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Abstract: In 2007, N. H. Du and L. H. Tien [1] shown that the exponential stability of the linear
equation on time scales implies the exponential stability of the suitable small enough Lipchitz
perturbed equation. In this paper, we shall prove that if the perturbation is arbitrary small order 1
then the above argument is not true which is called Perron effect.
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1. Introduction and preliminaries

Theory of dynamic equations on time scales was introduced by Stefan Hilger [2] in order to unify
and extend results of differential equations, difference equations, g-difference equations, etc. There are
many works concerned with the stability of dynamic equations on time scales such as exponential
stability (see [3-5]); dichotomies of dynamic equations (see [6]).

In this paper, we want to go further in the stability of dynamic equations. More precisely, we show
that the exponential stability of the linear equation on time scales does not imply the exponential
stability of the small enough Lipchitz perturbed equation if the perturbation is arbitrary small order 1
which is called Perron effect. Moreover, our results are different from examples of Perron type in both
continuous and discrete cases (see [7-9]).

We now introduce some basic concepts of time scales, which can be found in [10, 11]. A time
scale T is defined as a nonempty closed subset of the real numbers. Define the forward jump operator
o:T—T is defined by o(t)=inf{seT:s>t} and the graininess function z(t)=o(t)—t for any
teT. In the following discussion, the time scale T is assumed to be unbounded above and below.
We have the following several basis definitions (see [10, 11]).
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Definition 1.1. Let A be an mxn matrix-valued function on T . We say that A is rd-continuous
on T if each entry of A is rd-continuous on T, and the class of all such rd-continuous mxn matrix-
valued funtions on T is denoted by

Crd = Crd (T) = Crd (T’Rmxn)'

We say that Ais differentiable on T provided each entry of A is differentiable on T, and in this
case we put

A’ =(a

i )1sism,lsjsn,

where A=(a,;)

1<ismi<j<n

Definition 1.2 (Regressivity). An nxn matrix-valued function A on a time scale T is called
regressive (with respect to T') provided

I +u(t)A(t) is invertible for all t € T*,

and the class of all such regressive function is denoted
R=R(T)=R(T,R"").

Throughout this paper we only consider A(t)e R NC,,.

Definition 1.2. Assume A and B are regressive nxn matrix-valued functions on T . Then we
define A®B by

(A®B)(t)=A(t)+B(t)+(t)A(t)B(t) forall teT",
and we define ©A by

(OA)(t)=—A)[I +u(t)A(t)] " forall teT".
Remark 1.1. (R(T,R”*“),@) is a group.

Definition 1.4 (Matrix Exponential Function). Let t, €T and assume that AeR is an
nx nmatrix-valued function. The unigue matrix-value solution of the IVP

xT=AX, x(t)=1, 1)
where | denotes as usual the nxn identity matrix, is called the matrix exponential function (at
t,), and it is denoted by e,(.t, ).

We collect some fundamental properties of the exponential function on time scales.
Theorem 1.1 (see [10]). If A,B R are matrix-valued function on T, then

(i) &(t,s)=1 and e,(tt)=1,
(i) ey (o(t),s)=(1 + u(t)A(t))eL(t.s),
(iii) e,(t.5)=[e ()] " =[e ()]

(iV) ex(t,5)ea(s.7) =8,5(1,7),
(v) e (t,s)eg(t,s)=e,ep(t,s) if e,(t,s) and B(t) commute.
If n=1, one have the equivalent definition of the exponential function on time scales by
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t
ep(t,s)=exp{j £ p(r»m}
with
gh(z)zlimlog(“uz): z !f h:O.
uVh u log(1+hz)/h if h=0
Forany peR(T,R) and s,teT, where log is principal logarithm. It is easy that with ze R,
the inverse transformation of &, is given by

"1 z if h=0

- %(em—l) if h=0'

&'(2)=lim

We refer [10] and [11] for more information on analysis on time scales. From now on, we fix a
t,eT, t,>1 and denote T" :=[t,,+o0) with the graininess of underlying time scale is bounded on

T*, i.e., M =supu(t)<oo. Besides, considered time scales are always upper unbounded, i.e., for all
teT*

ne NV, thereexists t, €T, t >n. We consider a dynamic equation on time scale T

x(t)=F(t,x), teT", (2)

where F(t,x): T"xR" — R" is rd-continuous in the first variable with F(t,0)=0. We also
suppose that F satisfies all conditions such that (2) has a unique solution x(t) with x(t,)=Xx, on
[t,,+).

The following definition is a concept of exponential stability as in [1].

Definition 1.5.

(i) The solution x=0 of Eq. (2) is said to be exponentially stable if there exists a positive constant
a with —a e R" such that for every 7 eT", there exists N =N(z)>1 such that the solution of (2)
through (z,x(7)) satisfies

I X()IEN[Ix(z)]le (t,z) forallt>zteT".

(i) The solution x=0 of Eq. (2) is said to be uniformly exponentially stable if it is exponentially
stable and constant N can be chosen independently of 7 T .

We now consider the perturbed equation of equation (1)

xA(t)=A(t)x(t)+ f(t,x), teT", (3)

where f(t,x):T"xR" — R" is rd-continuous in the first argument with f(t,0)=0.

The following theorem is well known, due to Du and Tien et all. [1]

Theorem 1.2. If the following conditions are satisfied

(i) Equation (1) is exponentially stable with constants & and N,

@i) ] f(t,x)|g L] x|| forall teT",

(ilf) «—NL >0,
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then the solution x=0 of Eq. (3) is exponentially stable.

We have a natural gquestion that How the previous theorem is? if the conditions (ii) and (iii) of
previous theorem are replaced by arbitrary small order 1 property where perturbation, say f(t,x), is

called arbitrary small order « if
lim LN
=0 | x]|
Denote s(t)=tsinlogt; a, M and b are positive constants satisfies b< 2,
s(2+s) _
H(M)<2a<ﬁ with H(M)=lim& =% (4)

s—>M S
Remark 1.2. It is easy to check that H(M )>2"2 forall M €[0,+x).

With previous conditions, we now give the main theorems in this paper which is the answer of the
guestion.

Theorem 1.3. The trivial solution of the linear equation

X, =((ab)o(2a))x,
{Xé‘ =&, (s (1) O(2a)]x,
is exponential stable.
Consider the perturbed equation

{Xf‘ =((ab)o(2a))x,
X' = [ £, (5" (1) O(2a)]x, +abx, + u(t)ab[ £,¢,)(s*(1) O(2a)]x, + %7
The following theorem is Perron effect for the exponential stability of the linear equation on time
scales with a perturbation are arbitrary small order 1.
Theorem 1.4. The trivial solution of Eq. (6) is not exponential stable.
It also should be noticed that in the case T =& then the pair of equations (5) and (6) become

X, =a(b-2)x, and X, =a(b-2)x,
X, =[s'(t)-2a]x, X, = [s'(t)-2a]x, +abx, + X,
with a, b satisfy 1<a<1/(2-b), which is the differential example of the Perron's one (see [7,

8]). Besides, we also obtain the differential example in the difference case of N. V. Kuznetsov, G. A.
Leonov ([9]) as the following pair

ab+1
Xl(n+1)=1+2a><1(n)

exp(s(n+1)—s(n))
1+2a

()

(6)

x(n+1)= x(n)

and
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ab+1
x.(n
1+2a (1)

b+1)exp(s(n+1)—s(n))
1+2a

with a, b satisfy (e -1)/2<a<1/(2-b).

x(n+1)=

xz(n+1)=(a X,(n)+abx,(n)+x,(n+1)

2. Proof of main theorems

This section is devoted to the proof of Theorem 1.3 and 1.4. We shall present these proof in two
subsection.

Proof of Theorem 1.3. We first consider the solution x(t) of Eq. (5) with initial condition
(x,(t,),0), x(t,)=0. Then x has the form

X(t):(e(ab) ;(2a)(tvto X.(t),0).
It is clear that

IX| = €aycon)(tilo ) X))

=exp{ju lim —Iog(1+((ab)©(2a))u)Ar}lx(t )|
)

B F 1 u(ab—2a)
—eXp{t{um ( Zay(r)jAT}lxl(tO)l

gexp{t lim llog(uwjm}m(ton (since b <2)

pubU 1+2aM
Set L= a(2-b) >0. The previous relation implies
1+2aM
I x[l e (tt )%, (T )] ()

Second, we consider the solution with initial condition (0,x,(t,)). Then the x is given by

X(0)= (XD = (0.8, 0y (Ll Delt))
Then, we have

XN (o) (B ) )]

:exp{jum)élog(uu(;,m(s )Q(Za)))Ar}|x2(t )|
f

t -1 A _2
=exp{ | lim llog 1+u(§*‘"’(s )—2a) AT %,(1,)],
t()uw(r)u 1+2au(7)

(8)
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where
. ) ) hs?(z) ) eh(sinlog(r)+(r+y(r))cos|ogc.logA(r)) 1 9
Sut(S (T)):hym)T:h&Iﬂ(r) h ’ ®)
with ce[ 7,7+ ()] (by Theorem 1.87 in [10]). One have two following cases.
Case 1. If 7 isright - scattered then
IogA(T):IOg(T_"/u(T))_IOgT: 1 Iog(l_'_/u(z-)jgl
u(7) u(7) T T
Hence, from (9) we obtain
~ e;t(‘r)(2+M/r)_1 e;t(r)(2+M)_1
5#21)(SA(T))S S
u(7) u(7)
e><(2+M) _1
if z>t,>1.Since 0< x(t)<M and f(x)=—————is the increasing function on (0,M ]
X
therefore
) eM(2+M) -1
5#(1,,(54‘(7))st H(M).

Case 2. If 7 isright - dense then log”(z)=1/ . Thus, from (9) and Remark 1.2 we obtain
5’(1”(3“(1-)):sinlog(r)+cos|og(z-)sﬁs H(M).

u

By the hypothesis (4), H(M )< 2a, we deduce é;(lr)( s*)—2a<0. Combining with (8), it implies

1

x|l exp{ju{im)élog (LM}”}' (1)
%

1+2Ma (10)

=€ amomy(azvay (Bl ) % ()]

From (7), (10) and the condition of a, b and M implies the trivial solution of Eqg. (2) is
exponential stable. o

Proof of Theorem 1.4. From the first equation of system (5) we have
X, (1) =X, (%5 )8 ey (2a)(Lity ) -
Therefore, the second one becomes
X = [0 (s (1) ©2alx, +abx, + u(t)ab[ &, (s(1)) ©2a1%, + [ X (L) a0y (L1 )]7- (11)
By the variation of constants formula we have the solution of (11) has the form

t
Xz(t): XZ(tO )e(ér;l(sd) za)@(ab)(t’to )+t'[e(§/'l(sﬁ) Za)®(ab)(t,6(f))[xl(t0 )e(ab)—(Za)(o-(T)’tO )] AT

t
< X2(t ) = XZ(tO )e({:;l(sd ) za)@(ab)(t’to )+ Xl(tO )eé;l(sﬁ)(t;to )e(ab)e(Za)(t’to )t'!‘efﬂl(sd )(tO ’O-( T))AT

Choosing x,(t,)>0, we deduce
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t
Xz(t)2 Xl(to )e‘,;;l(sa)(tvto )e(ab) (2a)(t!to )je§;1(sa)(to 10(7))AT' (12)
b

Moreover, by (3.3) in [12] and (2a)©(ab)>0 (since b <2), we have estimation
€any-(2a) (bl ) =€ (aay(any(tity ) = exp{—(( 2a)o(ab))(t-t, )}

(2a—ab)
ZeXp{_u 2amt) " )} (13)
>exp(a(b—-2)(t—t,)).

Since T is upper unbounded, there exists t, T, t, >e** "2 +1 (k € V). We consider

ty
I = e;’;l(s" )(tk itO )t'!:e;ul(sd )(tO !O-( T ))AT

= exp{js“(r )Ar}tj'exp{ tjl s?(s )AS}AT
b b

o(7)

=exp(s(t, ) —s(t ))fk exp(s(ty ) —s(o(z))4r
t

t

=exp(t, sinint, ).[exp(—o-(r)sin logo(7))Ar.
)

It is clear that when k is large enough then

I =exp(t, )tjexp(—a(r)sin logo(7))Ar.
o

2kr—7l2 2k—7l2

Since t, >e +1,weget [e e* 2 1] < [t,.t. ] when k is large enough. Hence,

eZ kz-ml2+1

| >exp(t, ) j exp(—o( 7 )sinlog o( 7 ))Az.

eZk;rﬁr/Z

In addition, by the relation between Lebesgue integration on T and R (see Theorem 5.2 in [13]),
we get
exp(t, ) I exp(—o(r)sinlog o(7))Ar

eZ kr-ml2+1

=exp(t,) _[ exp(—o(z)sinlog o(7))dz + Zexp( —o(a;)sinlog o(a, ), (a ),

eZkﬂ*/zIZ ielk

Homnlz glaxl2i ] with o(a )>0 forall iel, and g, is A—measure on T. It

where g, €[e
implies

eZk”*?{/Z +1

I>exp(t,) [ exp(-o(r)sinlog(o(r))dr

ezk;Hr/z
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€2k”7”l2 +1

=exp(t, ) j exp(—(z + u(7))sinlog(z+ u(7))dz.
When k is large enough again then exp(—(z+ wu(z))sinlog(z+ u(7))=exp(—zsinlogz).
Therefore,

eZkzrfrrIZ +1

| =exp(t, ) j exp(—zsinlog r)dzr

e2 kz-ml2

e kz—7/2 +1

>exp(t, ) .[ exp(—(e*™ "2 +1)sinlog(e* ™2 +1))dr

=exp(t, )exp(e? /%) > exp(t, ).
It means
I >exp(t, —t,) (whent, >1). (14)
From (12), (13) and the last relation we obtain
% (t )= X (1 )exp{(a(b—2)+1)(t —t,)}.
By hypothesis (4), we have a(b—2)+1>0, therefore
!@Oxz(tk ) = +o0.

It implies that the system (6) is unstable. o

Acknowledgments

This research is funded by the VNU University of Science under project number TN.16.03. We
would like to show our great thanks to the anonymous referee for his/her valuable suggestions and
comments, which have improved a former version of this paper.

References

[1] N. H. Duand L. H. Tien, On the exponential stability of dynamic equations on time scales, J. Math. Anal. Appl,
331(2007), 1159 - 1174,

[2] S. Hilger, Analysis on measure chains - a unified approach to continuous and discrete calculus, Results Math. 18
(1990) 18--56.

[3] W. A. Coppel, Dichotomies in Stability Theory, Lecture Notes in Mathematics No. 29, Springer-Verlag,
Berlin, 1978.

[4] A. Peterson, R. F. Raffoul, Exponential stability of dynamic equations on time scales, Adv. Difference Equ. Appl.
(2005) 133--144.

[5] C. Potzsche, S. Siegmund and F. Wirth, A spectral characterization of exponential stability for linear time-
invariant systems on time scales, Discrete Contin. Dyn. Syst. 9 (2003) 1223-1241.

[6] C. Potzsche, Exponential dichotomies of linear dynamic equations on measure chains under slowly varying
coefficients, J. Anal. Math. Appl. 289 (2004) 317-335.

[7] O. Perron, Die Stabilitatsfrage bei Differentialgleichungen, Mathematische Zeitschrift, 1930, vol. 32, no. 5, pp.
702 - 728.



L.D. Nhien, L.H. Tien / VNU Journal of Science: Mathematics — Physics, Vol. 33, No. 4 (2017) 1-9 9

[8] S. K. Korovin, N. A. lzobov, On the Perron Sign Change Effect for Lyapunov Characteristic Exponents of
Solutions of Differential Systems, 2010, Diff. Equa, vol. 46, no. 10, pp. 1395 - 1408.

[9] N. V. Kuznetsov, G. A. Leonov, Counterexample of Perron in the Discrete Case, I1zv. RAEN, Diff. Uravn., No 5,
2001, pp. 71.

[10] M. Bohner and A. Peterson, Dynamic equations on time scales: an introduction with applications, Birkhauser
Boston, Inc., 2001.

[11] M. Bohner and A. Peterson, Advances in dynamic equations on time scales, Birkhauser Boston, Inc., Boston, 2003.

[12] J. Zhang, M. Fanb, H. Zhu, Necessary and sufficient criteria for the existence of exponential dichotomy on time
scales, Computers and Mathematics with Applications 60 (2010) 2387-2398.

[13] A. Cabada and D. R. Vivero, Expression of the Lebesgue A -integral on time scales as a usual Lebesgue integral;
application to the calculus of A -antiderivatives, Mathematical and Computer Modelling 43 (2006) 194-207.



