+x\fx2 +c+y)2 —(x+y+2c+2xy)2

:(x—y)2(4c+4x+4y—1)20.

we obtain the result.
ii) We will show that \/§+\/52«/E+«fa+b—c for any non-negative number a,b,c with

c=min(a,b,c). Indeed, twice squaring reduces the inequality to (a—c)(b—c)>0. From this
inequality we have

n
2
F = > XX, +C

1
2 2 : 2
\/E+\/xl +X5 +X, + X, +C +Z JX X, +C
i=3

v

v

v
—
>
=
&
_I_
™M
>,
+
™
X
+
o

\Y
—
>
=
(@]
+
<|§§§
.
M:
X
5
_I_
M:
=
+
(@]

We have the proof. o

3. Cyclic inequality with power %

Let us consider the expression f (x,y)=ax’ +bx"y+cxy? +dy°. In case of a+b+c+d=0, we know that
there exists By such that ax’+bx’y+cxy” +dy® =(x—y)(ax’ +(a+b)xy—dy*). However, if

a+b+c+d#0 we have
Lemma 3.1 For a,b,c,d x,y are real numbers such that a+b~+c+d#0, there exist unique o,p,7,0 such
that the equality
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ax® +bx’y +cxy? +dy® :(ozx+ﬂy)3 +(yx+8y)(x— y)2 (3.1)
holds.
Proof. The right hand side of (3.1) is equal to

(ax+ py)’ +(5x3 +(5-2y)xy +(y—25)xy? +5y3).

Hence, by comparing the coefficients of both sides the equality of (3.1) we need to show that the
following system has a unique solution

a’+y=a
3a’B+5-2y=b
3af’+y-26=cC
p+o=d.
Indeed, by eliminating v, from the equations in (3.2) we easily get
a+p=%Ya+rb+c+d
(2a—ﬂ)(a+,b’)2 =b+2a-d
(2ﬂ—a)(a+ﬂ)2 =c+2d-a.

(3.2)

So we have

1( b+2a—dJ 3a+2b+c
a=—|D+ > = >
D 3D
1 c+2d-a) b+2c+3d
=—| D+ =
P 3( D? ) 3D?

where, for simplicity, we put D=3/a+b+c+d. From the firts and fourth equations of (3.2) we have
_(3a+2b+c ’ ]
3D? ’

3
5:d_(b+20+3dj |

(3.3)

3D?

The lemma is proved. O
We now want to establish a cyclic inequality between the function

n
_ 3/Av3 2 2 3
G= E \/axk +bXg X, +CX, Xy ,q +OXC,,
k=1

and the sum z X, for non-negative numbers x,,X,,...,X, with x_ ., =Xx,.

i=1
Theorem 3.2 Suppose for a,b,c,d be real numbers whose sum is different from 0, and
27a(a+b+c+d)’ >(3a+2b+c)’,27d(a+b+c+d) >(b+2c+3d)’ then
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n
G>%a+b+c+d) x,
k=1
for all x;,X,,...,x, 20 with x, =X, . We have the reverse inequality

G<¥a+b+c+d)’ x
k=1

27a(a+b+c+d)2 £(3a+2b+c)3,27d(a+b+c+d)2 S(b+20+3d)3.

Proof. The proof can be implied directly from the Lemma 3 by noting that with these assumptions we
have v,0>0. O
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