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Abstract: This paper presents an analytical approach to investigate the vibration and nonlinear
dynamic response of imperfect thin eccentrically stiffened functionally graded material (FGM)
plates in thermal environments using the classical plate theory, stress function and the Lekhnitsky
smeared stiffeners technique. Material properties are assumed to be temperature-dependent, and
two types of thermal condition are investigated: the uniform temperature rise; and the temperature
gradient through the thickness. Numerical results for vibration and nonlinear dynamic response of
the imperfect eccentrically stiffened FGM plates are obtained by the Runge-Kutta method. The
results show the influences of geometrical parameters, material properties, imperfections, eccentric
stiffeners, and temperature on the vibration and nonlinear dynamic response of FGM plates. The
numerical results in this paper are compared with the results reported in other publications.

Keywords: Vibration, nonlinear dynamic response, thin eccentrically stiffened FGM plates,
classical plate theory, thermal environments.

1. Introduction

Functionally graded materials (FGMs) are homogeneous composite and microscopic-scale
materials with the mechanical and thermal properties varying smoothly and continuously from one
surface to the other. Typically, these materials are made from a mixture of metal and ceramic, or a
combination of different metals by gradually varying the volume fraction of the constituent metals.
The properties of FGM plates are assumed to vary through the thickness of the structure. Due to their
high heat resistance, FGMs have many practical applications, such as use in reactor vessels, aircrafts,
space vehicles, defense industries, and other engineering structures.

Therefore, many investigations have been carried out on the dynamic and vibration response of
FGM plates. Woo et al. [1] investigated the nonlinear free vibration behavior of functionally graded
plates; and Wu et al. [2] published their results on the nonlinear static and dynamic analysis of
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functionally graded plates. Matsunaga [3] studied the free vibration and stability of FGM plates
according to a 2D high order deformation theory. Allahverdizadeh et al. [4] studied the nonlinear free
and forced vibration analysis of circular functionally graded plates. Alijani et al. [5] and Chorfi and
Houmat [6] studied the nonlinear vibration response of functionally graded doubly-curved shallow
shells. Kim [7] studied the geometrically nonlinear analysis of functionally graded material (FGM)
plates and shells using a four-node quasi-conforming shell element. Mollarazi et al. [8] studied
analysis of free vibration of functionally graded material (FGM) cylinders by a meshless method.
Jahanghiry et al. [9] have applied the stability analysis of FGM microgripper subjected to nonlinear
electrostatic and temperature variation loadings. Kamran Asemi et al. [10] have investigated the three-
dimensional natural frequency analysis of anisotropic functionally graded annular sector plates resting
on elastic foundations.

To date, the dynamic analysis of FGM plates with temperature-dependent material properties has
received much attention from researchers. Huang and Shen [11] studied the vibration and dynamic
response of FGM plates in thermal environments and the material properties are assumed to be
temperature-dependent. Kim [12] studied the temperature-dependent vibration analysis of functionally
graded rectangular plates by the finite element method, and the Rayleigh-Ritz procedure was applied
to obtain the frequency equation. Fakhari and Ohadi [13] studied the nonlinear vibration control of
functionally graded plates with piezoelectric layers in thermal environments using the finite element
method. In their study, the material properties of FGMs have also been assumed to be temperature-
dependent and graded in the thickness direction according to a simple power law distribution in terms
of the volume fractions of the constituents. We should mention that all the above results have been
investigated under higher order shear deformation theory using the displacement functions.

FGM plates, like other composite structures, are usually reinforced by stiffening members to
provide the benefit of added load-carrying static and dynamic capability with a relatively small
additional weight penalty. Investigation of the static and dynamic capability of eccentrically stiffened
FGM structures has received comparatively little attention. Bich et al. studied the nonlinear post-
buckling and dynamic response of eccentrically stiffened functionally graded plates [14] and panels
[15]. Duc [16] investigated the nonlinear dynamic response of imperfect eccentrically stiffened
doubly-curved FGM shallow shells on elastic foundations. It is noted that in all the publications
mentioned above [14, 15, 16], the eccentrically stiffened FGM plates and shells are considered without
temperature. Duc et al. [17, 18] investigated the nonlinear static post-buckling of imperfect
eccentrically stiffened FGM doubly-curved shallow shells and plates resting on elastic foundations in
thermal environments. Bich et al. [19] investigated the nonlinear vibration of imperfect eccentrically
stiffened FGM doubly-curved shallow shells using the first order shear deformation theory. Quan et al.
[20] investigated the nonlinear dynamic analysis and vibration of shear deformable eccentrically
stiffened S-FGM cylindrical panels. Duc and Cong [21] studied the nonlinear dynamic response of
imperfect FGM plates, and Duc and Quan [22] studied doubly-curved shallow shells. In the two
studies, stiffeners had not been used, and the study by Duc and Cong [21] did not mention
temperature-dependence. Recently, Duc et al., [23] studied the nonlinear stability of shear deformable
eccentrically stiffened functionally graded plates on elastic foundations with temperature-dependent
properties. There are no publications on the vibration and nonlinear dynamic response of FGM plates
reinforced with eccentric stiffeners under temperature. The most difficult part in this type of
problem is to calculate the thermal mechanism of FGM plates as well as eccentric stiffeners under
thermal loads.

This paper presents an analytical approach to investigate the vibration and nonlinear dynamic
response of imperfect eccentrically stiffened FGM plates with temperature-dependent material
properties in thermal environments using classical plate theory, the Lekhnitsky smeared stiffeners
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technique and Bubnov-Galerkin method. The study also analysed the effect of temperature,
imperfection, geometrical parameters, and volume fraction on the vibration and nonlinear dynamic
response of imperfect eccentrically stiffened FGM plates.

2. Rectangular eccentrically stiffened FGM plate (ES-FGM)

Consider a rectangular ES-FGM plate of length a , width b and thickness /. A coordinate system
(x, y,z) is chosen so that the (x, y) plane is on the middle surface of the plate and the z-axis is the

thickness direction
(—h/2<z<h/2),as shown in Fig 1.

Fig. 1. Geometry and coordinate system of an eccentrically stiffened FGM plate.

The effective properties, modulus of elasticity E, mass density p, coefficient of thermal

expansion &, and the coefficient of thermal conduction K of the FGM plate can be written as follows
[17, 18, 24]:

[E(z,T),p(z.T),a(z,T),K(z,T)| =[E, (T), p, (T)., (T),K, (T)]

2z+hjk (1)
2h

+[E,, (), p,, (D)@, (T).K., <T>][

in which the Poisson’s ratio is assumed constant (V = const ) ,

E,[T)=E(T)-ET),p,[T)=p.(T)-p,T),
., =a()-a,T), K, (T)=K(T)-K,(T)

cm

and h is the thickness of the plate; 0<k <oo is the volume fraction index; and mand ¢ denote
metal and ceramic constituents, respectively.

Young’s modulus of elasticity E, thermal expansion coefficient &, coefficient of heat transfer
K , and mass density QO can be expressed as a function of temperature, as [24]:

Pr=PR(P.T"+1+PT' +PT* + PT") 2)
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where T =T,+AT(z), T, is room temperature; and F,P,,R,P,,P, are coefficients and

dependent only on the constitutent material. For brevity, this paper will denote T-D for the
temperature-dependent case, and T-ID for the temperature-independent case.

3. Governing equations

Using classical plate theory for thin plates and geometrical nonlinear cases, the strains at the
middle surface and curvatures are related to the displacement components u,V,Win the X,y,Z

coordinate directions as [24]:

ou I(GWJZ
_+_ —_—
ox 2\ ox
8}? 2 kx _W)cx
0 ov 1w ’
g)‘ - $+E g ’ k)' = Wy (3)
k. -
" o v awaw | V) L
dy Ox Ox dy

The strains across the plate thickness at a distance z from the mid-surface are:

k)(
g, |=| & |t2z| kK, 4)
;/xy y)?y 2kxy

The strains from Eq. (3) must be relative in the deformation compatibility equation:

d’e! N d’e] 9%y, _d’w d’wdw

= o

(=1

- = — 5
dy>  ox> oxdy oxdy ox° 9y’ ©)
Hooke’s law for a plate, including the thermal effects, is:
(07.07) :&’Tz)[(ex,q) +v(e,.e,) - 1+V)a(z,T)AT (2)(1,D)] (6)
. —v .
) EGT)
Vo214 v) Y
and for the stiffeners [24] is:
st st E
(0,,0,)=E\(€,,€,)— - 201/ o,(T)AT (L) (7

0
Where AT is the temperature rise in the plate, and AT =AT(z) in the general case. E(z,T) and
a(z,T) are defined by Eq. (2). E,(T) and ¢, (T) are Young’s modulus and the thermal expansion
coefficient of stiffeners. The FGM plate reinforced by eccentric longitudinal and transverse stiffeners
is shown in Fig.1. E; is the elasticity modulus in the axial direction of the corresponding stiffener,

which is assumed to be identical for both types of longitudinal and transverse stiffeners. In order to
provide continuity between the plate and stiffeners, it is assumed that the stiffeners are made of full
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metal (E,=E, ) if putting them at the metal-rich side of the plate, and conversely, full ceramic
stiffeners (E, = E_) at the ceramic-rich side of the plate.

The contribution of stiffeners can be accounted for using the Lekhnitsky smeared stiffeners
technique. Then integrating the stress-strain equations and their moments through the thickness of the
plate, the expressions for force and moment resultants of an eccentrically stiffened FGM plate are
obtained [24]:

Ey A
N, =(P,+ “S )e) + Pog) +(J,, + Fk, +J,k, +@,

1

TAT

N, =Pl +(Py +—2)e) + J ok, + (U, + B Dk, + P,

2
ny = P66 7)(:)' + 2J66k,x)'
(8a)

ETIT
M, =, +F)e) +J,& +(H, +—)k, +H .k +P,

1

E/T!
M, =J,€ +(J,, + F)e) + Hpyk +(H,, +—2)k, +P,
: ) g

2

- J66 70 + 2H66kxy

where:
E Ev E
T
— — E2 — E2V — E2
=le =T e =1 7 2(1+v)
E Eyv E
Hu Hn:ﬁ’ 12:1—31/2’ 66=2(1Jiv)
2 E(2)a(2)AT
cpl:_ji (2)a(z) (Z)dZ
1-v (8b)

o, = fh E(z)a(z)zmz)

2
E = {E Tyt BT )}h’ =B
k+1 2k + 1)k +2)
_| E.(D) 1 1 3
E3‘[ 12 +E"”(T)(k+3 k+2+4k+4)}h’
_dl (W) T dT(hz)3 T, T2
T T T\2 I +A
1= AT, AL ()
FT_EOAszlT FT_E0A2TZ2
1 = T > f2 T T
S )
ey Ly
z el 4 b th

2 7 2
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in which

dl =d,(1+a,AT(2)),di =d,(1+a,AT(2)),
7 =71+, AT(2)), 2, =2,(1+ @, AT(2)), )
s; =s,(1+ @, AT(2)),s3 =s,(1+ @, AT(2))

where s,,s, are the spacings of the longitudinal and transverse stiffeners; /,,1,,z,,z, are the

second moments of the cross-section areas and the eccentricities of the stiffeners with respect to the
middle surface of the plate, respectively; and the width and thickness of the longitudinal and
transverse stiffeners are denoted by d,,h and d,,h,, respectively. The quantities A, A, are the cross-

sectional areas of the stiffeners.

The nonlinear motion equation of the ES-FGM plate based on classical plate theory with Volmir’s
2

assumption [25] y << w,v << w, p‘?)Tl; -0, p 9% _,0 1s given by:

o

ON. N,

x Xy :0
ox " dy
N, oN,
ox " dy =0 (10)
M. M M, 9w 9w 9w *w

L42—2 L+ N ——+2N N —5+d=p—>
W amdy oy o T Megngy gy ThTAGA
where:

p.—P A A
= + =2 \h+p,| —+—
p] (pm k+1 j po( 1T S;

From Eq. (8a), reversely calculate to obtained

= [)Z*ZN): - E;Ny + ‘]l*lw,xx + ‘]l;kZW,yy - (132; - R; )q)l

y :Pley _PIZNX +‘]2klw,)cx +J;2W,yy _(PII _Pl;)q)l (11)
72\) = P6*6N)cy + ZJ:GW,xy

0
X
0

£

with
.1 E A . 1 E A .
R, =Z(Pn +O_Tl)’ P, =X(P22 +(;_2T); R, =

1

ETAT ET T
A= (B, + LBy 4202 - R
i 5
‘]l*l =P;2(J22+FlT)_P12J21’

*

I :Plj(‘lzz"'FzT)_PlZJW

*

Ji :P;ZJIZ _E;(‘,zz +F2T)a

*

Iy :Plj‘llz _PIZ(‘,II +ET)’
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Considering the first two equations of Egs. (10), a stress function ¢ may be defined as:

’p @ R
N, = * N, =25N, 3 (12)

Substituting Eq. (12) into Eq. (11) and substituting the result obtained into the third equation of
Egs. (10) leads to:

. 9* 0 o Lo'w L dtw d*'w
J21$?+J128?+(J“+J22 2J )a 25)2_1—]11 o _sza 4 (H12+H +4H66) 23 2
0w 0w 9’w o’w (13)
+N +2N +N, —+q,=p—5
o o akay oy TG

where:

Ej I . :
H11 H11+ s _(J11+F1 )J11_J12]21
1

. El 1] . .
H22:H22+ S J12J12_(‘]22+FZ )JZZ

2

Hl*z =H,, -}, +F1T)J1*2 —112152

H; =H, _J12J1*1 —(Jy +F2T)J;1

ng =Hg _‘I66‘,Z6

For the initial imperfect ES-FGM plate, the motion equation is modified into the form:

‘I;IQxxxx + J:;nyyy + (Jl*l + ‘];2 - zjgé)q),xxyy - H{klw,x_x_x_x - H;2W,yyyy - (H;2 + H;l + 4H;6)W
# * * 82W
+9,, (w’xx + w’m)—Z(p,xy (w,xy + w,xy)+ [ (w’yy + w’yy)+ q0 =P, _at2 (14

where w'(x,y) denotes a known small imperfection of the initial shape of the plate. Therefore, the
deformation compatibility equation of imperfect ES-FGM plates is modified to the following form:

re) 0 0, :[ Ow j _Owdw L Pw W Fwdw Pwdw

- - 15
dy>  ox>  oxdy | 0xdy ox*> 9y’ oxdy dxdy ox> 9y’  dy> ox’ (15)
Substituting Eqgs. (11) and (12) into Eq. (15) leads to:
Pl*lgxxxx + P2*2¢,yyyy + (P6*6 - 2Plz)¢,xxyy + J;lw,xxxx + JI*ZW,yyyy + (‘Il*l + ‘I;Z - 2J;6)W,xxyy (]6)

W’xy w,xxw,yy W,xyW’xy w,xxw,yy w’ww’m =

Egs. (14) and (16) (with coefficients J2I,J12,JH, Huasz’ PH,PZZ,...,which are explicit
temperature-dependent) are used to investigate the nonlinear and dynamic stability of ES-FGM in
thermal environments with temperature-dependent material properties. They are two nonlinear
equations of two variable unknowns, w and @.
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4. Solution of the governing equations

N

X!

We consider a simply supported ES-FGM imperfect plate subject to in-plane compressive loads of

o and Ny, and uniformly distributed pressure of intensity g, . In this case, the boundary conditions
are:

w=u=M =0,N =N_, at x=0,a

W=V=My=0,Ny=Ny0 at y=0,b a7

The approximate solutions of Egs. (14) and (16) satisfying the mentioned conditions in Eq. (17)
are chosen in the following form:
(w,w*)=(f(t),f0)sin/lmxsin5ny (18)
@=Acos24 x+ A, cos20,y+ A sind xsind,y+ A,cosA, xcosd,y + ! N,y + ! N

in which A =mm/a o6,=nm/b; f(t) is the total amplitude of the ES-FGM plate; m and n are

the half-wave numbers along the x-axis and the y-axis, respectively; and f,

, ; denotes the initial
imperfection of the ES-FGM plate.
Setting Egs. (18) into Eq. (16) and solving for the unknown function ¢, we obtain
52 /12
+2

A = le/i;: + ‘11*25: + (Jl*l + Jzz — 2"66)/1)315)12 f
’ P\n+ PoS, + (P —2R) A28,

A, =0.

Substituting Eqs. (18) into Eq. (14) and applying the Galerkin method, we obtain the result

@ p o+ Il WP F(F+1)

l’g’”jf Hontty G f(f+2f0) DN A+ N o)1+ 1) (19)
L (f4 L)+ 2) =

with
P =P\ A+ P,0, + (P —2B,) .0,
J =D 40500+ (U] + 05 =20 )ASO!
H =H A +H,,0! +(H,,+ Hy +4H )15
Y SR AR 52 z
G =2 2 L= *, =1-(-D",u =1—-(-1)",mn=12,...

A clamped ES-FGM plate with an immovable edge under simultaneous action of uniformly
distributed pressure of intensity ¢, and thermal loads (in a uniform temperature rise environment or
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the temperature gradient through the thickness) is considered. The in-plane condition on immovability
at all edges, i.e. u=0 at x=0,a and v=0 at y=0,b, is fulfilled in an average sense as [26]:

j j 5 dxdy =0, ”—dydx 0 20)

From Egs. (3), (11) and (12) including the imperfect shape of the plate, we can obtain the relations
below:

ou ¢ .9 .Ow  .Ow .. . 1(ow) owow'

a_x:P22 oy’ — ox’ *Ju ox” o oy’ _(PZZ_RZ)CDI_E ox ) ox ox

v e e L dw L dw . . Ifdw) owaw' @D

—=Fh ?_Rz (20""]22 >+t —= (P —B)® —Z| = | ~5 =

dy ox dy dy ox dy dy dy

Substituting Eqgs. (18) into Eqgs. (21), and substituting the expression obtained into Eqs. (20) leads

to:
No=0 4 (B2 4B (1 421,)
e umuné[Jf;a’jJrJ;gg_c* 113:}“,;:2 o P ;Jﬂpmf
Ny =0 4L (P2 Pa8) ( +21,) 22)
et {JZIPZZH“PQ c }w 2P ;anzz f

. * _ k. k. _ *2
where: C' =F P, - F,,

5. Vibration analysis

Suppose that an ES-FGM plate is acted on by a uniformly distributed excited transverse load
qo = Q, sin(£2¢) . Substituting Eq. (22) into Eq. (19) to have:

M O +M, fO+M(f(O+ f)+ My f @O O+ f)+ M f O @©)+2£,)

(23)
+M f OO+ f)(f O+2f,) =M

where:
M ——bpl,
:ab J*2 H):
(cp,%z ab q>52ab)
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M, = — [lepzz

’ ab P mb C*
LJ' Slan IR, + TP,

2mnmp, p, J° /7,2an 1 oow o wJT | AbmJ B +J, B, &.bm
leel"‘]zzez_c_* 2+
P an ol an

+J P, —-C p
11712 ] mb C
M4 :l ml’lﬂ' ﬂn‘lﬂﬂ G*
6 ab
M= 1 m’n’r’ I Alab(P A’ +P, 52) d.ab PyA’ + P,5;
ST 64 ab 32C" 32 c

Mg =q, a—bzlum,un
mnmw

Denote: M; =—=
Dividing both sides of Equation (23) by M , we have:

FO+Mf@)+My(f @)+ fo)+ My f (O O+ fo)+ Mof O (0)+2,) 24

M f (O O+ f)f (O+2f,) =M
inwhich M° =i (12123 .45.6)

M

Eq. (24) is the governing equation with temperature-dependent coefficients to investigate the
nonlinear dynamic response of the eccentrically stiffened FGM plate in thermal environments. The
nonlinear dynamic response can be obtained by solving Eq. (24) if the initial conditions are assumed

as f(0)=0, f(0) =0and using the Runge-Kutta method. In the free and linear vibration case, Eq. (24)
becomes:

FO+M +M;)f(0)=0 (25)
and the fundamental frequencies of natural vibration of the ES-FGM can be determined by:
=M, +M,

The equation of nonlinear free vibration of a perfect plate has the form:
F@O+M]+M) 1)+ M+ M) [0 +Mf(0)=0 (26)

To  determine the nonlinear vibration frequency of the ES-FGM plate,
represent f(¢) =W cos(wt) and use a procedure like the Galerkin method for Eq. (26) to obtain:

3M; 5 8(M,+M,)
N E 27
P 1/ 3707 v) 27)

In which @, is the nonlinear vibration frequency and ¥/ is the amplitude of nonlinear vibration.

w,, =, (1+
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5.1. Uniform temperature rise

In this case, the temperature of the plate is assumed to be uniform, raised from the initial
temperature 7; (at which the plate is thermal stress free), to the final temperature 7y and the

temperature change AT =T, —T,. Ignoring the heat transfer through the thickness of the ES-FGM
plate, from Eq. (8b) we get:

PhAT

I-v

P, =-

1

(28)

where: AT =const and P=E o +E'”a"”+E””a’” Eo 2,

e k+1 2k+1

5.2. Through the thickness temperature gradient

In the case where the temperature gradient of the ES-FGM plate is changed through the thickness
of the plate, the temperature at the ceramic-rich surface is very high compared to the temperature at
the metal-rich surface. By using the one-dimensional Fourier equation, the heat transfer equation
through the thickness of the plate can be obtained as:

d
[K(z)—} 0,T(z=h/2)=T.T(z=-h/2)=T, (29)
dz dz

In which 7,,,T, are the temperature at the metal-rich surface and ceramic-rich surface,

respectively. The solutions of Eq. (29) can be found in terms of polynomial series, and the first seven
terms of this series gives the following approximation:

s (-x'K,,, 1 K,,)"
. k +1
T(z)=T, +AT—22 P (30)
ZS: -K, /K,)
=~  pk+1
where: k= 22+h,AT =T -T,
Substituting Eq. (30) into Eq. (8b) gives:
LhAT
P, =- (31)
1-v
i (_KLm / K)n )p Em aﬂ’l Ema’,cm + Ecma’,m Eunacm
) pk +1 pk+2 (p+Dk+2 (p+2)k+2
where: L=
25: -k, /K,)"
=0 pk +1
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6. Numerical results and discussions

In this section, we consider the nonlinear dynamic response of the ES-FGM plates to illustrate the
effects of temperature gradient on the properties and vibration response of the ES-FGM plate.
Information on the properties of the FGM is given in Table 1, and a Poisson’s ratio of 0.3 is chosen for
simplicity. The temperature change between the two surfaces is assumed to be constant for simplicity
in numerical calculation (AT =T -T ).

Table 1. Material properties of the constituent materials of the considered FGM plate [27]

Material Property Py P, P, P, P;
E(Pa) 348.43¢9 0 -3.70e-4 2.160e-7 -8.946e-11
P (kg/m’) 2370 0 0 0 0

SisNy

(Ceramic) Ol(Kfl) 5.8723e-6 0 9.095e-4 0 0
k(W /mK) 13.723 0 0 0 0
E(Pa) 201.04¢9 0 3.079e-4  -6.534e-7 0

kg/m’ 8166 0 0 0 0

SUS304 p (kgfmry

(Metal) (K™ 12.330e-6 0 8.086e-4 0 0
k(W/mK) 15379 0 0 0 0

Table 2. The fundamental frequencies of natural vibration (J; (rad/s) of the ES-FGM plates

wy,

[:m’ ﬂ) k T-D T-ID
1 916.4 886.1

5 835.3 806.5

) 10 819.7 791.2
1345.7 1290.8
5 12354 1184.2
(L,2) 10 1213.8 1163.2
1641.0 1566.9
5 1513.1 14447
(2,2) 10 1488.0 14204
1 1584.5 1480.3
1487.0 13934
1,3) 10 1466.0 1374.0
1 1803.2 1683.6
1695.0 1587.9

(2,3) 10 1672.1 1567.0
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The information in Table 2 is calculated with the following geometric parameters:
h=0.008 (m), §; =0.15 (m), 5, =0.15 (m), h, =0.015(m), i, =0.015 (m), b, =0.015 (m),
b, =0.015 (m), a=15 (m), b=15 (m).

Table 2 shows the influence of the numbers (72,7) and volume fraction kK on the fundamental
frequency of vibration in the two cases of T-D and T-ID. It shows that the increasing numbers ( 171,71 )
leads to an increase in the frequency of free vibration. Inversely, the larger the volume fraction k is,

the smaller the vibration frequencies are. The ES-FGM plates with T-D have free vibration
frequencies larger than ones with T-ID.

P.

aluminum and alumina in the case of T-D and uniform temperature rise. The result in this case is
compared with Matsunaga [3], Bich et al. [15], Alijjani et al. [5] and Chorfi and Houmat [6] when
R,R_,R, — oo (FGM plates). Table 3 shows that the results in this paper have great agreement with the

for

Table 3 presents the calculations of fundamental frequencies parameter @w=w,h

results of these abovementioned authors.

Table 3. Comparison of fundamental frequency parameters with the results reported by Matsunaga [3], Bich et
al. [15], Alijani et al. [5], and Chorfi and Houmat [6]

k Present Matsunaga [3] 1[311%] ctal Alijjani et al. [5] Slg?liia??g]
0 0.0536 0.0588 0.0597 0.0597 0.0577
0.5 0.0384 0.0492 0.0506 0.0506 0.0490
1 0.0340 0.0430 0.0456 0.0456 0.0442
4 0.0286 0.0381 0.0396 0.0396 0.0383
10 0.0268 0.0364 0.0381 0.0380 0.0366

Figs. 2-5 illustrate the effects of geometric parameter fraction b/h on the nonlinear dynamic
response of the ES-FGM plate in four cases:
casel:T —ID,AT =const; case2:T —ID,AT =AT(z),
case3: T — D,AT =const, cased:T —D,AT =AT(z), and
T. =400(K),T,, =300(K),T, =300(K),AT = const =100(K),k =1

The effects of the b/ h ratio on the nonlinear dynamic response of ES-FGM plates in the four
temperature cases were considered. As we can see, when increasing the ratio of b/ h, the vibration
amplitude increases. These figures show us that the effect of uniform temperature rise is stronger than
that of the temperature gradient through the thickness. So, the plate in the case of AT =AT(z) will
vibrate with smaller amplitude in both the T-ID and T-D cases. Therefore, the plate will take thermal
load better than the case through the thickness temperature gradient (in both T-D and T-ID cases).
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Figs. 6-9 consider the influence of temperature on the nonlinear dynamic response
forT,, =300(K), T, =300(K ), k =1, Q =5000(N / m*), Q =1000(rad / s) with (T — ID,AT = const),
(T —ID,AT = AT (2)), (T — D,AT =const),(T — D,AT = AT(z)), respectively.

It is easy to see that whenever the temperature increases, the amplitude of vibration also increases.
Similar to the case of uniform temperature rise, the vibration of the ES-FGM is larger than the
temperature change through the thickness case. Furthermore, if we compare the T-D case with the T-
ID case, we show that if properties of the plate are temperature-dependent, the plate will vibrate more
strongly than the case where the properties are temperature-independent.

"o 0005 00 005 002 0025 003 0035 004 0045 005
ts)

4 L L L L L i i I L
0 o005 001 0015 002 0025 003 0035 0 0045 005
1is)

Fig. 2. Effect of b/ h on nonlinear dynamic Fig. 3. Effect of b/ h on nonlinear ~ dynamic
response of ES-FGM plate in case (T- response of ES-FGM plate in case (T-
ID, AT = const ) ID,AT =AT(z))
me* | —— b= e bih=20 | X100 [——wn=0 - o]
4t r
0.5
2} : k
E 0
Eo . }
) 05k
2
Ak
4

A8 ) . . L . ) . L L
0 0005 001 0015 002 0025 003 0035 004 0045 005

i(s)

0 0005 001 0095 002 0025 003 003% 008 0045 005
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Fig. 4. Effect of b/ h on nonlinear Fig. 5. Effect of b/ h onnonlinear
dynamic response of ES-FGM plate (T- dynamic of ES-FGM plate (T-D, AT = AT(z) )
D, AT =const )
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Fig. 8. Temperature-dependent nonlinear dynamic
response with T — D, AT = const .
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nonlinear response of the plate
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Fig. 9. Temperature-dependent nonlinear dynamic

response withT — D,AT = AT (z)

Figs. 10-13 describe the nonlinear vibration of the ES FGM plates depending on initial
imperfection of the plates. Obviously, the amplitude of vibration will increase and lose stability if the
initial imperfection increases. These figures below are considered in four cases:

(T — ID,AT = const),(T — ID,AT = AT (z)), (T —D,AT = const),(T —D,AT = AT(z))

with parameters of the plate of:
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k=1,T. =400(K), T, =300(K), T, =300(K ), AT =100(K),
Q, =5000(N / m*), Q=1000(rad / s)
a |—fu=ﬂ ceeeee fE =5 — fu=30r5| P ‘—fuﬂl crveeee fE e = =305

x10

25
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fiimi)
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Fig. 10. Impact of initial imperfection on nonlinear Fig. 11. Impact of initial imperfection on nonlinear
response of the plate (T —ID,AT =const) response of the plate (T'—ID,AT = AT (z))
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Fig. 12. Impact of initial imperfection on nonlinear Fig. 13. Impact of initial imperfection on nonlinear

response of the plate (T'— D, AT = const) response of the plate (T'— D,AT = AT (2))
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Figs. 14 and 15 show us the influence of volume fraction on the nonlinear dynamic response of the
ES-FGM plate. As the volume fraction increases, the nonlinear response amplitude increases as a

result. This is explained by the fact that the increase of volume fraction Kk makes the ceramic
component decrease, while the Young’s modulus of ceramic is greater than that for metal.
Computations have been carried out for the following material and parameters of the plate:

k=1,T. =400(K),T,, =300(K),T, =300(K),AT =100(K),Q, =5000(N / m*); 2 =1000(rad / s)

4 &
1 —— k1 == k5 10° R ——
il i S S e
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Fig. 14. Volume fraction-nonlinear vibration Fig. 15. Volume fraction-nonlinear amplitude relation
amplitude relation with T'— D, AT = const with T — D,AT = AT (2)

In Fig. 16 and Fig. 17, the relationship of frequency-amplitude of nonlinear free vibration of the
plate (obtained from Eq. 27)) will be represented with

(m,n)=(1,1),AT =50(K),AT =100(K),k =1,k=5 in the uniform temperature rise case and

(m,n)=(1),T, =300(K), T. =350(K),T. =450(K),k =1,k =5 in the through the thickness
temperature rise case.

‘ f ad | 5)
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Fig. 16. Frequency-amplitude relation Fig. 17. Frequency-amplitude relation with

withT — D, AT = const T -D,AT =AT(z)
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Fig. 18. Effect of amplitude QO on nonlinear Fig. 19. Effect of amplitude QO on nonlinear response
response with 7 — D, AT = const withT — D, AT =AT(2)

The effect of amplitude Q0 of uniformly distribution load g, on the nonlinear response of the ES-

FGM plate is illustrated in Figs. 18 and 19. The calculations in Figs. 18 and 19 are performed with
parameters:

k=1,T,=300(K), T, =400(K), T,, =300(K ), AT =100(K), =1000(rad / s)

7. Concluding remarks

The vibration and nonlinear dynamic response of the thin ES-FGM plate in thermal environments
are investigated in this paper. From the obtained results, we can conclude that:

- the stiffeners strongly enhance the mechanical and thermal load-carrying capacity of the FGM
plate

- the mechanical and thermal load-carrying capacity of the FGM plate in the T-ID case is better
than the plate in the T-D case

- the effect of uniform temperature rise is stronger than the effect of through the thickness
temperature gradient. So, the plate in the case of AT =AT(z) will vibrate with smaller amplitude in

both T-ID and T-D cases

- the initial imperfection, volume fraction index, geometrical parameters and temperature have a
strong effect on the nonlinear dynamic response and nonlinear vibration of the ES-FGM plates.
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